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Internal gravity waves excited by a body
moving in a stratified fluid
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A problem of steudy limear interral gravity wave gencrated by 2 thin rapidly mewing solid body is considersd,
A linearized boundary re-flow condition and Boussinesg approxamation are wod. The solution of this problem is
eupeezsed in terma of the Green's function of the irteral waves equativi. The asymplonic represcntutions of the solulion
in the far zone and the near vone are considercd amd its range of applicability & estimated. Nimerical resules are
prescnted.

1. Introduction

Internal waves are an importanl feature of ocean dynamics and they may be found almost
everywhere in the ocean, Internal waves arc supporied in & stably stratified Auid, Vertical motion is
then suppressed by gravitational forces. A vertical displacement of & fuid parcel will result in
a buoyancy force apposite in direction to the displacement and as a result the Muid parcel will
underge vertical oscillations with a frequency which is determined by the density stratification of
the Muid. The essential characieristic of internal waves i« that they can propagate over large
distances practically without dissipation losses wnd with almost urchanged structure. There are
several 1ypes of energy source for internal waves. One possibility is generation through atmo-
spheric winds. Another is tdal flow over hottom topography. To generate an inlernal wave lield
with an organized structure il is necessary to have a coherent localized source, One example of this
isa moving vessel. Both surface and underwater vessels generate internal waves which have a well
organized siructure. Just as for surface ship waves, the internal wive field has 1 V-shaped struciure,
but in contradistinetion 1o ship waves here the apening angle of the V depends on the stratification
amd the speed of the vesscl.

A self-propelled moving underwsiter object will ereate 2 turbulent wake, The wake will form
behind the body and it will expand in time, both horizonially and vertically, Further this wake
collapses at a certain distance downstream of the maving busdy and produces a significant internal
wave field which propugates horizamally and verlically. The aumerical modeling of such wake
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collapse is difficult, and requires a large amount of computer capacity [7,9, 11]. Such a model is
outside the scope of our investigation. W are interested in the internal waves produced by the
maving selid body and wish to introduce the body as a boundary conditicen in our model. Tn [9, 11]
it is showed that representation of the waves as a solid body can indicate, for example, under what
external eonditions we are most likely to find an internal wave signal in the real ecean from
a moving object and its turbulent wake.

The maodel to be used in this investigation 15 2 inearized statlionary wave model based on the
Boussinesq approximation. Furtheemore, we shall assume that the wave field of a moving object is
stationary relative 1o a coordinate sysiem moving with the speed of the body. By assuming
stationarity we do not describe transient wave phenomena. but according to [9, 14] this restriction
is not very serious. The internal waves in our model are generated by a prescription of a vertical
velogity field in 2 horizontal plane at the depth of the moving object. The vertical velocity field can
be calcutated when the form of the body and the speed of its motion are known.

There are many works devoted wo theoretical, numerical and experimental mvestigations of the
internal wave fields, but our aim is not to discuss 1these results, The reader is referred to, among
athers, the papers by Miles [13], Keller and Munk [10], Janowitz [8], Meng and Rotman [12],
Hopfinger [ 7], Voisin [ 16]. Mast theoretical works deal with the motion of rigid body of specified
shape {cylinder, sphere. spheroid, etc.) in wniformly stratified Auid [16]. All of them are asymptotic
and rely on far-field or large-time hypotheses. Often, the internal wave field excited by a moving
hody is described by a field excited by a system of point sources taken with a certain weighting and
then the problem for exponentially varying density distribution is solved analytically [6, 8, 16].

For an arbitrary density distribution it is possible to solve this problem numerically. The
shortcoming of this approach is the boundness of the space region in which the problem can be
solved. For example, in [9] the numerical Fourier method was presented. In accordance with this
mmcthod it is necessary 1o sum over about n{D/1)* = 10* Fourier components for field calculations
on typical seale £ = 10% meters, number of vertical modes n = 10 and horizontal body scale [ = 10
meters. Moreover, the numerical methods do not readily lead to o gualitative description of the
flow,

I this paper we will examine the linsar internal waves {abbreviated as IW herealter) generated
by an underwater thin body moving with a constant speed in a layer of stratified fuid. This
problem is solved by using Green's function of the internal wave equation. The solution thus
obtained is a sum of triple quadratures which are expressed in terms of sigenfunctions and
eigenvalues of corresponding vertical spectral problems. This method makes it possible to obtain
the simple forms of the solwtion far from and near to the hody and the easy-1o-interpret qualitative
description of IW field strueture, These asymptotic representations provide accurale approximi-
tien to the full solution except in a narrow intermediate zone, in which triple quadratures must be
numerically calculated.

2. Formulation of the problem and its solution in terms of Green's function
Let us consider a stationary field of the internal waves generated by a moving body in layer of

stratified fluid with arbitrary Brunt-Viisili frequency N¥(z) = — g@ Inp/d'z fy is a gravitational
acceleration, p = piz) is the fluid density). The free surface z = 0 is replaced by a rigid lid, and the
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Cartesian coordinale system is so chosen that the plane x, v lies on surface. We gssume that the
body starts to move at t = 0 along the x axis with constant veloeity ¥ which is greater than the
mixiral group velocity of IW propagation. Furthermaore, we assume that internal Froude number
Fr=V/N*h*(N* is a characteristic Brunt-Viiisili frequeney. i® is a maximal body height) is much
greater than unity. Then the moving body velocity V is sufficient 1o give the oppartunity for the
fluid particles to overcome the buoyancy potential and to rise 1o the body height, thus the
putential-flow assumption is reasonable. Therefare the patern of fuid particles trajectories near
to the body must have qualitatively the same form as in the case of body motion in non-stratified
fluid [9, 15].

The vertical components W of velocity perturbation in the incompressible stratified Muid outside
the body satisfies the following equations, which can be obiuined from a Iingarized system of
hydredynamic equations in the Boussinesg approximation [4]

LYW =0,
I;'.:.t e: :?I -
L* = =d + N2y, R d=—1..+;:1- m
The initial condition is
W=0 r<n, 2)

The boundary conditions ure a1 the upper surface, a1 the depth of the moving body and at the
bottom. At the upper surfuce we assume the rigid lid condition

W=0 z=0 (3a)

This assumption means that we do not treat the surfice wave field, but we retain the surface
divergence/convergence effects as we have not assumed W72 to be zero, Al the bottom we have
obviously

W=, z= —-H, (3b)

where H s the thickness of the stratitied Layer.

Mow let us discuss the condition at the body horizon. The shape of the body is described by the
smooth functions *: Zix, ¥) = 24 + h* (£, y), where & = x + V1, 2, is the depth of body motion,
and the functions h* describe the body surfuce higher and lower =, respectively.

We assume the no-flow condition at the surface of the moving body

WV + U U W2 =0, z=2(5p, V=(dx0/dp.

where U, U, are the velocity perturbations in x-, y-directions. On the assumption that
[B*(E, pc b, L, 2|22 this boundary condition may be linearized by respect h* and 7h* /Gx and
transferred to the depth z =z, [9] to give

ih*

We —V—sREY), 1=2,40. (3c)
ix
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In this lincarization it is assumed that k% and &h/Ox are small. IT 2k/8x is order unity the
penurbation velocity W is of the same size as the speed V and the linear model breaks down. The
range of the applicability of this lincanzation 15 discussed in Ref. [9].

In this paper we solve for the lunction W, which has a discontinuity

Wi wzz +0) - Wil yonz —0=REN = RGN - RTEN. i4)

The selution of the problem (1)-(3ab), {4) allows us to carry out the verification of the
approsimation (3¢}, For this purpose it is necessary 10 solve this problem numerically and then to
draw caleulated streamlines at z = 2., If the calculated fluid particles trajectories have the same
qualitatively form as the shape of the moving body then this approximation is valid (Sect. 4.1).

A function W, which satisfies (1)-(3a.b) and has the discontinnity (4) at 7 = 2, can be represent-
ed in the form

W - I -[G"{.r =X, ¥ — ¥z 0 Rix' 4 Vi ) da dy,
i¥

here 1215 the domain and RiZ, y) is not equal zere if (£, y) & £ The function G*(x. y, 2, 2,. 1) deseribes
the I'W field vertical velocity generated by a point mass source which is switched on at ¢ = 0 and
moves with constant speed V¥ ot depth z in stratfied layer — B <z <@ This function 1s
a zolution of fellowing problem

L¥G* = @[ [x + V1) 8{Mdlz —z5), G*=0, z=0-H,
where &(x) iz a Dirac fanction, S =0, for e <0, @ty = |, for ¢ = O
Further we are interested in the steady IW field, so the limit of the solution as § = o for figed

£ =x+ ¥t is sought. The function @, describing the vertical velogity of the steady IW from
4 moving point mass source, is defined from the problem

2
LG = VA" [Z)E 8z — za), L=P§HJ+N%MM G=0, z=0-H.
41

The vertical velocity W of steady internal waves, generated by the moving body, is a solution of
the following problem

LW =0, {5)
W=l :=0-H, (6}
Wity 0) — Wil vz — 0 = RISy ]

The solution of i5) (7) is expressed in terms of the Green's functicn as follows:

W= _[ IGI*E = Ly =y ae) RIE, ¥ AE dy . (8)
I
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3 Green's function and its asymplotic expansions

Cireen's function S, v, 2. 2q ) was obtained by the method of separation of variables [2], and it is
a sum of modes

Glé pzze) = ¥ GolE oz za), (9}
where G, =GP + G + G foré= 0 and G, =G for £ <0k

G} = %r J- 'ru_m:pt + i (VIE — ivwh Ay, 2,200 dv, (10}
Gl = 3!:;'[ JI‘ expl — A v|E] — ivy)h Bylv, z 2p) dv, i
Adv.220) = H‘;::{ '::1(”'“’1.“'"["] + l)m. e
Bz, z0) = T ("‘mj e l)«mz. nibgied

Here g dvl, 4,00, Gz vl iz, vl are eigenvalues and eigenfunctions of the corresponding spectral
problems,

Ph af N3z

s + (vl + v7) F:m—] =0,

I R e ] B

A P T ‘(m.:t-ﬁ 1)&._0. 12)

fi=p,=0 z=0 =K.

The expreszions (9)-(11) have the simple asymptotic forms near to and far from the poeint source,

In the near zone, ie., for small v, & the term T G) makes a dominant contribution to &, and
Y G are relatively small. The series ¥ GY i slowly converging, but it is possible to obtain the
asymplotic form of G2 as n— w0 [3]):

G~ G0~ % K, (%)sin(%)m(ﬁfu) = [ ir.z.2q). {13)

where ## = »* + £2, K4(x) is a MacDonald function of zero order [5]. Each mode GY represented
in form (13) has a logarithmic singularity where v — (L z # 2. The series ¥ 1, can be summed [5] as

v - z 4 2mH z, +2mH
.g] ‘il i 5,20) = E (ﬁ'z +{2mH —z_ }2}_1.'] G i +{2mH + :4_]2}_!.&)'

mE = E

14y

here 25 = z + z,. The expression (14) is regular when rAQ, 2 % 2. 1L s a derivalive with respect to
z of the lundamental solution of Laplace equation: Af =0, [ =0, z =0, — H. The sum (14)
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represents the field excited by a system of point 2ources placed at the depth 2, = + 2, = 2mH,
mm 4012 ... inanon-stratified fuid.
We now write & in the form of a sum of a static held f and a rapidly converging series for small

ni
G = Iir.2.20) + FAGME V.2, 20) — Llr 2, 20)). (15)

At a large distance from a point source G splits into individual modes, and each mode
propagates independently from others within its own Mach angle [1, 6]. The terms GF make
a dominant contribution to G, since G are exponentially small for large . The asympiotic
representation of G} in the vicinity of the corresponding wave front is obtained from Taylor's
expansion of dispersion curves jui,(v) near zero: pr,(v) = g — fv* + ..., and has the form [17,

+  AJDz2 ATy =q.8
G uif ;}“EJ”“( 57 F],'i'f); EE sk =

where Ai'(x] is the derivative of the Airy function.
Far from the wave front of each mode and within own Mach angle the asymptotic form of G, 15
Av* 2 =
Gy = Gy = wmwnﬁ'}}f + vty + m/d = FE(E 3,2,2), {17
where ¥ ig 4 root of the equation pL(vl = v/ [1].

Thus, we have the following qualitative picture of the IW field at a fizxed observation point,
lociated at a distance y from the source trajectory as § increases. For § < g,y the feld of the
observation point is exponentially small. For £ = g,y the front of the first vertical mode arrives at
the observation pomnt. [n the vicimity of the from the feld is expressed in terms of the Airy function
(16). Then, as § increases, ie for § = gy, the field s expressed by the formula (17). For § = g,y the
second vertical mode is joined o the Geld, for £ = g,p the third mode is joined to the field, ete.

4. MNumérical results and algorithms
4.1 Numerical results

In the general case where the buoyancy frequency Niz) varies with height, the spectral problems
{12 can be solved numencally with a shooting method. For examples of caleulation and verifica-
tion of method we wsed the model of moving body propoesed by Kallen [9]. In this model the depth
of motion 24 15 equal to thickness of the stratified laver H = 30 m, The maximal height of the body
h* is equal to 0.2H (Fig. 1). The distribution of Brunt-Viisild frequency Niz) 15 shown on Fig. 2,
F=35ms"1,

The results of numerical calculations of the function W are presented on Fig. 3. We note that all
characteristics of our numerical evaluation practically coincide with those indicated in Ref, [%]: the
vertical velocity rapidly decreases and wave region expands with decreasing depth = and when
z = — 0.5H amplitude of W is only 15% of its value on the z = - H, which coincides with the

fi

- =

0
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Fig 1. Gieometry of the problem.
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Fig 2. Bruni-Viisili froguency distribotion.

function R(:. vk The results of the caleulations of a vertical displacement y as Tunction v g
(W = dyide) are presented on Fig. 4. Moreover, our numerical investigations showed that, really,
the caleulated fluid particles rajectories at = = z, have, with good accuracy, the same form as the
hody shape.

There are three regions of IW field, First, theee is the near zone, which includes distances from
the body comparable to the thickness H. Here the field is practically independent of the siratifica-
tion, and IW amplitudes are biggest. Secondly, there is the far zone (p, £ = 10H). Here IW field
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Fig 1 Vertical velocity at different depths and y = 0.

splits into individual modes, each mode s situated within corresponding Mach angle and its
amplitude is small outside of this Mach angle. Finally, there is intermediate zone, where the W
field structure is complicated.

4.2, Field in near zone

Here il is convenient Lo use representation of Green™s function in form (15), then for W owe obtain

W =S+ Y4, (18)
S vz o) = j:l;z 1€ = &y = ¥.3,20) RIE, y)4E dy,

do=W,— J-l- LIE—§.y— Fonzp) RIG. ¥ dEdy, (19}
i

where W, i2 the exact integral representation of the individual mode (Sect. 4.4)
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Fig 4. Imernal wave vertival displacement on z = - B.5H.

The function § satisfies the Laplace equation A8 =0 and boundary conditions (61-(7). e
describes the flow of a unstratified fuid around the body. As the numerical calculations show, at
1he distance of the order H from the body. the flow is almost potential and depends only on the
body shape. However, with increasing distance from the bady il is necessary to lake into account
the fluid stratification. Then a procedure for caleulating the corrections to the potential fow at the
point £ y.z in order 1o take stratification into account is as follows: (i) the function 5 is calculated
From (19): (i) then the term 4, is determined, if | A, |« (5], then next terms in {1%) need not be found;
fiii) if |4, is comparable with |}, then the term A, i calculaned: {iv) if |5 + A, )=]43). then the
summation in (18] is interrupted, and so on.

The procedure described make it possible not only o calculate accurately the I'W near field, but
also 1o estimate the errors in the asymptotic expressions. The numerical results are presented on
Fig 5. These results show that at the distance from the body of the order of thickness H it is
sufficiently to take two corrections into account, which makes it unnecessary 10 caleulate the entire
Aum.

4.3, Field in far zone

As noted earlier, at a large distance from the moving bady the 1W ficld splits inte individual
modes. Moreaver. from (15)-(17] it is possible to show that enly the components of the field with
long wave lengths propagate at these distances [1]. So, we disregard the exact body shape and
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Fig, 6, Vortical velocity in [ wome, 2 = — 05N exact function W, feontinuous line, function W, cabeulated Tram (20)
fedomned lanek

replace it by a suitable system of point sources. For the present case the function Rig, ¥} can be
approximately written in the form

RIZ = REE(p0ME — S0 =M -5 00,
where coordinates of the source £, , sink & and constant B* are determined by the body shape

geomelry.
Then, using the asymptotic representations of Green's function {16), (17), we can wrile the
expression for the individual mode W, in far zone

W, = RO[FZ(E.. 02 z0) — FEE . . 0z 2ol 200

b ]

= e
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The results calculated wsing {200 are presented in Fig, 6. The numerical caleulations show that at
adistance greater than 10H the use of the asymptotic form of the Green's function and replacement
afthe body by a suitable system of point sources makes it possible to calculate the I'W field without
resorting to exact formulae,

4.4 Fiald in intermediate zone

In order to simplify the exact caleubations m the miermediate zone we will consider the body
shape with vertical eross-section perpendicular to the x axis in the form of a semi-ellipee [9], .2, the
function k" (£, v is (h{{.y) =)

y mlg - - s 2
B = @O -y, y<d@. B EN=0 y> .
where arbitrary smooth functions o(2), d(£) deseribe the height and width of the boady. In this case,
using (91 {11}, it is possible to integrate (8) with respect to the variable y and obtain the expression
for W in the fisrm

W=FW,W, =W+ W' +wS

Vo[
we =5 [ae [ eptzinic - - sz e 0,

e e _— :
W= | d.;"J. expld vk — & — vl A v, 2, 2p) T (v £ dv,
4 o i -

T8 = 281018 — 2(@a() + 0@ EV ol

where 1 = vdl{$} 2, g o(x) are Bessel functions of zero and first order.
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