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INTRODUCTION.

Wave dynamics of stratified medium (oceatmosphere) is highly dependent on bot-
tom topography.The exact analytical solution is obtained onlytife water distribution
density and bottom shape described by some modetidms. When the characteristics of the
medium and the boundaries are arbitrary and cabuide only numerical solutions of such
problems. However, numerical solutions are notitptalely analyze the characteristics of
the wave of the fields. The need for a qualitatigealysis of the far field of internal
waves arise in  the study ofinternal waves remotethods by means of aerospace-
parameter radar. Then the description and anabysismve dynamics can be made only on the
basis of the asymptotic models. this paper uniform asymptotic forms of the fiatd of in-
ternal gravity waves which propagate In stratifraddium with a smoothly varying bottom
are constructed

PROBLEM FORMULATION.

In this study we consider a non-viscous incompidssionhomogeneous medium. If it

is unperturbed, we denote its density bfz) (the stratification is supposed to be stable, i.e.
0p/0z<0, the axisz is directed downward from the medium surface). $hstem of the
hydrodynamic equations takes the following forn2]1,
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wherev = (U,,U,, W ) is the velocity vectorg= (0,@ i¥ the gravitation acceleration vec-
tor, p and p are the deviations of the pressure and the defrsity their equilibrium val-
ues. We consider a stratified medium with dengiyz) , bounded in unperturbed state by
the surfacez=0 and bottomz=-H ¥ ) with its depth depending solely on one horizontal
variabley .

EXACT AND ASYMPTOTIC SOLUTIONS.
Then, restricting ourselves to the case of tons Vaisala-Brunt frequency

NZ(Z):_ g de(Z)
Po(2) dz
exp(lx) in the Boussinesq approximation we shall obtaeftllowing linearized about the
quiescent state equation for the vertical companehwvelocityW ¢ y ) (omitting the multi-
plier exp(lx))
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As the boundary conditions we take the “rigid licindition atz= 0and no-fluid-loss

condition at the bottorlV = @&t z= O,W+d|_(|j(y)uz=0 at z=-H (y) where (U,W }
y

=const, time lawexp(-iat ) and the dependence gfin the form of

velocity components. With relation to the functibi(y) we assume as follows$d y( i} the

continuously differentiable function with no moreah a single minimum. The continuity
variation H (y ) means that the relationship between the horizaetkeL of variationH /)



and the vertical scal is defined by the valuel =L/M >>1. In non-dimensional vari-
ables x"=x/L, y’=y/L; z"=z/M, h(y)=H(y)/M; 1"=IM, «'=w/N the
equation (2) and the boundary conditions are rétewrias follows (the sign * is further-on
omitted)
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Below we substitute the boundary condition a tottom with largedA by W =0 at
z=-h(y). We shall seek the asymptotic solution of the [@wb(3.6.3) in the form typical

for the geometric optics (WKBJ) method [3,4]
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whereF_ (z,y,w) = Oatz= Oand atz=-h ¢ ) m= 012... Substituting the solution for

W in the form (4) into the equation (3) and makiogi@ the members aC and A, we ob-
tain
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where prime marks without indexes denote the divies overy. The solution of the first
equation from (5) (the Sturm-Liouville problem) pides for the mode structure solution: the
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order approximation (vertical modes),, (z,y,w) = Ay, (Y,w)sin(h7z hy (,)) n=12....
The eikonalS, (y,w )is defined from the relationshig? (y,w) = S.?(y,w) +1> . To find the
amplitude A, (y,w ) we use the resolvability condition for the secaguation from (5),
which requires the orthogonality of the equatiomyht member and of the functiof,,. By

multiplying at fixedn this equation byF,, and integrating ovee from O toh { ), we obtain
h(y)

the following «conservation Iawza—( IFOi (z,y,w)dz[E'(y, a))j =0 . By integrating the ei-
Y%

dispersion relationships?(y, w) =

n= 12... and the eigenfunctions in a zero-

genfunction and considering the equation for thekomal we finally get:
AO - BOn(yO'w)
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value at any point y,, S, (Yo,w . The eikonal S (y,w ) shall be defined

, Where the variableB,, depends ona and the initial eikonal

yJ
ass, (y,w) = J'J/(f(y, w) —1%dy , where y" is the «turning point», i.e. the root of equation
y

k2 (y,w) =17. Then WKBJ solution for a separate wave mode is given ksife
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where plus-sign corresponds to an «incident» wamd,the minus-sign corresponds to a re-
flected wave. A geometric solution is not workimegar the turning point (the amplituds,,

tends to infinity). The solution’s uniform asymptsifor a individual wave mode applicable at
the turning point is expressed by the Airy functeond is given in the form
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where Ai(X) is the Airy function. The complete solution in th&BJ approximation for a

single mode before the turning point (i.e. withe ikwave region») appears to be

= Jon cos{)lsn (y,w) - jsmmZ
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and beyond the turning point (in the region of engrttial fading)
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For a linear bottom profile this problem wévea analytically. The solution for a individ-
ual wave mode is given by the Macdonald functigof imaginary index as follows

W, =e 2K,|I [A2y? - z sif N7 1n A =2
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W (z,y) =
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where A =

/]C+1, V= 27 , C° :Lz, A =1 y is the bottom’s inclinationh(y) = -y.
Ac-1 InA 1-a y
NUMERICAL RESULTSAND DISCUSSIONS.

The figures show the results of internal gravityvevavertical velocity calculations for
two non-linear stratified medium bottom shape. Nuoa calculations show that the two
types of existent waves: captured waves and preigeesvaves. In fig.1 results of a func-
tion W, (y,z) calculations are presented. In fig.2 resulta éfinction W, (y,z) calcula-
tions are presented. The stratified medium bottbapes are shown in %lgures The effect
of spatial-frequency "blocking” of the wave fielcas/revealed. Depending on the wave
and bottom shape the far internal waves field larocalized in a bounded region of
space (captured waves), or spread, in the absdrncenang points, over a large distance
compared to the medium depth (progressive wavds.région, which progressive wave
can penetrate, is completely determined by theepiaes of turning points, whose locations
depend on the medium stratification and bottom gogphy In this paper asymptotic and
exact representations of solutions was obtaineddigscribe the far field of internal gravity
waves in a stratified mediums of variable depthing/sleveloped asymptotic methods, one
can consider a wide class of interesting physicablems, including problems concerning
the propagation of internal gravity wave packataon-homogeneous stratified media un-
der the assumption that the modification of theapsaters of a vertically stratified medium
are slow in the horizontal direction. Numerical lgsas that are performed using typical
ocean parameters reveal that actual dynamics ohtemal gravity waves are strongly in-
fluenced by horizontal non-homogeneity of the odeattom. In this paper we use an ana-
lytical approach, which avoids the numerical cadtioh widely used in analysis of internal
gravity wave dynamics in stratified mediums. Asyotjt solutions, which are obtained in
this paper, can be of significant importance fogiraering applications, since the method
of geometrical optics, which we modified in ordercalculate the wave field near caustic,
makes it possible to describe different wave fig@hda rather wide class of other problems.
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Fig.1 Internal gravity waves first mode for infinitely descending bottom profile (cap-
tured waves)
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Fig.2 Internal gravity waves second mode for hill bottom profile (progressive waves).
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