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Section “Methods of mathematical physics”
Kinetic models of integration-fragmentation in the Becker–Döring case:
derivation of equations, the H-theorem
S.Z. Adzhiev1,a) , I.V. Melikhov1,b) , V.V. Vedenyapin3,c)
1 Lomonosov Moscow State University
2 Keldysh Institute of Applied Mathematics of Russian Academy of Sciences
3 RUDN-University
We examined the interconnections between the kinetic equations of evolution of
particles distinguishing by masses (numbers of molecules forming them) or by other
property in the Becker–Döring case and the H-theorem for them.
The Becker–Döring case [1] is the model when the only one molecule attaches or separates.
We generalize this suggestion, replacing one molecule by a particle with size not greater than
specified.
The formation of solids is well described by division into several stages – firstly primary
particles emerge and grow, and then the stage of aggregation or the formation of agglomerates
of the primary particles as a result of their collisions with each other comes, and then the
formation of aggregates of them occurs, etc. Although all stages go at the same time, but first
dominated the process of formation of primary particles, then their aggregates, then aggregates
of the secondary agglomerates. Therefore, these processes are well modeled by generalizations
of the Becker–Döring case that is considered by us.
From the continuum the integration-fragmentation equations, we derived a new equation
which we call the continuous Becker–Döring equation. The basic assumption that defines this
equation is that only particles with size not more than the specified can attach. From this
equation we obtained the Becker–Döring system of equations and the continuum equation of
the Fokker–Planck type (or of the Einstein–Kolmogorov type, or of diﬀuse approximation). We
clarified the form of the obtained equations basing on the physical sense of these conclusions.
Also we have derived the Becker–Döring system of equations (on distribution function of
particles by sizes) from the generalized kinetic Boltzmann equation on distribution function of
the bodies by sizes and velocities of their centers of masses, i.e., moved from a multi-parameter
description to reduced one.
We proved that, generally speaking, the H-theorem is incorrect for the equations of
the Fokker–Planck type, but it’s valid for a partially implicit discretization on time of the
Becker–Döring system of equations. For the implicit discretization in time it was proved earlier
for general equations of physico-chemical kinetics [2] (in the case of fulfillment of the Stuckelberg
Batishcheva–Pirogov condition [3], [4], [5]). The obtained results are important for computer
simulation: partially implicit discretization is more convenient for the discrete simulation, and
the system of equations of the Becker–Döring type is more preferable than diﬀerence schemes of
equations of the Fokker–Planck type.
Due to unity of the kinetic approach the present work may be useful for specialists of various
specialties who studies the evolution of structures with diﬀering properties.
This paper was financially supported by the Ministry of Education and Science of the Russian
Federation on the program to improve the competitiveness of Peoples’ Friendship University of
a)

Email: sergeyadzhiev@yandex.ru
Email: melikhov@radio.chem.msu.ru
c)
Email: vicveden@yahoo.com

b)
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Russia (RUDN-University) among the world’s leading research and educational centers in 20162020. It was also supported by the department of Mathematics of Russian Academy of Sciences,
program 1.3.1 "Problems of Mathematical Computational Physics".
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H-theorem by Boltzmann and Poincare.
S.Z. Adzhiev2,a) , V.V. Vedenyapin1,b) , V.V. Kazantseva1,c)
1 Keldysh Institute of Applied Mathematics RAS
2 MSU
H-theorem was first discussed by Boltzmann in [1]. Boltzmann linked this theorem,
proving the convergence of solutions of Boltzmann type equations to Maxwell’s distribution, with the law of entropy increasing [2]. The proof of the H-theorem not
only proves the second law of thermodynamics, but also makes the behavior of the
solution of the equation is clear, as it allows to see where the solution of this equation
converges with the time going to infinity.
We consider the generalization of equations of chemical kinetics, including classical and quantum chemical kinetics [3]. H-theorem for these generalizations of the equations of chemical kinetics: (2) and (3) in the case of continuous time were studied [3]. A generalized condition of detailed
equilibrium (balance) and the generalized condition of dynamic equilibrium (or generalized condition by Stuckelberg Batisheva–Pirogov), under which the H-theorem is fair, were studied. In
[4], [5] it is shown how does the law of growth of entropy for Liouville equations hold true: entropy of a temporary average greater than or equal to the entropy of the initial distribution, while
along the solutions it persists. In [6], [7], it is shown that the time averages of Liouville equation
a)
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coincides with the Boltzmann extremal in cases where the conditional maximum of entropy with
fixed conservation laws is achieved. We prove the coincidence for the representations of groups
by introducing the entropy and studying its properties in representation theory. Then we find
out what it provides for the ergodic problem by getting the generalization and refinement of the
ergodic theorems of Riesz, Birkhoﬀ-Khinchin, von Neumann and Bogoliubov from one point of
view.
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Fundamental solution of the generalized biharmonic equation
A.V. Aksenov1,a)
1 Lomonosov Moscow State University
The generalized biharmonic equation is considered. Its symmetries and the symmetries of inhomogeneous equation with a delta function on the right-hand side are
found. The latter symmetries are used to construct an invariant fundamental solution
of the original equation in terms of elementary functions.
Let us consider generalized biharmonic equation
Lu ≡ uxxxx + 2uxxyy + uyyyy + b(uxxzz + uyyzz ) + uzzzz = 0 ,

b ≥ 2.

(1)

In the case b = 2 Eq. (1) coincides with the biharmonic equation. In [1], the system of displacement equilibrium equations for a transversely isotropic linear elastic medium is reduced to a
a)
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system of three linear inhomogeneous equations for three displacement components. The homogeneous equations are associated with canonical linear partial diﬀerential equations of the fourth
order. These canonical equations are a generalization of the biharmonic equation describing the
displacements of an isotropic linear elastic medium and reduced to Eq. (1).
The fundamental solutions of Eq. (1) satisfy the equation
(2)

Lu = δ(x)δ(y)δ(z) .

The symmetries of Eq. (1) can be found using the symmetry-finding algorithm from [2].
Proposition 1. Equation (1) with an arbitrary parameter b admits the following basis of the
finite part of the Lie algebra symmetry operators:
∂
∂
∂
∂
,
X2 =
,
X3 =
,
X4 = u
,
∂x
∂y
∂z
∂u
∂
∂
∂
∂
∂
−x ,
X6 = x
+y
+z
.
X5 = y
∂x
∂y
∂x
∂y
∂z
X1 =

We use the results of [3] in order to find the symmetries of Eq. (2).
Proposition 2. For an arbitrary parameter b, Eq. (2) admits the following basis of the Lie
algebra symmetry operators:
Y1 = y

∂
∂
−x ,
∂x
∂y

Y2 = x

∂
∂
∂
∂
+y
+z
+u
.
∂x
∂y
∂z
∂u

(3)

Let us find a solution of Eq. (1) that is invariant under symmetry operators (3). The invariants
of the admitted transformation group are J1 = τ = r2 /z 2 and J2 = u/z. Then an invariant
solution is sought in the form
(4)

u = zf (τ ) .
Substituting (4) into Eq. (1), we obtain the fourth-order ordinary diﬀerential equation
d4 f
d3 f
2
+
2τ
(14τ
+
11bτ
+
8)
+
d τ4
d τ3
d2 f
df
= 0.
+ (39τ 2 + 22bτ + 8) 2 + 2(3τ + b)
dτ
dτ

4τ 2 (τ 2 + bτ + 1)

(5)

Proposition 3. The ordinary diﬀerential equation (5) has the following fundamental class
of solutions:
f1 = 1 ,
√
√
√
√
τ
τ
f2 =
+ 1 − arcoth
+ 1 + aτ + 1 − arcoth aτ + 1 ,
a
a
√
(√
)
√
√
a
τ
τ
f3 = 2
+ 1 − arcoth
+ 1 − aτ + 1 + arcoth aτ + 1 ,
a −1
a
a
√
√
(√
a
τ
τ
τ
1
2
f4 = 2
+ 1 arcoth
+ 1 − arcoth
+1−
a −1
a
a
2
a
)
√
√
√
1
2
− aτ + 1 arcoth aτ + 1 + arcoth aτ + 1 ,
2
where the parameter a satisfies the relation b = a + 1/a.
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We consider following one-parameter class of solutions of Eq. (5):
√
(√
)
√
√
c3 a
τ
τ
f = c3 f3 = 2
+ 1 − arcoth
+ 1 − aτ + 1 + arcoth aτ + 1 .
a −1
a
a
Then the use of (4) yields a one-parameter class of solutions of Eq. (1)
√
(√ 2
r2
2
√
c3 a
r
a +z
2
u= 2
+ z − z arcoth
− ar2 + z 2 +
a −1
a
z
√
)
ar2 + z 2
+ z arcoth
.
z

(6)

The main result of this work follows from (6).
Theorem 1. The fundamental solution of Eq. (1) can be written as
[√
√
a
r2
2−
uf =
+
z
ar2 + z 2 +
4π(a2 − 1)
a
(√
+

r2
a

z
ln (√
2
r2
a

)(√
)]
ar2 + z 2 + z
)(√
) .
+ z2 + z
ar2 + z 2 − z
+ z2 − z

(7)

For a = 1 (or b = 2), the fundamental solution (7) coincides with the fundamental solution
of the biharmonic equation [4].
This work was supported by the Russian Foundation for Basic Research, project nos. 15-0100361 and 15-01-04677.
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Method of construction of the Riemann function for Euler–Poisson–Darboux
equation
A.V. Aksenov1,a)
1 Lomonosov Moscow State University
A linear hyperbolic equation of the second order in two independent variables is
considered. The Riemann function of the adjoint equation is shown to be invariant
with respect to the fundamental solutions transformation group. Symmetries and
symmetries of fundamental solutions of the Euler–Poisson–Darboux equation are
found. The Riemann function is constructed with the aid of fundamental solutions
symmetries.
Let us consider the general linear hyperbolic equation of the second order in two independent
variables
Lu = uxy + a(x, y)ux + b(x, y)uy + c(x, y)u = f (x, y) .

(1)

Riemann’s method is based on the following identity
2(vLu − uL∗ v) = (vuy − uvy + 2auv)x + (vux − uvx + 2buv)y ,
where L∗ v = vxy − (av)x − (bv)y + cv is the odjoint operator. Riemann’s method allows us to
convert the integration problem of Eq. (1) to construction of the intermediary Riemann function
v(x, y; x0 , y0 ), that obeys the following homogeneous adjoint equation of variables x, y
L∗ R = 0
and the following conditions at the characteristics:
(Ry − aR)|x=x0 = 0 ,

(Rx − bR)|y=y0 = 0 ,

R(x0 , y0 ; x0 , y0 ) = 1 .
General solutions of Cauchy problem and Goursat problem are constructed with the aid of
Riemann function for Eq. (1) [1].
Riemann function has properties of reciprocity
R∗ (x, y; x0 , y0 ) = R(x0 , y0 ; x, y) ,
where R∗ (x, y; x0 , y0 ) is Riemann function of the adjoint equation, and it is the solution of the
following Goursat problem:
LR∗ = 0 ,
(Ry∗ + aR∗ )

x=x0

= 0,

(Rx∗ + bR∗ )|y=y0 = 0 ,

R∗ (x0 , y; x0 , y0 ) = 1 .
Let us consider the equation
Lu = δ(x − x0 ) δ(y − y0 ) ,
a)

(2)
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that describes fundamental solutions of Eq. (1). In this case the fundamental solutions symmetry
operators (or the symmetries of Eq. (2)) can be found using the results of [2].
Theorem 1. Symmetries of the fundamental solutions of the second-order linear hyperbolic
equation in two independent variables retain Riemann function of adjoint equation invariant.
Let us consider Euler–Poisson–Darboux equation
Lt ≡

∂ 2 t 2λ + 1 ∂t
∂2t
+
− 2 = 0.
2
∂r
r
∂r ∂z

(3)

The symmetries of Eq. (3) can be found using the symmetry-finding algorithm from [3].
Proposition 1. In case of λ ̸= ±1/2 Eq. (3) admits the following basis of the finite part of
Lie algebra symmetry operators
∂
∂
∂
+z
,
Y3 = t ,
∂r
∂z
∂t
∂
∂
∂
Y4 = 2rz
+ (r2 + z 2 )
− (2λ + 1)zt
.
∂r
∂z
∂t

Y1 =

∂
,
∂z

Y2 = r

Let us consider the equation
Lt = δ(r − r0 )δ(z − z0 ) .

(4)

We use the results of [2] in order to find the symmetries of Eq. (4).
Proposition 2. Eq. (4) admits the symmetry operator
Y = 2r(z − z0 )

[
] ∂
∂
∂
+ r2 + (z − z0 )2 − r0 2
− (2λ + 1)(z − z0 )t
.
∂r
∂z
∂t

(5)

The symmetry operator (5) has two functionally independent invariants
ξ=

r2 − (z − z0 )2 + r0 2
,
2rr0

1

τ = rλ+ 2 t .

Invariant solutions are sought in the form
τ = f (ξ) ,
or
1

t = r−λ− 2 f (ξ) .
Proposition 3. Euler–Poisson–Darboux solutions (3), that are invariant under symmetry
operator (5), have the following form
[
]
1
−λ− 2
t=r
C1 P
1 (ξ) + C2 Q
1 (ξ) ,
−λ− 2

−λ− 2

where P−λ−1/2 (ξ) , Q−λ−1/2 (ξ) are Legendre functions of the first and second kind; C1 , C2 are
arbitrary constants.
Proposition 4. Riemann function of Eq. (3) appears as follows
(
R(r, z; r0 , z0 ) =

r
r0

)−λ− 1
2

P

1
−λ− 2

(6)

(ξ) .

Riemann function (6) describes the solution of characteristic problem of the two centered
depression waves interpenetration up to a constant multiplier t0 [4].
This work was supported by the Russian Foundation for Basic Research, project nos. 15-0100361 and 15-01-04677.
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Radial distribution functions for molecules of fluids and condensed
substances
Y.A. Bogdanova1,a) , S.A. Gubin1,b) , I.V. Maklashova1,c)
1 National Research Nuclear University MEPhI, Moscow, Russia
Analytical expressions and the computational method are developed for calculating
radial distribution functions gij (r ) for binary mixture of hard spheres. This method
based on inverting of Laplace transform for functions rgij (r ), obtained from the
Percus-Yevick equation. The technique is applicable for any distances between hard
spheres and verified by comparing the calculation results with the Monte Carlo simulation data. The applicable of developed method for calculation of radial distribution
function for atoms of metals is shown .

1
Development of theoretically substantiated equation of state (EOS) for dense fluids on the basis
of modern methods of statistical mechanics and realistic intermolecular interaction potentials
represents considerable interest. Such EOS provide good agreement with results of simulation
by Monte-Carlo (MC) and the molecular dynamics (MD) methods, and they can be used to
predict the thermodynamic properties of fluid systems at high pressures.
One of the main objective of the perturbation theory is exact determination of the excess
Helmholtz energy. To calculate it by the perturbation theory, the radial distribution function
(RDF) of molecules g(r ) must be known. The value 4πr2 g(r)dr characterizes the probability
of finding any pair of molecules of the basic system at distances ranging from r to r + dr,
which defines the physical meaning of the function g(r ). So MD calculations of changes of radial
distribution functions for condensed substances indicate on structural and phase transformations
into them at high pressures [1, 2].
a)
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Fig. 1: RDF of aluminum atoms at 943.15 K (a) and copper atoms at 1423 K (b)

The results of RDF calculation are presented in [3] only graphically, cover a limited range of
intermolecular distance and the analytical RDF form is absent. The corresponding solution was
also given in [4], however use of analytical expressions [4] for calculations of g(r ) is impossible.
In [5] analytical expressions for radial distribution functions of hard spheres binary mixture
only for contact points are presented. Therefore development of a calculation method of radial
distribution functions for hard spheres binary mixture is of a great interest for any intermolecular
distance, including r < R, where R–eﬀective diameter of hard sphere.
On the basis of expressions for the Laplace transforms for three functions gij (r ) [6] for a binary
mixture by the inverting of transformations the RDF expressions of hard spheres binary mixture
were derived. The developed technique is applicable unlike [3] for any distances r between the
centers of hard spheres of diﬀerent diameters, and can also be used to confirm the results [7] for
a one-component system and expand into the range of values r, where the technique [7] does not
work. To estimate the accuracy of the method for RDF calculating of hard sphere binary fluid, a
comparison was made between the calculation results for the developed program and the Monte
Carlo data [8]. The results of calculations are in a good agreement. This makes it possible to use
the developed procedure for calculating the radial distribution functions for molecules of both
pure and binary systems.
Using the developed technique, calculations of the RDF for aluminum were carried out at a
temperature of 943.15 K and copper at a temperature of 1423 K. The results of calculations in
comparison with the experimental data [9, 10] are shown in figure 1.
Figure 1 show that the RDF values of aluminum and copper are in good agreement with the
experimental data. The diﬀerence in values at the contact point can be explained by using a
system of hard spheres to calculate the distribution functions according to the developed technique. However, according to perturbation theory, the excess Helmholtz energy is determined
by calculating the integral with an infinite upper limit, so the diﬀerence of the calculated distribution functions at the contact points from the experimental data does not introduce significant
errors into the calculation of the Helmholtz energy.
Thus, the proposed method for calculating the radial distribution functions of the molecules
can be used to calculate the thermodynamic properties of pure fluid and binary mixtures at
high pressures and temperatures, for example, for calculating the parameters and composition of
detonation products of condensed systems, and also for modeling the thermophysical properties
of liquids in a wide range of thermodynamic parameters, including the critical region.
The work was supported by the Russian Science Foundation (project No. 16-19-00188).
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Numerical simulation of equilibrium plasma configurations in toroidal
magnetic traps and their cylindrical analogues
K.V. Brushlinskii1,2 , I.A. Kondratyev2,a)
1 Keldysh Institute for Applied Mathematics RAS
2 National Research Nuclear University MEPhI
Some basic characteristics investigations of equilibrium magnetoplasma configurations in toroidal traps for plasma confinement often use mathematical models of
their straightened into a cylinder analogues. The aim of this work is a comparative analysis of MHD-models in toroidal and cylindrical configurations. We consider
the plasma cylinder with the electric current (Z-pinch) as a simpliest trap type and
its toroidal analogue and then extend and define more exactly the cylindrical and
toroidal models of the "Galatea-Belt" trap with two current-carrying conductors, immersed into the plasma. Distinctions between configurations in the traps of diﬀerent
geometry are registered and some stability problems are considered.
Magnetic traps for plasma confinement are a basic element of various plants being elaborated
for nuclear fusion research. The widespread traps are toroidal in shape, for example, tokamaks
and stellarators. The galatea-traps, proposed by A.I. Morozov [1], where the conductors with
electric current, inducing the magnetic field, are immersed into the plasma, have the same geometry. Their simpliest example is the "Galatea-Belt" with two ring-shaped conductors inside
a)
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the torus [2]. Mathematical modeling and computation are of conciderable importance in investigations of equilibrium magnetoplasma configurations in the traps. The models use as a rule
magnetohydrodynamic equations. If a trap has any symmetry, its two-dimensional models can
be reduced to boundary-value problems with the scalar Grad-Shafranov equation [3, 4] for the
magnetic flux function. Some conceptual questions, concerning toroidal trap configuration may
be explained, solving these problems in the straight cylinder, i.e. in the torus of infinite radius.
In this case a question arises of quantitive distinctions between the toroidal and cylindrical configurations. Some first results about the comparison of numerical simulation of configurations in
the "Belt" and in the cylinder with two straight conductors are presented in [5, 6].
In this paper distinctions between toroidal and cylindrical configurations are considered by
means of the simpliest example of plasma cylinder with the electric current (Z-pinch) and its
toroidal analogue, that may be regarded as a basis of tokamaks. Toroidal configurations are
removed from the symmetry axis and distorted in comparison with the cylindrical ones. This
eﬀect is the stronger, the smaller is the torus radius. When the radius increases, the configurations
become nearer the cylindrical ones. Computations are performed for diﬀerent electric current
distributions in the pinch. The configurations considered above are stable with respect to twodimensional perturbations.
The toroidal model of "Galatea-Belt" is defined more exactly. In the series of computations we
have determined the maximum plasma pressure values, that admit stable plasma configurations
with given electric current in the conductors.
The research was supported by the Russian Scientific Foundation (project No16-11-10278).
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Numerical simulation of plasma flows in curved coaxial ducts with a
longitudinal magnetic field
K.V. Brushlinskii1,2,a) , E.V. Styopin1,b)
Research Nuclear University MEPHI, Kashirskoe sh. 31, 115409 Moscow,
Russia
2 Keldysh Institute of Applied Mathematics, Russian Academy of Sciences, Miusskaya
sq. 4, 125047 Moscow, Russia
1 National

Numerical models of two-dimensional MHD-flows and their quasi-one-dimensional
(hydraulic) versions for the researches of steady-state plasma flows in coaxial plasma
accelerators ducts are presented. As a result of calculations, flow characteristics
in diﬀerent variants of curved duct geometry and their comparison in flows with a
longitudinal magnetic field and without it are obtained.
Plasma flows in nozzle-type ducts attract an interest as the main mechanism of plasma
accelerators [1, 2]. The duct is created by two coaxial electrodes (fig. 1). The electric current
between them interacts with induced azimuthal magnetic field and accelerates the plasma in the
symmetry axis direction. A longitudinal magnetic field induced by external conductors may be
present in the duct and can influence on plasma flow parameters.

Fig. 1: Plasma accelerator scheme. φ = const.

Mathematical modeling and numerical simulation play a considerable role in plasma flow researches. Plasma parameters may be described in terms of magnetic gas dynamics (MHD). Previous plasma acceleration researches carried out in two-dimensional and quais-one-dimensional
MHD-models are often limited by flows in own azimuthal magnetic field or in ducts with geometry
slightly diﬀerent from parallel axis of the tube [3, 4, 5].
In the present paper, in addition to these researches, we consider plasma flows in curved ducts
in the presence of a longitudinal magnetic field. Its objective is to determine the cumulative
a)
b)
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influence of both of these factors on transonic MHD-flows parameters in plasma accelerators
ducts.
The results of computation of the two-dimensional MHD-model are steady-state distributions
of plasma density and electric current in the duct cross-section by the plane φ = const. The
results obtained in flows with a longitudinal magnetic field are compared with the similar results
without it. The distribution of plasma velocity field in the plane φ = const allowed to carve
out thin flow tubes restricted by two close to each other trajectories, which are located near the
electrodes and in the middle part of the flow. The flow parameters in these tubes are additionally
calculated in the quasi-one-dimensional approximation and represented again in comparison with
the flows without longitudinal magnetic field.
Two typical variants of nozzle-type duct geometry are considered: the one with curved central
and cylindrical external electrodes; the another with curved external and cylindrical central
electrodes. It has been established that the curved geometry of the second configuration makes a
greater influence on the flow parameters: plasma density is not monotonic and allows compression
areas in the tapering part of the channel. The other results are of quantitative. They show, that
the flow trajectories tend to the external electrode and the electric current deflects in the duct
enter direction. The results also relate to plasma rotation around the symmetry axis.
The study was performed by the grant from the Russian Science Foundation (project №
16-11-10278).

References
[1] Morozov A.I. Physical Principles of Space Electric Propulsion Thrusters. Moscow: Atomizdat, 1978. (in Russian)
[2] Morozov A.I. Sov. J. Plasma Phys., 1990, 16(2), 69-78.
[3] Brushlinskii K.V., Morozov A.I. In: V.E. Fortov (Ed.), Encyclopedia of Low-Temperature
Plasma. Moscow: Yanus-K, 2007, Ser. B, Vol. IX-2, pp. 334-369. (in Russian)
[4] Brushlinskii K.V., Zhdanova N.S. Plasma Physics Reports, 2008, 34(12), 1037-1045.
[5] Brushlinskii K.V., Styopin E.V. J. Phys.: Conf. Ser., 2017, 788, 012009.

Internal gravity waves in non-stationary stratified medium
V.V. Bulatov1,a) , Y.V. Vladimirov1,b)
1 Institute for Problems in Mechanics RAS, Moscow, Russia
The paper is devoted to the research of the processes of disturbance and propagation
of the internal gravity waves within the vertically stratified non-stationary medium
(ocean), to development of the asymptotic methods being by the generalization of the
space-time ray method (the method of the geometrical optics, the modified WKBJ
method). Numerical and analytical results obtained with the use of asymptotic
formulas for the real ocean parameters of the ocean are presented.
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Under the real oceanic conditions the Vaisala-Brunt frequency (buoyancy frequency)
N 2 (z, t) = −g∂ ln ρ/∂z, where g is the free-fall acceleration, ρ is the ocean water density, which
defines the basic characteristics of internal gravity waves (IGW), shall not depend on space variables (x, y, z), but also on the time t. The most characteristic types of N 2 (z, t) time-to-time
variability are the thermocline going up or down and changing its width, etc. There is a number
of time scales for variations of hydro-physical fields in the oceans and seas: a small-scale with
periods of about 10 minutes, a meso-scale with periods of about a day (twenty-four hours), as
well as synoptical and global variations with periods of a few months to a few years. In what
follows we shall analyze the IGW field propagation in non-stationary mediums with parameter
variation periods of a day and over, which allows us to use the geometric optics approximation
because the period of IGW is tens of minutes and less. The system of linearized equations of
hydrodynamics, when the density ρ depends on variables z and t, reduces to a single equation,
for example, for the vertical velocity equation
(
)[ (
)
]
∂
∂ ln ρ
∂
∂2
∂ ln ρ ∂ 2
∂ ln ρ
∂2
∂2
+
∆+ 2 +
W =g
∆W, ∆ =
+ 2.
2
∂t
∂t
∂t
∂z
∂z ∂t∂z
∂z
∂x
∂y
If ∂ ln ρ/∂z is neglected, we obtain an equation in the Boussinesq approximation
(
)[ (
)]
∂
∂ ln ρ
∂
∂2
+
∆+ 2
W + N 2 (z, t)∆W = 0.
∂t
∂t
∂t
∂z
It appears natural to neglect as well the member with ∂ ln ρ/∂t, which would correspond to a
consequent application of the Boussinesq hypothesis. It means the density characterizing the
liquid’s inert mass can be assumed constant. Then we have:
(
)
∂2
∂2
∆
+
W + N 2 (z, t)∆W = 0.
∂t2
∂z 2
The resulting equation diﬀers from a standard equation of IGW in a stationary stratified medium
just by the time t parametrical inclusion into the Vaisala-Brunt frequency. The asymptotic
solution is found in the form of a sum of modes with every one of them propagating independently
of each other (the adiabatic approximation). We are going to examine a single individually taken
mode while omitting its index. Next we focus solely on the space region near the wave front which
means that we consider the time t as being close to the arrival time of the wave front, henceforth
denoted by τ , i.e., we use a weakly dispersive approximation. Consider the wave propagation in
a layer of stratified medium −H < z < 0 with the Vaisala-Brunt frequency N 2 (z, t). We shall
seek the solution with boundary conditions W = 0, z = 0, −H in the form
)
(
∂A(εx, εy, τ, z)
2p
(εt − τ ) + . . . F0 (φ),
W = W0 + W1 + O(ε ), W0 = A(εx, εy, τ, z) +
∂τ
′
Fm+1
(φ) = Fm (φ), τ = τ (εx, εy),
(
)
∂B(εx, εy, τ, z)
W1 = B(εx, εy, τ, z) +
(εt − τ ) + . . . F1 (φ),
∂τ
where p = 2/3, F0 (φ) = Ai′ (φ) is the Airy function derivative, argument φ = α(εx, εy)(εt −
τ (εx, εy))ε−p of the order of unit. The function τ defines the wave front position, function α
describes the evolution of the Airy wave width, the small parameter ε specifies “slow variables”.
Since our focus is only on “slow times” εt being close to the time of the wave front arrival τ ,
then all functions preceding functions Fm , are given in the form of Taylor series by εt − τ ≈ εp
powers. Let N 2 (z, εt) be written as
N 2 (z, εt) = N 2 (z, τ ) +

∂N 2 (z, τ )
(εt − τ ) + O(ε2p ).
∂τ
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For example, we consider the far IGW generated by a moving source. After complicated analytical
calculations, we can obtain an expression for the term W0 in the form
(
)
t − τ (x, y)
c5/2 (τ0 )α2 (x, y)f (z, τ )
∂f (z0 , τ0 ) ′
Ai α(x, y)
W0 = 3/2
,
∂z0
2c (τ )R1/2 (x, y, t)(V 2 − c2 (τ0 ))1/4
ε2/3
where c, f — eigenvalue and eigenfunction of IGW vertical spectral problem, V — source speed,
z0 — depth of source motion, R(x, y, t) — some function that are determined by the parameters
of the problem. Numerical and analytical results show that IGW dynamic in the ocean is
substantially influenced by non-stationarity of hydro-physical fields. The obtained asymptotic
solutions are uniform and allow far IGW fields to be described both near and far from turning
points. The universal character of the asymptotic method proposed for modeling far IGW fields
makes it possible to eﬀectively calculate wave fields and, in addition, qualitatively analyze the
obtained solutions. This method oﬀers broad opportunities for the analysis of wave fields on a
large scale, which is important for developing correct mathematical models of wave dynamics and
for assessing in situ measurements of wave fields in the ocean. The particular role of the proposed
asymptotic methods is determined by the fact that the parameters of natural stratified media
(ocean, atmosphere) are usually known approximately and attempts at their adequate numerical
solution using the initial equations of hydrodynamics and such parameters may result in a notable
loss of accuracy for the results obtained. In addition to their fundamental significance, the
obtained asymptotic models are also important for applied investigations, since the proposed
method of geometrical optics allows solution of a wide spectrum of problems related to modeling
wave fields. In such a situation, the description and analysis of wave dynamics may be realized
through developing asymptotic models and using analytical methods for their solution based on
the proposed WKBJ modified method.

Point vortices in the plane: positive–dimensional configurations
M.V. Demina1,a) , N.A. Kudryashov1,b) , J.E. Semenova1,c)
1 National Research Nuclear University MEPhI
In this paper, we study the problem of finding, searching and classifying stationary equilibrium of point vortices in the plane . An ordinary diﬀerential equation is
obtained that makes it possible to find positions of point vortices in stationary equilibrium with circulations Γ1 , Γ2 , Γ3 . Condition of an equilibrium of vortices to exist
is derived. Particularly considered the case when stationary equilibrium of point
vortices consists of n point vortices with circulations Γ1 , one vortex with circulation
Γ2 = aΓ1 and another one with circulation Γ3 = bΓ1 , where a and b are integers.
The properties of polynomial solutions of the obtained ordinary diﬀerential equation are investigated. The values of circulations are found for which the number of
nonequivalent stationary equilibrium of point vortices is infinite. Most of the results
is new.
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figureThe motion of M point vortices with circulations (or strengths) Γ1 , . . . , ΓM at positions
z1 , . . . , zM is governed by the Helmholtz’s equations
dzk∗
1 ∑ ′ Γj
=
,
dt
2πi
zk − zj
M

k = 1, . . . , M,

j=1

where the prime means that the case j = k is excluded and the symbol ∗ stands for complex
conjugation. This system induces complicated dynamics and is not integrable in the case M > 3.
Nevertheless some particular "motions" including stationary, translating, and rotating equilibria are successfully studied. A convenient approach applicable to such types of motion is the
so–called "polynomial method". According to this method polynomials with roots at vortex
positions are introduced. In 1964 Tkachenko obtained a diﬀerential equation satisfied by generating polynomials of stationary vortex arrangements with equal in absolute value circulations [1].
Now this equation is known as the Tkachenko equation. A simpler derivation of the Tkachenko
equation was proposed by Aref [2]. Further the polynomial method was generalized to the case of
vortices with generic choice of circulations [3, 4, 5]. In addition it was shown that the polynomial
method can be successfully used to construct rotating equilibria and configurations of collapse
and scattering [6].
Using the polynomial method we derive the ordinary diﬀerential equation
(z 2 − 1)

d
d2
w(z) + 2{(a + b)z + (b − a)} w(z) + 2abw(z) = 0
2
dz
dz

(1)

describing stationary equilibria of point vortex systems consisting of n + 2 point vortices with n
vortices of circulation Γ1 and two vortices of circulations Γ2 = aΓ1 and Γ3 = bΓ1 . In (1) w(z) is
a polynomial of degree n.
We prove the following theorem.
Theorem. If the Diophantine equation
n(n − 1) + 2(a + b)n + 2ab = 0

(2)

with fixed integer values of the parameters a and b has two integer solutions, then the general
solution of ordinary diﬀerential equation (1) is polynomial.
As a consequence of this theorem we see that a continuous free parameter is present in the
coeﬃcients of corresponding polynomial solutions whenever the condition of the theorem is valid.
These free parameters aﬀect the positions of the roots and hence the vortex positions. Using
this theorem we find new positive–dimensional equilibrium configurations. Until recently only
few sets of such configurations have been known.
Some examples are given in Figure 1.
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Fig. 1: Plots of vortex positions in stationary equilibrium. Circles denote vortices with circulation
Γ1 , squares denote vortices with circulations Γ2 and rhombus denote vortices with circulations
Γ3 .
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Asymptotic solutions of the linear water waves problems with localized
initial data
S.Y. Dobrokhotov1,2,a) , V.E. Nazaikinskii1,2,b) , A.A. Tolchennikov1,2,c)
1 Ishlinskii Institute for Problems in Mechanics of Russian Academy of Sciences
2 Moscow Institute of Physics and Technology

We study asymptotic solution to the Cauchy-Poisson [1] with localized initial data for linear
equations of surface water waves in the basin with uneven bottom. We show that the asymptotics
of the solutions of such problems are described by the Maslov canonical operator on Lagrangian
manifolds with punctured point (“punctured Lagrangian manifolds") and that the leading edge
front of the wave is caustic of a special type associated with singularities of dispersion relation for
small wave numbers and the so-called “non-standard characteristis" [2]. We also show that the
asymptotic solution in the neighborhood of the leading edge front is described by a Hamiltonian
system, the corresponding the limit wave equation and coeﬃcients for determining variance in
the linearized Boussinesq equation, approximating the studied equation. The formula for the
resulting asymptotics are simple enough to determine the asymptotics in the wider diapazone
of the size of the initial perturbation in comparison with formulas [3, 4, 5]. This formula is
also more eﬀective and clearly reflects the influence of reasonable physical characteristics of the
problem to the head wave: the Green law, the divergence of the rays, the dispersion eﬀects and
the form of the initial perturbation. In the case of the initial perturbations of special form (such
as the Cauchy distribution in probability theory) the solution in the vicinity of the leading edge
front is expressed through the combination of the products of Airy functions, which gives the
possibility of an eﬀective analysis of the dependence of the waves near leading edge on all the
above mentioned factors.
The work was supported by the Russian Science Foundation (project N 16-11-10282).
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Numerical solution of the elliptic equation using generalized multiscale finite
element method (GMsFEM) in perforated media with non-homogeneous
Robyn boundary conditions
Y. Efendiev2 , M.V. Vasilyeva1,a) , D.A. Stalnov1,b)
1 North-Eastern Federal University
2 Texas A&M University
In this paper we consider the solution of the standard elliptic equation using the
generalized multiscale finite element method. The equation is solved in a perforated
region with non-homogeneous Robyn boundary conditions.
In this work we consider the elliptic equation in perforated media with non-homogeneous
Robyn boundary conditions. Such processes, for example, occur in pore-scale simulations with
taking into account the chemical reaction at the boundaries of the solid medium. For the numerical solution of the equation is necessary to construct a computational grid, elements of which
may allow the existing grid perforation. The grid calculated in this way is small-scale and can
lead to a large number of unknowns. The classic approach for solution of such problems is a
homogenization method. The homogenization methods are used to construct the approximation
of the problem on a coarse grid and allow to calculate the eﬀective characteristics of the material
and adding additional reaction term in equation on a coarse grid. Another wide class of methods
that applied for such processes is a multiscale methods. Unlike homogenization, in a multiscale
method, we have a two-way information exchange between micro and macro scales.
In this work, we perform multiscale model reduction using a generalized multiscale finite
element method (GMsFEM) for elliptic problem in perforated domain. For the numerical solution
of the problem, we construct an approximation of the equation on a coarse grid using GMsFEM,
which is based on the calculation of bases to reduce the dimension of the problem from a fine grid
to the coarse [1],[2],[3].The modernization of the method are considered by adding an additional
basis that take into account the non-homogeneous boundary conditions, which improves the
accuracy of the method. The exact solutions solution was taken by finite element method(FEM)
on the fine grid. A numerical comparison was made for the results with the non homogeneous
Neumann and Robin boundary conditions. The dependence of the accuracy of the method on
the number of bases used is revealed.

References
[1] Eric T. Chung, Yalchin Efendiev, Guanglian Li, Maria Vasilyeva. Generalized multiscale
finite element methods for problems in perforated heterogeneous domains // Applicable
Analysis. Volume 95, Issue 10, 2016. Pp. 2254-2279.
a)
b)

Email: vasilyevadotmdotv@gmail.com
Email: d.stalnov@mail.ru

29

Problems of Mathematical Physics and Mathematical Modelling (2017)

[2] Efendiev Y., Hou T. Y. Multiscale finite element methods: theory and applications. –
Springer Science & Business Media, 2009. – Т. 4.
[3] Shung, E.T., Leung, W.T., Vasilyeva, M. Mixed GMsFEM for second order elliptic problem
in perforated domains // Journal of Computational and Applied Mathematics. 2016. 304,
pp. 84-99.

Isomonodromic deformations technique and asymptotics for the fourth order
analogue of the second Painlevé equation
E.Y. Gaiur1,a) , N.A. Kudryashov1
MEPHI, Department of the Applied Mathematics

1 NRNU

The fourth order analogue to the second Painlevé equation is studied. The monodromy manifold for Lax pair associated with the P22 equation is constructed.
Asymptotic solutions expressed via trigonometric functions in the Boutroux variables
along rays ϕ = 25 π(2n + 1) on the complex plane have been found by isomonodromy
deformations technique.
We consider the fourth-order analogue to the second Painlevé equation [1]
( 2)
yxxxx − 10y 2 yxx − 10yyx2 + 6y 5 − yx + α = 0
P2 ,
of x ∈ C. The Lax pair
Ψξ = QΨ

(1)

Ψx = P Ψ

(2)

introduced in [2], gives us opportunity to define the P22 equation as compatibility condition of
the (1)-(2)
Qx − Pξ + [P, Q] = 0,

(3)

where Ψ, P, Q - 2 × 2 matrices
Q=

3
∑

ak σk ,

P = −iξσ3 + yσ2 ,

(4)

k=1

α
, a2 = 8yx ξ 2 − 2yxxx + 12y 2 yx ,
ξ
a3 = 16iξ 4 + 8iy 2 ξ 2 + i(2yx2 − 4yyxx +6y 4 − x),
a1 = −16yξ 3 + (4yxx − 8y 3 )ξ +

and σi are the Pauli matrices.
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The equation (3) allows us to use the isomondromic deformation technique [3, 4] and use the
Stokes multipliers of the system (1) as asymptotic first integrals for equation P22 . Equation (1)
has irregular singular point, thus we can fix the following asymptotic for Ψ
(
)
( (
) )
1
16 5
Ψk = I + O( ) exp i
ξ − xξ σ3 , ξ → ∞,
(7)
ξ
5
{
}
kπ
(k + 2)π
ξ ∈ Ωk = ξ :
< arg(ξ) <
, k ∈ Z10
(8)
5
5
The Stokes matrices are defined as follows
Sk = Ψ−1
k Ψk+1

(9)

and have the following form
(
)
(
)
1 0
1 s2k+1
S2k =
, S2k+1 =
s2k 1
0
1

(10)

Using symmetries of the system (1) and behaviour of its solution in the neighborhood of ξ = 0
we find the following relations between Stokes multipliers
s1 = −

eiπα + s3
,
s2 s3 + 1

s4 =

eiπα − s2
,
s2 s3 + 1

s5 = eiπα (s2 s3 + 1).

(11)

So we find that monodromy manifold for considered Lax pair (1) can be parametrized by two
independent variables. The next step is to find any two Stokes multipliers.
Using variables of the the Boutroux type
(
ξ=

5
t
4

)1

(

5

λ,

x=e

iϕ

5
t
4

)4

(

5

,

y=

5
t
4

)1

5

v(t)

(12)

we define WKB approximation for the Ψ. Under change of variables (12) we have found that
(
v(t) = ρ + w(t),

w(t) ∼ o

1
√
t

)

ϕ

,

ρ=

eI 4
1

.

(13)

64

This assumption gives us opportunity to define asymptotic behaviour of the eigenvalues of Q and
obtain turning points of system (1). Using WKB approximation, solutions in the neighborhood
of double turning points and assymptotic behaviour of Ψ at ξ → ∞ we obtain the values of the
Stokes multipliers s2 and s3 depending on w, wt , wtt , wttt , t, ϕ. Inversing obtained equations we
get the following equation for w(t)
√ 5
√ 5 )
1 (
wtt − 144ρ10 w(t) + √ A− e−3 6ρ t − A+ e3 6ρ t = 0
t

(14)

Where A+ , A− constants which depend only on the(monodromy
multipliers and argument ϕ of
)
1
the varable x. Taking into account that w, wtt ∼ O √t we obtain
1
w(t) = √
t

(
C1 exp(12ρ5 t) + C2 exp(−12ρ5 t) +
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( )
))
√
√
1 (
1
3 6ρ5 t
−3 6ρ5 t
− A+ e
+o
A− e
10
90ρ
t
(15)
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Using asymptotic behaviour of function w(t) we found that damped asymptotic solutions
expressed via trigonometric functions exist when
5ϕ
π
)) = (2n + 1),
4
2
So we obtain that along the following rays
arg(ρ5 ) = arg(exp(i

n∈Z

2
ϕ = π(2n + 1)
5
asymptotic solutions can be defined by the (15).
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Hidden attractors in bubble contrast agent model
I.R. Garashchuk1,a) , N.A. Kudryashov1,b) , D.I. Sinelshchikov1,c)
1 NRNU "MEPhI"
In this work we studied a model, describing dynamics of a spherical gas bubble in a
fluid. The bubble is oscillating close to the wall of finite thickness under the influence
of external field pressure. This model is a generalization of the well-known RayleighPlesset equation describing dynamics of gas filled bubble in an incompressible fluid.
In the model considered in this work, the fact that gas bubble is close to an elastic
wall of finite thickness is taken into account. Thus, the model depicts a bubble
contrast agent, oscillating in a neighborhood of a blood vessel wall. Besides, in
the model being studied, compressibility and viscosity of the fluid are taken into
consideration. In earlier works, dedicated to the dynamics of gas bubbles in a fluid,
the possibility of existence of hidden attractors was not taken into account. In this
work we investigated diﬀerent motion modes of the bubble oscillations. We used
perpetual points method to seek for hidden attractors. We have shown that in
the system under investigation there are hidden chaotic attractors and co-existing
periodic attractors. Also, we have given an example of existence of hidden chaotic
attractor, when the parameters of the system are physically realistic. As well it was
shown that in the region where this attractor exists, if we vary frequency of the
external force, system can unexpectedly switch from periodic motion to chaotic and
vice versa. The example mentioned above shows importance of finding of hidden
attractors for applications. If chaotic behavior is undesirable, parameters should be
choosen in a way avoiding ranges where hidden attractors exist.
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We consider the following dynamical systems, based on Rayleigh-Plesset equation [7, 1, 2, 3]:
Ṙ = U,
(((

)(

)(

)
R0 3 γ
σ
−2R
− 4 ηRU −
R
)
)
U
(P0 + Pout sin (tω)) − Rω Poutc cos(tω) ρ1 −1 −
c
(
))
(ρ1 −β)R
(β−ρ3 )R
(ρ1 −β)(β−ρ3 )R
1 2
U
U
3
−
2
−
2
+
2
−
c)
(ρ1 +β)d
(β+ρ3 )(d+h)
(ρ1 +β)(β+ρ3 )h
(2 (
(β−ρ3 )R
1 (ρ1 −β)(β−ρ3 )R
U
1 (ρ1 −β)R
R 1 − 2 (ρ1 +β)d − (β+ρ3 )(2 d+2 h) + 2 (ρ1 +β)(β+ρ3 )h − c +
)−1
,
4 ρ1η c
U̇ =
(
1+

1+

(1−3 γ)U
c

P0 + 2 Rσ0

(1)

ṫ = 1.
In equation (1) we use following denotations: R is the bubble radius, R0 is the equilibrium
radius of the bubble, ω corresponds to driving frequency of the external pressure field, P0 =
Pstat −Pv , Pstat = 100 ∼ 101.325 kPa - the static pressure, Pv - the vapor pressure, Pac - external
pressure field magnitude, σ = 0.0725 N/m denotes surface tension, ρ1 = 998 ∼ 1000kg/m3 is
the density of the fluid surrounding bubble, ρ2 = 1060kg/m3 is the density of blood vessel
wall, ρ3 approx1000kg/m3 is the density of the fluid from the other side of the blood vessel,
η = 0.001 ∼ 0.0013N s/m3 is the viscosity, c = 1497 ∼ 1500 m/s is the sound velocity, γ = 4/3
is the polytropic exponent of the gas in bubble, h is the blood vessel wall thickness, d is the
ν
, ν is the Poisson‘s ratio of the
distance between wall and the center of the bubble, β = ρ2 1−ν
material of the wall.
The example of coexisting periodic and chaotic attractors in the systems can be given for
following parameters: Pac = 90 kPa, ω/2π = 115 kHz. 1-periodic and chaotic attractors are
snown in pic. 1, 2, respectively. Depending on initial conditions, the solution converges to one
of them. The choice of the initial conditions is non-trivial, and perpetual points become usefull
tool for problems like this.

(a)

(b)

Fig. 1: 1-periodic attractor. (a) - solution for

R(t)
R0 ,

(b) - phase portrait
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Fig. 2: Chaotic attractor. (a) - solution for
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Nonlinear spatial absorption of Alphven wave in dissipative plasma with
influence of plasma inhomogeneity and frequency of Alphven wave
M.B. Gavrikov1,a) , A.A. Taiurskii1,b)
1 Keldysh Institute of Applied Mathematics RAS
The absorption of plane Alfven waves in an inhomogeneous incompressible plasma
and the dependence of the absorption on the frequency are studied.
The absorption of plane Alfven waves in an inhomogeneous incompressible plasma and the
dependence of the absorption on the frequency ω are studied. The results of the investigation,
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on the one hand, provide a demonstrative confirmation of the anomalous heating of the solar
corona to the temperature ∼ 6 · 106 ◦ K as a result of the absorption by the solar corona of Alfven
waves generated in Lower, much colder solar layers [1]. On the other hand, they demonstrate
the possibilities of the two-fluid electromagnetic hydrodynamics of the plasma [2], since the
absorption of Alfven waves occurs at lengths on the order of skin depth ∼ c/ωp (ωp – plasma
frequency), on which the classical or Hall MHD are inapplicable.
The dissipative plasma fills the half-space x ≥ 0 onto the boundary of which x = 0 from the
region x < 0 goes an Alfven wave with the frequency ω. The absorption is due to the ohmic
resistance of the plasma, the hydrodynamic viscosities and thermal conductivities of electrons
and ions, the relaxation of the electron and ion temperatures, and the bremsstrahlung of the
plasma. It is assumed that the parameters of the homogeneous plasma in the left-hand side
of x < 0 coincide with the limiting values of the plasma parameters at infinity on the righthand side of x > 0, and the absorption process has a plane symmetry. The eﬀect on the
absorption of two types of[ inhomogeneity
] in the density, given by the Gaussian distribution
ρ(x)/ρ(+∞) = 1 + A exp −(x − x0 )2 /D , D > 0, x0 > 0. The case A > 0 corresponds to a
hump in the density distribution, and A < 0 corresponds to a hollow. The case A = 0 was
investigated in previous works of the authors [3, 4] and is basic. By alternating a finite number
of these inhomogeneities, any density inhomogeneity having a finite limit at infinity can be
qualitatively approximated. The nonlinearity of the absorption process is primarily due to the
dependence of the transport coeﬃcients on the temperatures of the electrons and ions.
It is shown that the presence of bremsstrahlung leads (a) to the finiteness of the penetration
depth of the Alfven wave into a dissipative plasma, (b) to the appearance of an quasistationary
steady state of a dissipative plasma whose parameters are solutions of some boundary value
problem on the half-line [0, +∞) for the dimensionless parameters of Alfven wave absorbed.
More precisely, the parameters of the quasistationary state are given by the functions E⊥ =
Ey + iEz = E(x)eiωt , U⊥ = Uy + iUz = U (x)eiωt , T± (x) (E⊥ , H⊥ are the transverse components
of the Electromagnetic field and velocity, T± are the electron and ion temperatures), where the
amplitudes E(x), U (x), T± (x) are solutions in the field x ≥ 0 of a system of ordinary diﬀerential
equations
( ( ′′ )′ )′
)
E
iξ
Hx ′′ (
′ ′
E − µΣ U +
µ∗
= 0,
iρωU −
ω
ω
ρ
( 2
)
( ( ′′ )′ )′
)
ξ
iζξ ξΛHx
ξ(
iξ 2
E
′′
′ ′
E−
−
−
E − iHx U +
µ∗ U −
µ∗
= 0,
ρ
ωσ
ωρ
ρ
ωρ
ρ
(
)′ m∓ ξζ
T− − T+
ζ
2
χ± T±′ +
E ′′ ± C0 ρ2
+
3/2
mΣ ω 2 σ
ξ
T
√−
[
( ( ) )]
( ′′ )′ 2
2
′′ ′
λ
ξ
E
ξ
(1 ∓ 1) ξT 2 1/2
λ
2
∓
∓
′ E
+µ± U ′ +
±
2
Re
iU
−
Z ρT− = 0,
2
λ± ω
ρ
ω λ±
ρ
4
ξ
with boundary conditions
T± (0) = T 0 ,
E ′ (0) = −

U (0) = U0 ,

ρU0 ω 2
,
κHx

T± (+∞) = T 0 ,

E(0) =

iU0
(Hx + ξΛω) ,
1 + κ2 ξ 2

ρ = ρ(+∞),

U (+∞) = 0,

E(+∞) = 0,

E ′ (+∞) = 0.

Here ω, κ are the frequency and wave number of the falling Alfven wave, κ = κ(ω) =
)−1/2
√ (
, ρ = ρ(+∞), T 0 is the density and temperature at infinity,
|ω| ρ Hx2 + Hx Λξω − ξ 2 ω 2
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−1/2

4
2
ξ ∼ ρ0 L−1
0 , ζ ∼ ρ0 /H0 , ξT ∼ ρ0 /H0 are the numbers of the similarity of the absorption
problem (L0 , ρ0 , H0 are the characteristic scales of the length, density, magnetic field), ρ = ρ(x)
is a given plasma density distribution, Hx is a constant longitudinal magnetic field, µ± , χ±
are the viscosity and thermal conductivity of electrons and ions, σ is the conductivity of the
plasma, µΣ = µ+ + µ− , µ∗ = (λ− /λ+ )1/2 µ+ − (λ+ /λ− )1/2 µ− , µ∗ = (λ− /λ+ ) µ+ + (λ+ /λ− ) µ− ,
λ± = m± /e± , Λ = (λ+ /λ− )1/2 − (λ− /λ+ )1/2 . It is assumed that the multiplicity of the charge
3/2
5/2
5/2
of the ions Z = 1 and σ ∼ T− , χ± ∼ T± , µ± ∼ T± , C0 = 0.563(M− /m+ )(1 + m− /m+ ).
The influence of the density inhomogeneity and the frequency on the absorption of the Alfven
wave is reduced to the following regularities that were obtained by a numerical solution of the
boundary value problem for the steady state.
1) With an increase in the height of the hump A or the width D of the density inhomogeneity,
the depth of penetration of the Alfven wave and the maximum temperatures of electrons and
ions decrease (Fig.1).
2) For an inhomogeneity in the hollow-type density, the depth of penetration of the Alfven wave
and the maximum temperatures of electrons and ions increase in comparison with the basic
variant A = 0 (Fig.2).
3) The maximum penetration depth of the Alfven wave and the largest values
√ of the maximum
λ+ /λ− |Hx |; at low
electron and ion temperatures
are
achieved
at
medium
frequencies
ω
∼
1/2
√
∼
∼
(ω = 0) or high (ω = λ+ /λ− |Hx |) frequencies the plasma does not heat and the absorption is
reduced to the absorption of the electromagnetic field.
5/2

3/2

′′ ; A = 25 − “ · ··′′ ;
Fig.1 A = 50 − “
′′
A = 2 − “ − −− ; A = 0 − “ − ·−′′

Fig.2 A = −0.9 − “

′′ , A

= 0 − “ · ··′′

In the presented variants, √
it was considered that Hx = −1, U0 = 0.1, T 0 = 1, ρ(+∞) = 1,
−3
ξ = 1, ξT = 3, ζ = 3 · 10 , − λ+ /λ− < ω < 0.
This work has been supported by the Russian Science Foundation: Project No 16-11-10278.
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Families of equations modelling the Fermi-Pasta-Ulam problem
S.D. Glyzin1,2,a) , S.A. Kashchenko1,3,b) , A.O. Tolbey1,c)
1 P.G. Demidov Yaroslavl State University
2 Scientific Center in Chernogolovka RAS
3 National Research Nuclear University MEPh
Studied is the question of asymptotic properties of rapidly oscillating solution of a
boundary problem based on Fermi – Pasta – Ulam system (FPU). In a singularly
perturbed case it is possible to show that behaviour of solutions rapidly oscillating
with respect to space variable is described by a boundary problem consisting of two
special nonlinear complex equations of Schrodinger type, playing a role of normal
form for a given problem.
The paper is devoted to research of the dynamic properties of solutions of boundary value
problems related to the classical Fermi–Pasta–Ulam system (FPU) ([1]).

m

d 2 yj
= Fj,j+1 − Fj−1,j ,
dt2

at Fj−1,j = k(△l) + α(△l)2 + β(△l)3 , △l = yj − yj−1 .

(1)

In the classical setting [1] it is assumed that β = 0. The system (1) with nonzero coeﬃcient
β is considered in [2]. Let yj (t) = y(t, xj ) and the distances between neighboring points xj
equals to h. It is assumed that values xj are distributed on a segment of length 2πL and the
periodicity condition y(t, xj +2πL) = y(t, xj ) is fulfilled. It is convenient to normalize the spatial
variable x : x → Lx. As a result, we obtain the relation xj+1 = xj + ε, where ε = hL−1 . Let
us normalize the time t → (km−1 )1/2 t (k > 0) and write out the boundary problem with
2π-periodic boundary conditions on the variable x
(
d2 y
=
y(t,
x
+
ε)
−
2y(t,
x)
+
y(t,
x
−
ε)
+
α
y 2 (t, x + ε) − 2y(t, x + ε)y(t, x)+
dt2
)
(

)
2y(t, x)y(t, x − ε) − y 2 (t, x − ε) + β (y(t, x + ε) − y(t, x))3 − (y(t, x) − y(t, x − ε))3 .
(2)
In works [2,3,4] regular solutions of the problem (2) were studied. In this paper the method
of normal forms [5,6] is used to study its dynamics. The technique of study is based on the
assumption that solutions can be presented in the form of expansion
[
(
)
(
)
y(t, x, τ, ε) = ε ξ(τ, z+ , ε) exp i(σε−1 + θ)x + iγt + η(τ, z− , ε) exp i(σε−1 + θ)x − iγt +
(
)
(
)]
−1
−1
ξ(τ, z+ , ε) exp − i(σε + θ)x − iγt + η(τ, z− , ε) exp − i(σε + θ)x + iγt +
ε2 y2 (t, τ, x, ε) + ε3 y3 (t, τ, x, ε) + . . . , (3)
where τ = ε2 t – “slow” time, ξ(τ, z+ , ε) и η(τ, z− , ε) are unknown regularly dependent on ε
amplitudes, ξ(·) and η(·) are complex conjugate values, z± = x ± ε sin−1 (σ/2)t/2, values σ, γ,
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θ ∈ [0, 1) are determined from linear part of (2). Functions yj (t, τ, x, ε) are 2π-periodic on the
first two arguments and regularly depend on ε.
From solvability of the boundary problem for the function y3 (t, τ, x, ε), it is possible to obtain
the normal form, i.e. the system of two special nonlinear complex equations of Schrodinger type.
In the simplest case σ = π the system is reduced to one complex equation of the form

4i

(
)
∂ξ
∂2ξ
∂ξ
= − 2 − 2iθ
+ (4γ2 + θ2 )ξ + 36β |ξ|2 + 2|η|2 ξ.
∂τ
∂x
∂x

(4)

Here for ξ the periodic boundary conditions ξ(τ, x + 2π) ≡ ξ(τ, x) are satisfied.
The solutions of this structure contain rapidly oscillating in x components. Thus for the
FPU system a special boundary problem of the type of Schrodinger equation is constructed, that
plays a role of normal form of boundary problem (2) and describes the behaviour of solutions
rapidly oscillating on space variable.
Acknowledgments. This work was supported by the Russian Science Foundation (project
nos. 14-21-00158).
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Traveling-wave solutions in continuous chains
of unidirectionally coupled oscillators
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Proposed is a mathematical model of a continuous annular chain of unidirectionally
coupled generators given by certain nonlinear advection-type hyperbolic boundary
value problem. Such problems are constructed by a limit transition from annular
chains of unidirectionally coupled ordinary diﬀerential equations with an unbounded
increase in the number of links. It is shown that any preassigned finite number of
stable periodic motions of the traveling-wave type can coexist in the model.
The mathematical model of an annular chain of unidirectionally coupled generators may be
given by a system of ordinary diﬀerential equations of the form
u̇j = F (uj ) + mD(uj+1 − uj ),

j = 1, . . . , m,

um+1 = u1 .

(1)

where m ≥ 2, the dot means diﬀerentiation with respect to t, u ∈ Rn , with n ≥ 2, the vector
function F (u) belongs to the class C ∞ (Rn ; Rn ) and D is an n × n square matrix. It is typically
assumed that the partial system
(2)

u̇ = F (u)

corresponding to chain (1) has a unique attractor (an equilibrium or a cycle).
Investigating chains of form (1) is relevant in view of various applications. In particular, it is
interesting to study the behavior of attractors of such chains as the number m of links increases
without bound. Here, we study this problem in the case where partial system (2) has a stable
zeroth equilibrium and the coupling matrix D is small in a suitable sense.
For m ≫ 1, it is totally appropriate to pass from discrete chain (1) to the corresponding
continuous model. The transition procedure consists in approximating the variable j/m by a
continuous index x ∈ [0, 1](mod 1) and replacing the term m(uj+1 −uj ) in (1) with the derivative
∂u/∂x. As a result, we obtain the boundary value problem
∂u
∂u
= F (u) + D ,
∂t
∂x

u(t, x + 1) ≡ u(t, x),

(3)

which is a mathematical model of a continuous annular chain of unidirectionally coupled generators. We consider problem (3) as an evolutionary equation in a Banach space E consisting
of vector functions u(x) of class W 12 ([0, 1]; Rn ) that are periodic with period 1. We introduce a
closed unbounded operator L = Dd/dx : E → E with a domain E(L) dense in E. The following
statement holds.
Lemma. The operator L is a generator of the semigroup exp(Lt), t ≥ 0, of class C0 linear
operators bounded in E if and only if the entire spectrum of the matrix D is on the real axis and
a basis of its eigenvectors exists in Rn .
Under some additional restrictions on the matrix D and the character of the nonlinearity
of F (u), we consider the problem of attractors (periodic solutions of the traveling-wave type)
of boundary value problem (3). By a traveling wave, we mean a periodic solution of boundary
value problem (3) of the form u = u(θ), θ = σt + px, where σ = const ∈ R and p ∈ Z. The
vector function u(θ) ∈ Rn , u(θ + 1) ≡ u(θ), satisfies the ordinary diﬀerential equation
(σI − pD)

du
= F (u),
dθ

(4)

where I is the unit matrix.
For some special conditions on parameters we show that any preassigned finite number of
stable periodic motions of the traveling-wave type can coexist in the model (3).
Acknowledgments. This work was supported by the Russian Science Foundation (project
nos. 14-21-00158).
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Plasmastatic model of trefoil toroidal trap
A.S. Goldich1,a)
1 Keldysh Institute of Applied Mathematics (Russian Academy of Sciences)
The results of calculation of plasma equilibrium in a toroidal cylinder with three
straight imbedded current carrying conductors based on mathematical model are
presented. Model based on two dimensional boundary value problems with toroidal
analogs of the Grad–Shafranov equation for the scalar magnetic flux function. In
this work shows the deformation of magnetoplasma configurations in toroidal trap
vs classic cylinder trap.
This paper is related to the further study of the magnetoplasma configurations in galatea
magnetic trap proposed by A.I. Morozov[1] traditionally considers in straightened into cylinder
analog [2,3]. This work consider the plasmostatic toroidal variant of the trefoil trap, the further
development of the cylindrical counterpart of the Galatea trap. The simulation is based on the
use magnetohydrodynamic (MHD) apparatus of such equilibrium magnetoplasma configurations
are based on the numerical solution of two dimensional boundary value problems for a toroidal
cylinder with the use of the well known Grad–Shafranov equation[4,5]. In this paper, we obtain
a numerical solution of the problems of the equilibrium of the magnetic field plasma and the
current in the trefoil trap, as well as its cylindrical counterpart, and quantitatively compare
toroidal and cylindrical configurations for diﬀerent parameters of the problem. The defmation
of magnetoplasma configurations is shown in comparison with traditional cylindrical analogues.
Analysis of the results represents the outcome of dependence characteristics of the the toroidal
configuration in front of configurations possessing with axial symmetry.
1. A. I. Morozov, Sov. J. Plasma Phys. 18, 159 (1992)
2. K. V. Brushlinskii, A. S. Gol’dich, and A. S. Desyatova, Math. Models Comp. Simulat.
5, 156 (2013).
3. K. V. Brushlinskii, A. S. Gol’dich PLASMA PHYSICS REPORTS Vol. 40 No. 8 2014
4. V. D. Shafranov, Sov. Phys. JETP 6, 545 (1958).
5. H. Grad and H. Rubin, in Proceedings of the Second United Nations Conference on the
Peaceful Uses of Atomic Energy, Geneva, 1958 (Columbia Univ. Press, New York, 1959), Vol 31,
p. 190.

Bistability and intermittency of chaotic pulsing in the model of a laser with
time-dependent delayed feedback
E.V. Grigorieva3,a) , S.A. Kaschenko1,2,b)
1 Yaroslavl State University
2 National Research Nuclear University MIFI
3 Belarus State Economic University
The dynamics of a laser with time-dependent delayed feedback is studied.
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We analyze asymptotically pulsing induced by periodic modulation of the delay time in the
feedback circuit which controls pumping rate in a laser. Depending on the n-number of pulses in
the delay interval, the dynamics of the pulse regime is described by the dynamics of the (2n + 2)
-dimensional map. By computing the maps we obtain the modulation parameters at which the
chaotic spiking of desired structure is realized. Bistability of chaotic spiking, their intermittence
and merge are demonstrated.

The structure of the detonation wave with an abrupt change in the speed of
sound in detonation products due to heat capacity change
S.A. Gubin1,a) , S.I. Sumskoi1,b)
1 National Research Nuclear University “MEPhI” (Moscow Engineering Physics
Institute
In this paper such mathematical object as a detonation wave with additional sound
planes that arise when heat capacity jumps is investigated. An analytical criteria
for the existence of such waves for an ideal gas is presented. The possibility of the
existence of such flows from the point of view of the temperature values and its ratios
is shown.
It is well known [1], that in reactive mixtures there is a self-sustaining supersonic stationary
wave with energy release. This is Chapman-Jouget (CJ) detonation regime.
In the idealized one-dimensional formulation CJ detonation wave (DW) is considered as a
complex consisting of a leading shock wave (SW), a reaction zone behind it (RZ) and CJ plane.
CJ plane is a surface on which the flow velocity is equal to the local sound velocity. Equality of
the flow velocity and sound velocity in the CJ plane does not allow disturbances from the field
behind the CJ plane to penetrate into the RZ and to aﬀect the propagation of CJ detonation.
The formation of sound planes takes place as a result of transition from subsonic flow with
Mach number M less than 1 to supersonic flow with Mach number greater than one. Sound
planes appear at the place of this transition. Mach number is equal to one in sound planes.
An important factor in a sonic plane appearance is energy release that causes temperature
rise and a change in sound velocity. This raises the question of the possibility of subsonic flow
zone appearance (with a subsequent transition of this flow into a supersonic regime), in the case
when sound velocity change isn’t provoked by temperature rise, but takes place due to other
factors.
For ideal gas sound velocity is determined by the following equation:
√
p
(1)
c= γ
ρ
here c – speed of sound, p – pressure, ρ – density, γ – heat capacity ratio.
If the heat capacity ratio changes (for ideal gas this means the heat capacity change) so that
γ2 becomes more then γ1 , then:
√
√
p
p
c2 = γ2 > c1 = γ1
(2)
ρ
ρ
a)
b)
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If the heat capacity of detonation products changes abruptly and therefore the heat capacity
ratio changes abruptly as well the second sound plane may appear as the result of a sudden
decrease in the speed of sound: the jump in the speed of sound (at constant mass velocity) leads
to a jump in the Mach number from M>1 to M<1, followed by a second transition to M> 1.
Thus, in addition to the most well-known mechanism of a sound plane formation, accompanied
by energy release, temperature rise and a corresponding change in sound velocity, theoretically
there are other possible mechanisms of a sound plane formation by sound velocity change.
In [2], [3] mathematical possibility of a stationary structure with two acoustic planes has
been proved.
As shown in [2], [3], the condition of existence of second sound plane can be represented by
the following equation:
(
)2
p0 γ 1
u20
γ22
p0
2
)
Qt =
+
+ Q1 − ( 2
+ u0
(3)
ρ0 (γ1 − 1)
2
2 γ2 − 1 u20 ρ0
here Q1 - energy release in the first DW (usual CJ detonation), Qt - heat losses in the process
of heat capacity changing, p0 - initial pressure, u0 – detonation velocity , ρ0 – initial density.
So for the existence of a stationary complex with the two sound planes it is necessary for
value Qt to be a unique function of γ2 (see eq. (3)).
However, this problem requires further study, especially in studing the possibility of the
temperature range where a heat capacity change can occur: obviously this temperature should
lie between the temperatures at the first sound plane (CJ plane) T1 and the temperatures at the
second sound plane T2 .
In this work we present more detailed investigation of the possibility and consequences of
sound velocity increase due to changes in specific heat (heat capacity ratio), estimated for the
simplest case of ideal gas. However, the presented in [2], [3] results do not consider one important
fact. In addition to the mutual dependence of Qt and the adiabatic index γ2 there is another
parameter, which must also satisfy certain relations to ensure the solution for a stationary wave
with two sound planes. The temperature Tt , at which the change in heat capacity takes place is
such a parameter. This temperature is determined by the following relation:
(4)

cp1 Tt = cp2 Tt + Qt

here cp1 - specific heat capacity at constant pressure before heat capacity changes (including
location of the first sound plane (standard CJ plane), cp2 - specific heat capacity at constant
pressure after heat capacity changes (including location of the second sound plane (second CJ
plane).
Or using equation (3) for Qt :
Tt =

p0 (γ22 −γ0 )
ρ0

−

(γ0 −1)u20
2

(
)
+ Q1 (γ0 − 1) γ22 − 1 −

R (γ2 − γ1 ) (γ2 + 1)

γ22 (γ0 −1) p20
2u20
ρ20

(5)

here R - gas constant.
It is clear that the temperature calculated by (5) should not be higher than the temperature
T1 , otherwise the heat capacity jump will take place before the first sound plane. On the other
hand, the specific heat jump should not occur below temperature T2 , i.e. after the second sound
plane:
(6)

T2 < Tt < T1

In this work using realistic quantitative estimation it was shown that condition (6) is really
correct. The dependencies of Tt , T1 and T2 on γ2 are shown in Fig. 1. The following data were
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used in calculation: γ0 = γ1 = 1.1, p0 = 1 kg/m3 , p0 = 105 Pa, Q1 = 2106 J/kg, µ0 = 0.03
kg/mol.
As one can see from this figure, relation (6) is correct in the considered example.

Fig. 1: Dependence of the temperatures on γ2
A quantitative evaluation of the parameters in the second sound plane was obtained.
This work is supported by the Russian Science Foundation under grant 16-19-00188
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The accuracy estimation of the variational perturbation theory MCRSR in
the thermodynamic properties of dense fluids calculation
S.A. Gubin1,a) , S.B. Victorov2
1 National Research Nuclear University "MEPhI", Moscow, Russia
2 OpenSearchServer, Paris, France
In this work the variational theory MCRSR was developed in two ways using the function proposed in [1] to correct for excess Helmholtz energy and without this function.
The computer program of calculation of thermodynamic properties one component
fluids has been developed based on the methodology MCRSR. The comparison of
the calculation with Mothe Carlo data has been shown that theory MCRSR is less
accurate compared to an improved KLRR version[4] of the perturbation theory.
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To date, experimental determination of composition and thermodynamic parameters of complex chemical systems at high pressures and temperatures is extremely diﬃcult and often even
impossible. Therefore, a realistic thermodynamic simulation quasi-equilibrium processes in this
range of thermodynamic conditions is of considerable scientific and practical interest including
problems of detonation and shock waves, geophysics, astrophysics, etc.
Today there are three theories that provide the highest accuracy of calculation of thermodynamic properties of one-component fluid (liquid or gas in the supercritical state), molecules
which interact with a given spherically symmetric potential, in a wide range of pressures and
temperatures, including the range of high densities. These are variational perturbation theory
MCRSR[1], HMSA integral equation[2] and the KLRR perturbation theory[3]. These theories
were developed on the basis of statistical physics and have a deep physical basis. The equations
of state models (EOS), developed on the basis of these theories are theoretically substantiated
too. The application of the potential theories allows to get a much more reliable EOS for fluids,
compared with empirical equations.
These theories allow to calculate the thermodynamic properties of substances in diﬀerent
phase state (gas, liquid and solid) in agreement with the Monte Carlo (MC) data a hundred
times faster MC calculations and molecular modeling (MD). Therefore, computer codes based
on these theories are developed for thermodynamic calculations in a wide region of pressures and
temperatures.
These theories calculations are consistent with a direct computer Monte Carlo simulation
(computer experiment) that allows to accurately calculate thermodynamic properties of systems
of molecules with interacting with each other with a given intermolecular potential and to assess
the accuracy of the considered theories.
Nowadays, we have developed models of the EOS of the fluid phase on the basis of improved KLRR perturbation theory[4] and integral equations HSMA/C [2]. In this work the
variational theory was developed in two ways using the function proposed in [1] to correct for excess Helmholtz energy in such a way that the pressure and internal energy are in good agreement
with the results of computer simulation Monte Carlo and without this function. Now it is possible to compare the statistics of the deviations of calculations of the thermodynamic properties
of one-component fluid from the data of MK on the best three theories and determine the most
accurate theory. There are assumed that the interaction of molecules is described by spherically
symmetric potential, Exp-6 in all three theories.
In the variational theories of the perturbations of the excess Helmholtz energy is minimized
by variation of the diameter of hard spheres at fixed temperature T, specific volume V and
number of particles N. The value of the hard-sphere diameter d is determined by minimization
of the excess Helmholtz energy with the use of assumptions made in [1].
In the developed theory MCRSR multiple numerical integration and diﬀerentiation leads to
significant costs in computer time in the developed theory. But of course, these costs are not
comparable with the required time for Monte Carlo and dynamic simulations.
The computer program calculation of thermodynamic properties of one component fluids has
been developed based on the methodology MCRSR. The results of calculations were compared
with the MC data (see table 1).
MCRSR theory provides a satisfactory agreement with calculations of Monte Carlo for a
wide class of intermolecular potentials, especially, for the interesting us potential of Exp-6. This
theory has been implemented in the computer code CHEQ [5], which was developed at Lawrence
Livermore lab in the U.S. and in the French code СARTE [6].
Calculations show that the semiempirical term Ross significantly improves the agreement
between theory MCRSR and MC simulation data. Even using this semi-empirical term Ross
theory MCRSR is less accurate compared to an improved version of the KLRR[1]. Comparison
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Table 1: The statistics of the relative deviations calculated in this work values of the dimensionless
pressure, Z and the dimensionless excess internal energy U *, on the base theories MCRSR,
HMSA/C and an improved version of the KLRR [4] of fluid with the potential Exp-6 from the
MC results [2].

Method

Оver 55 MC
points:
δZ, % δU *, %

KLRR
MCRSR
HMSA/С

0.60
2.07
0.72

KLRR
MCRSR
HMSA/C

0.90
2.33
0.84

KLRR
MCRSR
HMSA/C

5.30
5.06
2.43

Over
19
MC Over
18
MC
points for α = 11.5 points for α = 13.5
δZ, %
δU *, %
δZ, %
δU *, %
Relative average deviation, %
0.87
0.55
0.60
0.50
0.75
2.46
2.92
1.87
1.78
2.29
1.89
0.46
1.19
0.72
1.69
Relative rms deviation, %
1.44
0.62
0.76
0.56
0.99
3.29
3.10
2.14
1.86
2.85
3.64
0.54
1.32
0.80
2.28
Relative maximum deviation, %
7.00
1.48
1.72
1.05
2.96
11.56
4.11
3.87
2.40
4.82
23.42
1.08
2.20
1.63
7.62

Over
18
MC
points for α = 15.5
δZ, %
δU *, %
0.75
1.52
0.98

1.26
3.24
2.85

1.32
1.79
1.10

2.16
4.45
5.78

5.30
5.06
2.43

7.00
11.56
23.42

of calculations of dimensionless deviations of pressure and internal energy from MC data on these
three theories give similar results (table 1).
However, the improved version of the calculations on the base of the KLRR perturbation
theory[4] are more accurate than the integral equations HMSA/C [2] and variational theory
MCRSR [1] calculations. It follows from the table 1. This conclusion is confirmed by [7]
This work is supported by the Russian Science Foundation under grant 16-19-00188.
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Modelling unsteady flows in elastic pipes: energy conservation law
A.T. Il’ichev1,2,a) , V.A. Shargatov2,b)
1 Steklov Mathematical Institute, Russian Ac. Sci., Gubkina Str. 8, 119991 Moscow,
Russia
2 National Research Nuclear University “MEPhI” (Moscow Engineering Physics
Institute) Moscow, Russia
Energy conservation law is presented for compressible flows in an elastic pipe for a
small ratio between the pipe diameter a characteristic length scale. Conservation
of the flow energy together with mass and momentum conservation constitute the
system of equations to be solved for description of a fluid transport along the pipe.
Energy conservation law for finite volumes in absence of external inflows has the form [1]
)
∫ ( 2
∫
∫
v
d
ρ
+ U dτ = ρF · v dτ + pN · v dσ,
(1)
dt
2
V∗

V

Σ

where ρ is the density, U = U (T ) is the volumetric density of internal energy of a volume V ,
T = T (x, y, z, t) is the fluid temperature, ρ is the fluid density, v = ui + vj + wk is the fluid
velocity, pN = −pN for the ideal fluid, p is a pressure, N is an external normal vector to a
surface Σ, bounding V , F in an external forces vector acting on V and V ∗ = V in the given
moment of time. Further we use a constitutive law for an arbitrary two-parametric medium
(2)

p = f (ρ, T ).
The energy conservation law (1) for smooth processes takes the form [1]
( 2
)
( 2
)
∂
v
v
ρ
+ U + div ρ
+ U v = ρF · v − div pv.
∂t
2
2

(3)

Assume, that Fx is a friction force plus a projection of gravity force (see, Fig. 1 in [2])
Fx = −ρgSf + ρg sin θ,
where g is the gravity, and Sf is given by the Manning-Stricler law [2].
Define an average
∫
1
α=
α dσ,
A
Ω(x,t)

where A = A(x, t) is a square of pipe’s cross section Ω(x, t). We consider that
(
ρ

u2
+U
2

)

(
u=ρ

u2
+U
2

)
u,

ρFx u = ρFx u,

pu = p u,

U = U (T ).

Then Eq.(2) has the form
p = f (ρ, T ),
a)
b)
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and
Fx = −ρgSf + ρg sin θ.
It can be shown that (3) transforms into
[ ( 2
) ]
[ ( 2
) ]
∂
u
∂
u
∂A
ρ
+U A +
ρ
+ U + p uA = ρ Fx uA − p
.
∂t
2
∂x
2
∂t

(5)

(6)

The square A is defined from Hooke’s law (see [2]) and is given by
∂A
∂S0
2 A3/2 ∂p
=
+√
∂x
∂x
π eE cos ϕ ∂x

(7)

and
∂A
2 A3/2 ∂p
=√
,
∂t
π eE cos ϕ ∂t

A(0, x) = S0 (x),

(8)

where ϕ is the angle between pipe’s axis and its generating line, e is the constant width of the
pipe, and E is the Young module.
Finally we have the equations (4), (5), (6), where A(x, t) is defined from (7), (8).
This work is supported by the Russian Science Foundation under grant 16-19-00188.
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The loss of stability for null solution in parabolic boundary-value problem
with the deviate in edge condition
L.I. Ivanovsky1,a)
1 P.G. Demidov Yaroslavl State University
Let us consider the parabolic boundary-value problem with zero and linear edge
conditions. There were researched the questions of the loss of stability for null
solution of due to a numerical research of special system. The special attention
is paid to values of certain initial parameters, when the null solution of parabolic
boundary-value problem will lose the stability.
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Let us consider the following parabolic boundary-value problem:
u′ = dü − γu + F (u),

(1)

At points x = 0 and x = x0 there are set zero and linear edge conditions:
u′ |x=0 = 0,
u′ |x=x0 = α u |x=0 .
Function u = u(x, t), parameters α, γ ∈ R, d > 0. This parabolic boundary-value problem is
based on the similar equation in [1].
By means of following substitutions
(
γ )
t1 = dt,
u(x, t) = w(x) exp λ − t
d
in the case of x0 = 0 system (1) is transformed to simplified parabolic boundary-value problem
with edge conditions.
w′′ − λw = 0,
w′ (0) = 0,
w′ (1) = α w(0).

(2)

This diﬀerential equation has a solution
w(x) = c ch(µ x),
where c is a constant and µ2 = λ. In the case of µ ∈ C, µ = τ + iω, the solution of parabolic
boundary-value problem (2) can be transformed to the following system:
{

f (τ, ω) = 0
g(τ, ω) − α = 0.

(3)
f (τ, ω) = τ cth τ + ω ctg ω,
g(τ, ω) = τ sh τ cos ω − ω sh τ sin ω.

Functions f, g are even for variables τ and ω.
The task of research was to find values of parameter α = αcr , when for the solution of system
(3), Re(λ) = γ. In this case for parabolic boundary-value problem (2) there will be the loss of
stability for null solution.
The research was carried out by means of special software. All calculations of roots for
system (3) are performed on a large number of independent streams on GPU. As a result of
research there were get values of parameters α = αcr and λ, when the null solution of parabolic
boundary-value problem (2) will lose the stability.
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Resonance capture in the system of two oscillators
L.A. Kalyakin1,a)
1 Institute of mathematics, RAS
A system of diﬀerential equations, which describes interaction of two weakly connected nonlinear oscillators, is considered. Initial data is such that under absence
of connection the first oscillator is far from equilibrium while the second oscillator
is near equilibrium and the proper frequencies are closed. The capture in resonance
is investigated, when the frequencies of the connected oscillators remain closed and
energies of the oscillations are varied significantly, in particular the second oscillator
moves far from equilibrium. It is discovered that the initial stage of the resonance
capture is described by the second Painleve equation. Such description is obtained
in asymptotical approach with respect to small parameter, which corresponds to
connection coeﬃcient.
A simplest model of interacting oscillators is given by the system of diﬀerential equations
d2 x
˙
+ x − 2x3 = ε[f0 ξ + f1 ξ],
dt2

d2 ξ
+ ω 2 ξ − wξ 3 = ε[g0 x + g1 ẋ], t > 0, 0 < ε ≪ 1.
dt2

Here ε is a small parameter, f1 , f2 , g1 , g2 = const.
This system is reduced to three diﬀerential equations by averaging method [1]. Averaged
system is similar to one, considered in [2], and it is reduced to Painleve-2 equation.
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Relaxation periodic solutions of one singular perturbed system with delay
A.A. Kashchenko1,a)
1 P.G. Demidov Yaroslavl State University
Dynamics of a singular perturbed system of two diﬀerential equations with delay and
finite nonlinearity is analysed. Coexistence of stable relaxation periodic solutions is
proved.
Consider a singularly perturbed system of two diﬀerential equations with delay
{
u˙1 + u1 = λF (u1 (t − T )) + γ(ln λ)−1 (u2 − u1 ),
u˙2 + u2 = λF (u2 (t − T )) + γ(ln λ)−1 (u1 − u2 ),

(1)

which simulates two coupled oscillators with nonlinear feedback. Here γ > 0, delay time T > 0,
and positive parameter λ is suﬃciently large (λ ≫ 1). Feedback function F (u) is assumed to
be finite (F (u) = 0 if |u| ≥ p, where p is some fixed positive constant), piecewise smooth,
F (u) < a < 0 if −p < u < 0, F (0) = 0, and F (u) > b > 0 if 0 < u < p.
Let x be some value such that |x| ≥ 1. Value k is equal 1 or −1. Parameter m is equal
1 or 2 and m + 1 = 2, if m = 1 and m + 1 = 1, if m = 2. Fix some values x, k и m. Let
S(x) ⊂ C[−T, 0](R2 ) be the set of functions um (s) and um+1 (s) (s ∈ [−T, 0]) such that
{
|um (s)| ≥ p,
um (0) = kp,
(2)
|um+1 (s)| ≥ p, um+1 (0) = xp.
With the help of the special method of a large parameter [1, 2] we construct [3] asymptotics
of all solutions with the initial conditions from class S(x) and prove that after a certain period
of time all considered solutions fall into the set S(x̄) where for x̄ we have a representation
x̄ = R(x) + o(1) for all suﬃciently large λ ≫ 1.
Mapping x̄ = R(x) describes the dynamics of the original model in the main. It was shown
that under some conditions on values of parameters several diﬀerent stable relaxation periodic
regimes with the period (1 + o(1)) ln λ coexist in the original problem for all suﬃciently large
values of λ.
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The behavior of solutions of an equation with a large spatially distributed
control
I.S. Kashchenko1,a)
1 Yaroslavl State University
The work considers the behavior of solutions from the neighborhood of an equilibrium
state of nonlinear parabolic problems with spatially distributed control.
Consider spatial distributed complex parabolic equation
∫∞
∂u
∂2u
2
iφ
= (a − b|u| )u + Ke (
F (s)u(t, x + s)ds − u) + d 2 ,
∂t
∂x

(1)

−∞

with periodic boundary conditions
u(t, x + 2π) ≡ u(t, x).

(2)

Here
Rea > 0,

Reb > 0,

K > 0 (ImK = 0),

Let also

π π
φ ∈ (− , ),
2 2

d ≥ 0.

∫∞
F (s)ds = 1.
−∞

In [1] problem (1) studied for F (x) =
K is large and
(
)
1
(x + h)2
F (x) = √ exp −
,
µπ
µ

k
2

exp(−k|x|) and small K. In this work we assume that
0 < µ ≪ 1.

(3)

Let K = ε−1 , 0 < ε ≪ 1 and for some κ > 0 µ = κε.
The main goal is to study behaviour of solutions (1), (2) for suﬃciently small ε in the some
2
neighbourhood of zero in the phase space C[0,2π]
(C).
Let divide (1) by K and make time renormalization. Then we come to equivalent problem
to research
∫ ∞
∂u
∂2u
2
iφ
= ε[a − b|u| ]u + e [
F (s)u(τ, x + s)ds − u] + εd 2 ,
(4)
∂τ
∂x
−∞
u(τ, x + 2π) ≡ u(τ, x).

(5)

Characteristic equation for linear problem is
λm = εa + eiφ [exp[−ihm − κεm2 ] − 1] − εdm2

(m ∈ Z).

(6)

Considered so called critical cases when (6) has no roots with positive real part and there
are exists λm which real part tends to zero for ε → 0. In fact, the number of such λm in infinite,
so all critical cases has infinite dimension. The theory of local invariant integral manifolds and
methods of normal forms are not applicable directly. In [2] to study the local dynamics in infinitecritical cases, a special method of so-called quasi-normal forms is required. It will be used and
substantially developed in the present work.
In all situations quasi-normal forms are complex parabolic equations that does not depends
on small parameters or depends on it regular way. Solutions of quasi-normal forms give the main
part of asymptotic approximation of solutions of principal problem.
a)
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Asymptotics of two-dimensional toruses in the generalized Korteweg – de
Vries equation
S.A. Kashchenko1 , M.M. Preobrazhenskaia1,2,a)
1 P.G. Demidov Yaroslavl State University
2 Scientific Center in Chernogolovka RAS
We consider the task of construction of two-dimension toruses asimptotics in the
generalized Korteweg – de Vries equation.
Lets consider the boundary task
ut + uxxx + (αu + βu2 )ux = au + cu3 , u(t, x + T ) = u(t, x),

(1)

where u(t, x) ∈ W23 for all t; α, β, c, T are constants, the parameter a is small enough:
a = εa0 , 0 < ε ≪ 1.

(2)

We are interested in the construction of the 2-dimension torus asymptotics in a suﬃciently
small neighbourhood of zero.
Fix natural n1 ̸= 0, n2 ̸= 0 and let k1 = 2πn1 /T , k2 = 2πn2 /T . We find the solution of (1)
in the form of the range
u = η(t, ε) +

2
∑
(

)
ξj (t, ε) exp(ikj x + ikj3 t) + cc + . . . ,

(3)

j=1

Here and below the symbol cc means the summand which is complex conjugated to the previous
one. The «. . .» in the range means the summands of more than the 1st order of powers of
ε, η, ξj . Besides the summands are trigonometric polynomials from t and x. Here functions
η = η(t, ε), ξj = ξj (t, ε) and their derivatives are small enough. The last ones are represented by
η, ξj and ε from the conditions for the resolvability of the corresponding problems in the class
of trigonometric polynomials:

2
2
∑
∑

2

α3j |ξj |2 + α4 η 3 + η
α5j |ξj |2 ,
η̇ = α1 εη + α2 η +
j=1
j=1
(4)
)
(∑
2


2
2
˙
ξj = β1j εξj + β2j ηξj + ξj
β3js |ξs | + β4j η , j = 1, 2.
s=1
a)
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We put (3) into (1), make standard operations and find all coeﬃcients of the system (4). As
a result we get the equations:
α1 = β1j = a0 , α2 = α3j = 0, α4 = c, α5j = 6c, β2j = −iαkj , β4j = 3c − iβkj ,
(
)
β3js = 6c − 2βkj as s ̸= j, β3jj = 3c − i α2 /(6kj ) + βkj , s, j = 1, 2.
Then we make polar substitute ξj = ρj exp(iφj t) (j = 1, 2) in (4). So, the question of the
search of toruses of (4) is equivalent to the question of the existence of amplitude system stable
states. In fact, we are interested in the solution of the algebraic system
 (
)
2
2
2

η a0 ε + 6c(ρ1 + ρ2 ) + cη = 0,
(5)
ρ1 (a0 ε + 3cρ21 + 6cρ22 + 3cη02 ) = 0,


2
2
2
ρ2 (a0 ε + 6cρ1 + 3cρ2 + 3cη0 ) = 0.
Considering that ρj > 0 for system (4) if a0 > 0, c < 0 we find three periodic solutions:
1) η∗0 (t, ε) ≡ 0, ξj∗0 (t, ε) = ρj∗0 exp(iφj∗ t),
( α2
)a
√ √
0
where ρj∗0 = ε − a9c0 , φj∗0 = ε 6k
+
3βk
j
9c ;
j
√
√
2, 3) η∗± (t, ε) = ± − a9c0 , ξj∗± (t, ε) = ρj∗± ε exp(iφj∗± t),
√ a0
√ √
√
0
where ρj∗± = ε − 2a
27c , φj∗± = ∓ εαkj − 9c + O(ε).
We call the solution of (5) rough if it is ordinary and undegenerated.
Theorem. Let a0 > 0, c < 0. Then for all suﬃciently small ε the rough solutions 1), 2), 3)
are corresponded the two-dimension torus asymptotic by the discrepancy
u∗ = η∗ +

2 (
∑

)
(
)
ρj∗ exp ikj x + i(kj3 + φj∗ )t + cc + O(ε).

j=1

This work was supported by the Russian Science Foundation (project nos. №14-21-00158)

Asymptotic models for weakly nonlinear waves in reacting media
A. Kasimov1,a)
1 KAUST
A reduced asymptotic model is derived for the dynamics of multi-dimensional detonations. Numerical experiments with the model show the existence of regular and
chaotic one-dimensional traveling waves as well as cellular pattern formation in two
spatial dimensions.
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Fundamental partial diﬀerential equations describing general wave propagation in continuous
media are hardly amenable to analytical treatment barring special cases such as steadily propagating traveling one-dimensional waves or linear waves. Yet the range of phenomena observed in
both physical experiments and numerical simulations of such media is so reach that a question
arises as to the possibility of identifying a reduced model that is capable of capturing the essential
physics of observations and at the same time aﬀords simple qualitative insight into the problem.
That the answer to this question is undoubtedly positive and that obtaining such models is a
fruitful direction to take is proven by the celebrated examples of the Korteweg-deVries equation,
ut + uux + ϵuxxx = 0, Burgers equation, ut + uux = νuxx , nonlinear Schrödinger equation,
iut = − 12 uxx + k|u|2 u, Ginzburg-Landau equation, ut = αuxx + u − β|u|2 u, and many others [4].
Despite their simple appearance, these equations are remarkably rich reproducing such complex
phenomena as solitons, shock waves, dispersion, focusing, chaos, pattern formation and others.
Importantly, the analysis of these models has led to the development of much of mathematics,
in particular in the analysis of partial diﬀerential equations.
In this work, we discuss the derivation and properties of an asymptotic model for weakly
nonlinear multi-dimensional shock waves in reactive gaseous mixtures. The model can be represented as a forced Burgers equation with a particular kind of nonlinear and nonlocal forcing that
arises from chemical reactions. As such it can be placed in the same class of asymptotic models
as those describing weakly nonlinear waves in problems of nonlinear acoustics, water waves, and
others. A distinguishing feature of the present model is its account for the interaction of the
flow field behind the shock and chemical reactions, which gives rise to the complex nature of its
solutions.
A particularly phenomenon that is often observed within the framework of a full system
of governing equations and in experiments is that of chaos. The classical example is given by
turbulence in fluids. Given an asymptotic model that predicts chaotic dynamics, one can ask:
What is the essential element of a model that is responsible for the existence of chaotic solutions?
The answer to this question is likely to be non-unique and non-trivial, nevertheless, identifying
the root causes of chaos is important for understanding the physics of a problem at hand. An
example that has been studied extensively and that allows for some insight into this question is
the Kuramoto-Sivashinsky equation, ut + uux = −uxx − uxxxx , in which it is the interplay of the
nonlinearity, the negative damping, −uxx , and fourth-order dissipation, −uxxxx , that can give
rise to chaotic solutions.
The model we discuss here predicts chaos and pattern formation in the problem of gaseous
detonation. The existence of complex chaotic solutions in this phenomenon has long been known,
both in experiments and in numerical simulations. However, obtaining reduced models capable
of reproducing these features has been elusive. The starting point of the present analysis is the
set of compressible reactive Navier-Stokes equations in two spatial dimensions. Then a delicate
distinguished limit of the equations is taken such that the weak nonlinearity, chemical heat
release, and streamline divergence behind the shock are all taken to contribute at the same order
to the time evolution of the wave. This requires that one assumes that: (i) the wave amplitude
is small; (ii) the evolution is slow on the acoustic time scale; (iii) the chemical heat release must
be small compared to the thermal energy of the gas; (iv) the reactions must be very sensitive
to temperature variations; (v) the shock front must be weakly curved. In addition to these, the
Newtonian limit – that the ratio of specific heats is close to unity – is also employed [1].
As a result of matching asymptotic expansions of variables at various orders, we obtain the
following dimensionless system of reduced equations for the wave propagating in the x-direction
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[1]:
1
ut + uux + vy = − Tx ,
2
vx = u y ,
λx = −k(1 − λ)eθT ,
where (u, v) is the velocity field, T = u + qλ is the temperature, and λ ∈ [0, 1] is the variable
measuring the fraction of the chemical energy, q, released in the reactions. Parameters k and θ
characterize the heat release rate. The second equation is the condition of zero vorticity, which
is the outcome of the assumed weak curvature of the wave. Also note that the third equation
can be integrated over x using T = u + qλ to yield an integral relation between λ and u. It
can subsequently be used to replace the right-hand side of the first equation by a nonlocal term
involving a spatial integral over some known function of u. Using numerical integration of these
equations, we show that the model predicts regular and irregular multi-dimensional patterns in
2D. In 1D, it exhibits transition from steady and stable traveling waves to oscillatory traveling
waves through a Hopf bifurcation as θ is increased above a critical value. A cascade of perioddoubling bifurcations leading to chaos is also observed. The nonlocal term is seen to be at the
heart of both chaos and pattern formation. The term arises from the interaction of fast acoustic
waves propagating from the shock into the reaction zone and slow nonlinear waves propagating
back to the lead shock.
Finally, we note that our system can be looked at as a generalization of the models of
small disturbance unsteady transonic flow, weakly nonlinear acoustics (Khokhlov-Zabolotskaya
(KZ) equation [3]), and water waves (dispersionless Kadomtsev-Petviashvili (KP) equation [2]).
Without the chemical term (q = 0), our model reduces to (ut + uux )x + uyy = 0, which is the
same as KZ or dispersionless KP equation.
This is a joint work with Luiz M. Faria and Rodolfo R. Rosales of MIT, USA.
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Three dimensional phase averaged modeling of the multiprobe cryosurgery
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The phase averaging approach is applied for three dimensional numerical modeling of
multiprobe cryosurgery on the model biotissue of a quite arbitrary shape. The phase
averaged governing equations are approximated by explicit numerical scheme for
indexed convex grids with flux relaxation for the improving of the stability conditions.
According to the phase averaging method the cryogenic heat transfer processes in biotissue
are described by 2-parametrically modified Pennes model [1, 2]:
)
(
∂
C(T ; Tα , T ∗ ) ∂t
T = div k(T ; Tα , T ∗ )∇T + ρb ωb Cb (Tb − T ) + qmet ,
t > 0, r ∈ D ⊂ R3 ,

(1)

with linearly interpolated heat conductivity coeﬃcient:


k1 (T ),
∗
k(T ; Tα , T ) = k1 (Tα ) +


k2 ,

k2 −k1 (Tα )
T ∗ −Tα (T

T ≤ Tα
− Tα ) Tα < T < T ∗
T ≥ T∗

Phase averaged heat capacity of the biotissue can be approximated as follows:


T ≤ Tα
C1 (T ),
ρL
< C >= Tc −Tα + δC1 (Tα ) + (1 − δ)C2 Tα < T < Tc


C2 ,
T ≥ Tc
∗
δ ≡ (T − Tα )/(Tc − Tα )

(2)

(3)

In this way the parameters of the phase averaging are the lower temperature of the phase
change Tα and T ∗ , which has sense of the normalized phase change temperature in terms of the
Stefan problem. The upper phase change temperature is assumed to be known value Tc = 273K.
For the problem under consideration the optimal phase averaging parameter values are Tα =
265K, δ = 0.6.
An explicit scheme based on the finite volumes method is used for the numerical modeling of
cryosurgery [3, 4, 5]. The flux relaxation approach [6] is involved for the stability improvement
of explicit finite diﬀerence scheme. The last one leads to a decreasing of the computations time
by taking a higher time steps.
The geometry of the considered tumor tissue is shown on Figure 0.1 (left). The resulting
localization of the tissue necrosis front and Cooper’s isosurface of the temperature when the
mecrosis starts compared to the tissue shape are shownd the Figure 0.1 (right). The temperature
of the working surface of three active cryotips (spheres of 2mm radius) was taken as Φ(t) =
max(300 − At, 100)K with freezing speed A = 80K/min. Assuming the geometry of the tissue,
the sliced pyramid(5 and 2.5 cm foundations, 5 cm hight) was taken as the computational area
with 106 cells discretization.
The evolution of the critical temperature zones with 30 sec time steps is shown on the Figure
2
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Fig. 1: Left: Geometry of the considered problem. Right: Localization of freezing zone and
Cooper’s isosurface relatively to the tumor tissue

Fig. 2: Critical temperature isosurfaces propagation
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Lagrangians and Jacobi last multipliers for the Lienard–type equations
N. Kudryashov1,a) , D. Sinelshchikov1,b)
1 National Research Nuclear University MEPhI
In this talk we consider an approach for constructing autonomous Lagrangians, Jacobi last multipliers and first integrals for the Liénard–type equations.
The Liénard equation and its generalizations are used for the description of various processes
in physics, mechanics and biology. Recently, an approach has been proposed for finding integrable
Liénard–type equations [1, 2, 3]. In this talk we discuss applications of this approach for constructing Lagrangians, Jacobi last multipliers and first integrals (see, [4, 5]) for the Liénard–type
equations.
We study two families of the Liénard-type equations, which can be transformed via the generalized Sundman transformations into particular cases of Painlevé–Gambier equations XXVII
and XXVIII. First, we find new autonomous Lagrangians, Jacobi multipliers and first integrals
for these Painlevé–Gambier equations.
Then, with the help of the generalized Sundman transformations we extend these results to
the corresponding families of the Liénard-type equations. We also construct general analytical
solutions for members of these equations families. We demonstrate applications of our approach
by considering several examples of the Liénard-type equations and find their autonomous Lagrangians, Jacobi last multipliers and first integrals. Moreover, with the help of this approach,
we study the generalized modified Emden equation and find its new integrable cases.
Finally, we consider some previously known conditions for the existence of a non-standard
Lagrangian for the Liénard-type equations. We demonstrate that these conditions are consequences of the linearizability of the corresponding Liénard type equations via the generalized
a)
b)
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Sundman transformations. In other words, their Lagrangians and first integrals can be obtained
from those of the damped harmonic oscillator.
This research was partially supported by grant for the state support of young Russian scientists 6624.2016.1, by the grant for Scientific Schools 6748.2016.1 and the Competitiveness
Program of NRNU ‘MEPhI’.
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Equilibrium states of a variational formulation for the Ginzburg-Landau
equation
A.N. Kulikov1,a) , D.A. Kulikov1,b)
1 P.G. Demidov Yaroslavl State University
We consider the periodic boundary value problem for a variational formulation for
the complex Ginzburg-Landau equation. The questions of existence, stability and
local bifurcations of the spatially nonhomogeneous equilibrium states are considered.
It is shown that for all variants of the bifurcation problem the subcritical bifurcations
are realized. All results were obtained using analytic methods.
Consider the boundary value problem given by
ut = u − u|u|2 + duxx ,

(1)

u(t, x + 2π) = u(t, x).

(2)

Equation (1) is a particular case for the Ginzburg-Landau equation (GLE). Such version of the
GLE is called a variational formulation of the GLE (see, e.g., [1-2], and references).
a)
b)
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Theorem 1. The boundary value problem (1), (2) has a family of equilibrium states (ES)
Sn (n = 0, ±1, ...). The one-dimensional family of ES of the solutions with a number n consists
of the following solutions
u = un (x + h), un (x) = ηn exp(inx), ηn = (1 − dn2 )1/2 , h ∈ R.
The solution with a number n exists if d < 1/n2 . The solutions belonging to the family of ES
with a number n ̸= 0 are stable if d < dn = 2/(6n2 − 1). The solutions with a number n = 0 are
stable for any d.
Theorem 2. The second family of ES of the boundary value problem (1), (2), where m =
1, 2, 3, ... consists of the solutions given by
u = vm (x + h), vm (x) = pm sn(δm x, km ) exp(ih0 ), h0 , h ∈ R,
√
√
2 )−1/2 , δ = (d 1 + k 2 )−1 . And finally, we find k ∈ (0, 1) as a
where pm (x) = 2km (1 + km
m
m
m
root of the equation
∫π/2
2
dy
1/2
−1
2 1/2
√
(d m) = (1 + k )
,
π
1 − k 2 sin2 y
0

which for any natural m has a single root if d < 1/m2 . All solutions vm (x + h) are unstable.
Theorem 3. There exists ε0 > 0 such that for all ε ∈ (0, ε) and d = dn (1 − ε/2) the
boundary value problem (1), (2) has a two-parameter family of ES. For the solutions which form
this family we have the asymptotic formula
un (x) = exp(inx + ih1 )[(εan )1/2 (cos(x + h2 ) − 2ni sin(x + h2 )) + o(ε)1/2 ],
6n2 − 1
, h1 , h2 ∈ R. All solutions from this family are unstable.
3(16n4 − 1)
Also we may consider the boundary value problem

where n = ±1, ±2, ..., an =

ut = u − u|u|2 + d∆u (∆u = uxx + uyy ),

(3)

u(t, x + 2π) = u(t, x, y + 2π) = u(t, x, y).

(4)

Certainly, the boundary value problem (3), (4) has solutions of Sn form, i.e. when they depend
on one variable, for example, x if d suﬃciently small (d < 1/n2 ). Except them, the boundary
value problem (3), (4) has a two-mode ES, which depends on x and y:
un,m (x, y) = ηn,m exp(inx + imy),
where ηn,m =

√

1 − d(n2 + m2 ). The given solution exists if
d<

This solution is stable if
d<

n2

1
.
+ m2

2p2
,
(n2 + m2 )(6p2 − 1)

where p - the greatest common divisor of the numbers n, m (p = 1 if n, m are relatively prime).
This work was supported by the NIR YrGU VIP-008.
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Numerical modelling of doped graphane superconducting properties
A.A. Kutukov1,a)
1 National Research Nuclear University MEPhI (Moscow Engineering Physics
Institute)
The normal properties of graphane with various degrees of doping are calculated with
the help of the generalized Eliashberg theory. Within the theory of strong electronphonon interaction, a superconducting order parameter of the doped graphane has
been found. The critical temperature of superconductivity of graphane has been
calculated as a function of the doping degree taking into account the renormalization
of the electron mass, the chemical potential, and the density of electronic states.
1. Introduction
Graphene is the two-dimensional hexagonal lattice of carbon atoms. This material was
discovered and obtained in 2004 [1]. As a result of the interaction of graphene with atomic
hydrogen, a new substance called graphane with the chemical formula CH can be formed.
The existence of graphane was theoretically predicted in 2006 [2] and the work devoted to
experimental obtained graphane was published in 2009 [3]. Graphane is obtained by reversible
hydrogenation of graphene and retains two-dimensional hexagonal lattice. In order to the
graphane has a metallic conductivity and can transform into a superconducting state it must
be doped. It is proposed in [4] to dope graphane similarly to B-doped diamond and study the
electronic structure of the substance based on the density functional theory. In [4] using the
Eliashberg function the electron-phonon interaction constant was calculated and the critical
temperature of the doped graphane was estimated from the McMillan formula. In this paper we
calculate the critical temperature of the doped graphane taking into account the renormalization
of the density of electronic states, the electron mass, and the chemical potential.
2. Numerical study of normal and superconducting properties of doped graphane
To determine the critical temperature of superconductivity for a strong electron-phonon interaction, the generalized Eliashberg theory [5] is used. To calculate the normal state, a system of
nonlinear integral equations is used for the real and imaginary parts of the self-energy part of the
electron Green’s function and the renormalization of the density of electronic states [6]. Figure
1 shows the results of solving the system of equations for normal state of 1% doped graphane.
The frequency is expressed in dimensionless units corresponding to the limiting frequency of the
phonon spectrum 0.158 eV.
a)
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Fig. 1: The real and the imaginary part of the self-energy part of the electron Green’s function
for 1% doped graphane and T=60K
The superconducting properties of doped graphane are described by a system of nonlinear
integral equations for the superconducting order parameter, which are solved numerically by
the iteration method [7]. Figure 2 shows the results of solving the system of equations for
superconducting state of 8% doped graphane for 25 and 30 iterations. The frequency is expressed
in dimensionless units corresponding to the limiting frequency of the phonon spectrum 0.164 eV.
3. Conclusion
The critical temperature of superconductivity is found by determining the transition to the
zero value of the order parameter. For 1% and 8% of the doped graphane the critical temperature of superconductivity T = 70 K and T = 90 K respectively was found. When performing
the calculations, we used the Eliashberg function and the density of electronic states found in [4].
Acknowledgments
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(base part of state task, project no. 1.9746.2017/BCh)
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Fig. 2: The real and the imaginary part of the order parameter for 8% doped graphane and
T=90K
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On an example of a system of diﬀerential equations that are integrated in
Abelian functions
M.D. Malykh1,2,a) , L.A. Sevastianov1,b)
1 RUDN University
2 MSU
An example of a dynamical system that is integrated in Abelian functions by “pairing”
two exemplars of a hyperelliptic curve is given.
Abelian functions arose for the first time in the works of Jacobi as the natural generalization
of elliptic functions. Namely, Jacobi noted that the number of independent periods of the integral
∫
dx
√
P (x)
grows together with the degree of the polynomial P . If the polynomial has degree 3 or 4 and has
no multiple roots, then there are exactly two complex periods, and therefore the equation
∫
dx
√
=u
(1)
P (x)
a)
b)
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can be inverted, and x can be expressed as a meromorphic doubly periodic function of u, these
functions are called elliptic functions. If the degree P is equal to 5 or 6, then the number of
periods will be 4 and from the equation (1) it is no longer possible to express x as a meromorphic
function of u because there are no single-valued functions of one variable having 4 periods. Jacobi
noted that there exist such functions among the functions of two variables, and proposed, as a
generalization of the problem of inversion of an elliptic integral, the following problem
∫x1
√
a1
∫x1

a1

dx
P (x)

∫x2
√

+

xdx
√
+
P (x)

a2
∫x2

a2

dx
P (x)

= u,

xdx
√
= v.
P (x)

Weierstrass proved that the rational symmetric functions of the variables x1 , x2 are really meromorphic functions of the variables u, v, and they are called Abelian functions.
Shortly after constructing the theory of Abelian functions, Weierstrass proposed to his students to find dynamic systems whose solutions would be Abelian functions, with both arguments
being nonlinear functions t. One such system was found by Kovalevskaya and is now known as
the case of Kovalevskaya of a gyroscope motion. In the 1890s, Painlevé showed that such expressions should naturally appear under the integration of diﬀerential equations in finite terms: if
the general solution of a second-order diﬀerential equation F (t, x, ẋ, ẍ) = 0 depends on constants
algebraically, then its integration introduces as transcendental functions the expressions of the
form
(∫
)
∫
Al
f (t)dt, g(t)dt ,
where f , g are algebraic functions of the coeﬃcients of the equation, and Al are Abelian functions
or their degenerations. As can be seen, the Kovalevskaya’s gyroscope gives an illustration for the
Painlevé theorem, but this illustration is extremely diﬃcult computationally.
In this talk we present a relatively simple example of a dynamical system that is integrated
in Abelian integrals by “pairing” two exemplars of a hyperelliptic curve. Unfortunately, initially
simple formulas unfold into very long ones. Apparently the theory of Abelian functions did
not evolve in the last century because without computer algebra systems it was impossible to
compute the calculations to the end. All calculations presented in our report are performed in
Sage.

Solutions multistability in the Ikeda equation
A.R. Moriakova1,a)
1 P.G. Demidov Yaroslavl State University
In this paper using the method of uniform normalization periodic solutions of the
Ikeda equation are constructed. The possibility of multistability phenomenon is
shown.
a)
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We focus on first-order delay-diﬀerential equation of the form:
ẋ = µ sin(x(t − τ ) − c) − x,

(1)

where x is the lag of the phase of the electric field across the resonator, µ > 0 is the laser
power intensity injected into the system, τ is the round trip time on the light in the resonator,
0 ≤ c < 2π – the constant phase shift. This equation was proposed in 1979 by K. Ikeda([1]) as
a model of passive optical resonator system.
The equation, written in a characteristic time scale, has the form
ε1 ẋ(t) + x(t) = µ sin(x(t − 1) − c),

(2)

where ε1 = τ −1 ≪ 1. This equation it singular. We study the periodic solutions bifurcating from
the equilibrium states of equation (2) in case of changing the parameters ε1 and µ. As the research
method we use the method of uniform normalization. This method allows to pass from the study
of the behavior of solutions in the neighborhood of the equilibrium state to the analysis of the
countable system of ordinary diﬀerential equations. This system is called the normal form and
contains ”fast“ and ”slow“ variables. It is shown that the equilibrium states of ”slow“ variables
equation determine periodic solutions. The possibility of simultaneous bifurcation of a large
number of stable periodic solutions is shown.
REFERENCES
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Deformations and extensions of infinite-dimensional Lie algebras and
integrable nonlinear equations
O.I. Morozov1,a)
1 AGH University of Science and Technology, Cracow, Poland
The tensor product of the algebra of truncated polynomials and the algebra of vector
fields on a line is a Lie algebra with the non-trivial deformation. In its turn this deformation has some non-trivial extensions. In the talk I will show that Maurer–Cartan
forms of the extensions generate Lax representations for some nonlinear diﬀerential
equations.
The tensor product of the algebra of truncated polynomials and the algebra of vector fields
on a line is a Lie algebra with the non-trivial deformation. In its turn this deformation has
some non-trivial extensions. In the talk I will show that Maurer–Cartan forms of the extensions
generate Lax representations for some nonlinear diﬀerential equations.
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Investigation of the movable singularities by means of the finite diﬀerence
method
A.A. Panin1,a) , D.V. Lukyanenko1,b) , M.D. Malykh1,2,c)
1 Lomonosov MSU
2 RUDN University
We investigate movable singularities of solutions to nonlinear ODEs using the finite
diﬀerence method. Our approach is based on N. N. Kalitkin and colleagues’ ideas.
Movable singularities are probably the main distinction of nonlinear diﬀerential equations
with respect to linear ones. The position of a movable singularity on the complex plane depends
on initial data. Painlevé proved that movable singularities of the solution to the 1st order ODE
F (ẋ, x, t) = 0,

F ∈ Q[v, x, t],

are always algebraic, that is, the equation in the neighbourhood of such singularity can be
expanded into Puiseux series
x = C(t − a)p + . . . ,

p ∈ Q.

This is also true for systems of ODEs, except for some special systems. Usually, the methods
of the analytic functions theory are used for the investigation the movable singularities, and the
finite diﬀerence method is used for numerical solving the ODEs. In 2003 G. I. Marchuk was the
first to raise a question on numerical diagnostics of the movable singularities of ODE solutions [1].
A short time later, N. N. Kalitkin and colleagues proposed such a method [2].
We implemented this method in the form of the program complex and tested it with some
ODEs of the 1st and 2nd orders that possess the Painlevé property. In our talk results of
numerical experiments will be presented.
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Two new methods of numerical integration of nonlinear blow-up problems
A.D. Polyanin1,2,a) , I.K. Shingareva3,b)
1 Institute for Problems in Mechanics, Russian Academy of Sciences, pr. Vernadskogo 101, Moscow, 119526 Russia
2 National Research Nuclear University MEPhI (Moscow Engineering Physics
Institute), Kashirskoe sh. 31, Moscow, 115409 Russia
3 University of Sonora, Sonora, México
Two new methods of numerical integration of Cauchy problems for ODEs with blowup solutions are described. The first method is based on applying a diﬀerential
transformation, where the first derivative (given in the original equation) is chosen
as a new independent variable. The second method is based on introducing a new
nonlocal variable that reduces ODE to a system of coupled ODEs. Both methods
lead to problems whose solutions do not have blowing-up singular points; therefore
the standard numerical methods can be applied. The eﬃciency of the proposed
methods is illustrated with several test problems.

1

Introduction

We will consider Cauchy problems for ODEs, whose solutions tend to infinity at some finite value
of x, say x = x∗ . The point x∗ is not known in advance. Similar solutions exist on a bounded
interval and are called blow-up solutions. This raises the important question for practice: how to
determine the position of a singular point x∗ and the solution in its neighborhood by numerical
methods.
The direct application of the standard numerical methods in such problems leads to certain
diﬃculties because of the singularity in the blow-up solutions and the unknown (in advance)
blow-up point x∗ .
Below we propose new methods of numerical integration of such problems.

2

Solution method based on a diﬀerential transformation

The Cauchy problem for the second-order diﬀerential equation has the form
′′
yxx
= f (x, y, yx′ ) (x > x0 );

y(x0 ) = y0 ,

yx′ (x0 ) = y1 .

(1)

Let f (x, y, u) > 0 if y > y0 ≥ 0 and u > y1 ≥ 0, and the function f increases quite rapidly as
y → ∞ (e.g. if f does not depend on yx′ , then limy→∞ f /y = ∞).
First, we represent ODE (1) as an equivalent system of equations
yx′ = t,

′′
yxx
= f (x, y, t).

(2)

Then we derive a standard system of equations, assuming that y = y(t) and x = x(t). To do
this, we diﬀerentiate the first equation in (2) with respect to t. We have (yx′ )′t = 1. Taking into
′′ /t′ = x′ y ′′ ,
account the relations yt′ = tx′t (follows from the first equation of (2)) and (yx′ )′t = yxx
t xx
x
′′
′′
′
we get further xt yxx = 1. If we eliminate the second derivative yxx by using a second equation
a)
b)
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of (2) and also take into account the relation yt′ = tx′t , then we obtain a system of equations
with respect to x = x(t) and y = y(t):
1
,
f (x, y, t)

x′t =

yt′ =

t
.
f (x, y, t)

(3)

The system (3) should be supplemented by the initial conditions
x(t0 ) = x0 ,

y(t0 ) = y0 ,

(4)

t 0 = y1 .

The Cauchy problem (3)–(4) can be integrated numerically applying the standard numerical
methods, without fear of blow-up solutions.
Example 1. Let us consider Cauchy problem
′′
yxx
= 2y 3

(x > 0),

y(0) = a,

yx′ (0) = a2 .

(5)

The exact solution of this problem is defined by the formula
y=

a
.
1 − ax

(6)

It has a power-type singularity (a first-order pole) at a point x∗ = 1/a.
Introducing a new variable t = yx′ , we transform (5) to the Cauchy problem for the system
of the first-order ODEs
x′t = 21 y −3 ,

yt′ = 12 ty −3

(t > t0 );

x(t0 ) = 0,

y(t0 ) = a,

t0 = a2 ,

(7)

which is a particular case of the problem (3)–(4) with f = 2y 3 , x0 = 0, and y0 = a. The exact
solution of the problem (7) is
x=

1
1
−√ ,
a
t

y=

√
t (t ≥ a2 ).

(8)

It has no singularities; the function x = x(t) increases monotonically for t > a2 , tending to the
desired limit value x∗ = limt→∞ x(t) = 1/a, and the function y = y(t) monotonously increases
with increasing t.

3

Solution method based on nonlocal transformations

First, equation (1) can be represented as a system of two equations
yx′ = t,

t′x = f (x, y, t),

and then we introduce the nonlocal variable by the formula
∫ x
ξ=
g(x, y, t) dx, y = y(x), t = t(x).

(9)

x0

As a result, the Cauchy problem (1) can be transformed to the following problem for an autonomous system of three equations:
x′ξ =

1
t
f (x, y, t)
, yξ′ =
, t′ξ =
g(x, y, t)
g(x, y, t)
g(x, y, t)
x(0) = x0 , y(0) = y0 , t(0) = y1 .
68
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For a suitable choice of the function g = g(x, y, t) (not very restrictive conditions must be imposed
on it), the Cauchy problem (10) can be numerically integrated applying the standard numerical
methods.
Let us consider some possible selections of the function g in system (10).
1◦ . We can take g = (1 + |t|s + |f |s )1/s with s > 0. The case s = 2 corresponds to the method
of the arc length transformation.
2◦ . Also, we can take g = f /y, g = f /t, or g = t/y.
Example 2. For the test problem (5), in which f = 2y 3 , we put g = t/y. By substituting
these functions in (10), we arrive at the Cauchy problem
x′ξ = y/t, yξ′ = y, t′ξ = 2y 4 /t (ξ > 0);

x(0) = 0, y(0) = a, t(0) = a2 .

(11)

The exact solution of this problem is written as follows:
x = a−1 (1 − e−ξ ),

y = aeξ ,

t = a2 e2ξ .

(12)

We can see that the unknown quantity x = x(ξ) exponentially tend to the asymptotic values
x = x∗ = 1/a as ξ → ∞.
Remark. The method described in Section 3 can be generalized to nonlinear ODEs of arbitrary
order and systems of coupled ODEs.

Nonlinear reaction-diﬀusion equations with delay:
some theorems, exact solutions and test problems
A.D. Polyanin1,2,3,a) , V.G. Sorokin1,3,b)
1 Institute for Problems in Mechanics, Russian Academy of Sciences, Moscow
2 National Research Nuclear University MEPhI, Moscow
3 Bauman Moscow State Technical University
The paper deals with three-dimensional nonlinear reaction-diﬀusion equations with
delay. We formulate and prove theorems that allow constructing exact solutions for
some classes of these equations, which depend on several arbitrary functions. Examples of application of these theorems for obtaining new exact solutions in elementary
functions are provided. We state basic principles of construction, selection, and use
of test problems for nonlinear partial diﬀerential equations with delay. A number of
test problems which can be suitable for examining well-posedness and estimating accuracy of approximate analytical and numerical methods of solving reaction-diﬀusion
equations with delay are presented.

1

Theorems of generation of solutions

Consider a class of nonlinear reaction-diﬀusion equations with delay
ut = a∆u + f (u − kw) + ug(u − kw) + wh(u − kw),
a)
b)
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where f (z), g(z), and h(z) are arbitrary functions and τ > 0, a > 0, and k are free parameters.
Theorem 1. With k > 0, Eq. (1) admits a solution
u = θ(x) + ec1 t ξ(x, t),

c1 = (ln k)/τ,

where the function θ = θ(x) satisfies the independent stationary equation
a∆θ + f (ζ) + [g(ζ) + h(ζ)]θ = 0,

ζ = (1 − k)θ;

and the function ξ = ξ(x, t) is a τ -periodic solution of the equation
[
]
1
ξt = a∆ξ + g(ζ) + h(ζ) − c1 ξ,
ξ(x, t) = ξ(x, t + τ ),
k

(2)

(3)

which is linear with respect to ξ.
With k = 1, which corresponds to ζ = 0, Eq. (2) becomes linear and inhomogeneous; shifting
θ by a constant, we obtain the Helmholtz equation, whose exact solutions can be found in [1].
With k ̸= 1, the simplest solution of Eq. (2) is a constant θ0 = ζ0 /(1 − k), where ζ0 is a root
of the algebraic (transcendental) equation (1 − k)f (ζ0 ) + ζ0 [g(ζ0 ) + h(ζ0 )] = 0.
In the one-dimensional case, the general solution of Eq. (2) can be expressed in terms of
integrals. For a number of functions f (ζ), g(ζ), and h(ζ), exact solutions of Eq. (2) are presented
in [2] (the one-dimensional case) and in [3] (the two and three dimensional cases).
Eq. (3) admits stationary solutions ξ0 = ξ0 (x), as well as τ -periodic solutions of the form
2πn
, n = 1, 2, . . .
ξn = φn (x) cos(βn t) + ψn (x) sin(βn t), βn =
τ
With g(ζ) = h(ζ) ≡ 0, Eq. (3) becomes a linear equation with constant coeﬃcients and
does not depend on θ. Formulas of τ -periodic solutions of the one-dimensional equation (3) are
presented in [4].
Theorem 2. With k < 0, Eq. (1) admits a solution
u = θ(x) + ec2 t η(x, t),

c2 = (ln |k|)/(τ ),

where the function θ = θ(x) satisfies Eq. (2), and the function η = η(x, t) is a τ -aperiodic
solution of the equation
[
]
1
ηt = a∆η + g(ζ) + h(ζ) − c2 η, ζ = (1 − k)θ, η(x, t) = −η(x, t + τ ),
(4)
k
which is linear with respect to η.
Exact τ -aperiodic solutions of Eq. (4) are sought in the form
π(2n − 1)
, n = 1, 2, . . .
τ
With g(ζ) = h(ζ) ≡ 0, Eq. (4) becomes a linear equation with constant coeﬃcients and
does not depend on θ. Formulas of τ -aperiodic solutions of the one-dimensional equation (4) are
presented in [4].
Theorem 3. With k = 1, Theorem 1 is valid. In addition, Eq. (1) admits a solution of the
form
ηn = φn (x) cos(βn t) + ψn (x) sin(βn t),

βn =

u = tφ(x) + ψ(x),
where functions φ = φ(x) and ψ = ψ(x) satisfies the system of stationary equations
a∆φ + φ[g(τ φ) + h(τ φ)] = 0,
a∆ψ + ψ[g(τ φ) + h(τ φ)] = φ − f (τ φ) + τ φh(τ φ).

(5)

In the one-dimensional case, the general solution of the first equation (5) can be expressed
in terms of integrals for arbitrary g(z) and h(z). In the two-dimensional and three-dimensional
cases, some exact solutions are presented in [3].
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2

Principles of construction and use of test problems

The following principles are useful in the process of construction, selection and use of test problems, designed for examining well-posedness and estimating accuracy of approximate analytical
and numerical methods of solving nonlinear partial diﬀerential equations with delay.
1. Test problems are constructed on the basis of exact solutions of a considered or wider class
of nonlinear partial diﬀerential equations with delay.
2. Test problems and their solutions should contain a number of free parameters, which can
be varied within wide limits.
3. It is better to choose simple test problems that have solutions in elementary functions.
4. One should use several test problems to estimate accuracy of numerical methods.
5. It is helpful to consider test problems with large gradients of the unknowns in the initial
data or boundary conditions (for example, rapidly oscillating initial data).
6. It is useful to consider rapidly growing solutions for suﬃciently large times.
7. It is desirable to test numerical methods near the values of the parameters that determine
the region of instability (ill-posed problems).
Well-chosen test problems make it possible to compare and improve eﬃcient numerical methods and to filter out unusable ones. The theorems described in Section 1 allow obtaining exact solutions, which afterwards are used to construct corresponding test problems for reaction-diﬀusion
equations with delay.
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It is shown how distributive feedback control allows us to support localized nonlinear
waves of permanent shape for the equation that do not possess such wave solutions
without control. Possible application of the control for the improvement dispersive
features of the higher-order resolution schemes is suggested.
Recently a distributive feedback control algorithm has been developed in [1]-[4] to support
stable propagation of nonlinear localized awve solutions to some nonlinear PDEs. In particular
its application to the double sine- Gordon equation results in
Utt − Uxx + sin(U ) + q sin(2U ) + u(x, t) = 0.

(1)

where the control function is defined
(2)

u(x, t) = γϵ(x, t),
through the auxiliary error function ϵ(x, t),

(3)

ϵ(x, t) = α1 e(x, t) + α2 et (x, t),
where
e(x, t) = U (x, t) − U ∗ (x, t), et (x, t) = Ut (x, t) − Ut∗ (x, t).

(4)

where α1 , α2 are the free parameters of the algorithm. The function U ∗ (x, t) is a desired wave
solution.
One can check that the same distributed control function u may be used for the dispersive
sine- Gordon equation,
Utt − Uxx + sin(U ) + b Uxxxx + u(x, t) = 0.

(5)

The control allows the propagation of both bell-shaped and kink-shaped waves with permanent shape and velocity, with a functional form which does not correspond to the known
analytical solutions of the equations. Also desired types of localized waves interactions were
achieved. The algorithm turns out to be universal, and it is successfully applied to diﬀerent
equations giving rise to the desired localized wave solutions. It is not sensitive to initial and
boundary conditions.
The resulted localized waves do not exist without control; however, the control function u
tends to zero as soon as the aim of the control is achieved. It seems that further small deviations
from the desired wave profiles are eﬃciently suppressed by small variations in the control function.
Preliminary results are obtained in [1]. Later the control algorithms were developed for the
coupled nonlinear equations describing dynamics of diatomic crystalline lattices [2].
The same algorithm may be applied for suppression of the scheme dispersion of the higherorder resolution schemes. Preliminary results are obtained in [3] for the advection equation,
similar ideas may be used for the coupled gas dynamics equations.
The work was performed in IPME RAS, supported by the Russian Science Foundation (grant
14-29-00142).
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Laser excitation of acoustic pulses in absorbing media: numerical solution of
the Lagrange equations
O.G. Romanov1,2,a)
1 Belarusian State University, 4, Nezavisimosti av., 220030 Minsk, BELARUS
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Moscow, RUSSIA
The paper presents a technique for solving the problem of the thermomechanical
action of a pulsed laser beam on an absorbing medium based on numerical simulation
of the equations of motion of continuous media in the form of Lagrange. Various
versions of the problem formulation in one-dimensional, two-dimensional and threedimensional geometry are considered.
When a pulsed laser beam is applied to an absorbing medium (liquid), it undergoes local
heating, thermal expansion, and generation of an acoustic (shock) wave. These processes can
be described by the equations of motion of the medium in the form of Lagrange [1]. For many
practically important cases, it is quite informative to solve a one-dimensional (plane, cylindrical
or spherical) problem that is adequate to the geometry of the interaction domain of the study
with the medium [2]. At the same time, the development of multidimensional models that
allow investigating thermomechanical processes in a liquid under the influence of laser beams of
arbitrary spatial structure and pulse duration is an actual problem. In this paper, we describe
the technique for solving the problem posed on the basis of numerical simulation of the threedimensional equations of motion of continuous media in Lagrange’s form, the characteristics of
the excited acoustic pulses are analyzed for a diﬀerent ratio of the parameters of the exciting
laser pulse and the absorbing medium.
The Lagrange equations for the three-dimensional motion of a continuous medium have the
form [3]:
- continuity equation:
[
V = V0

∂xe
∂xl

(

∂ye ∂ze ∂ye ∂ze
−
∂yl ∂zl
∂zl ∂yl

)

∂ye
−
∂xl

(

∂xe ∂ze ∂xe ∂ze
−
∂yl ∂zl
∂zl ∂yl

)

∂ze
+
∂xl

(

∂xe ∂ye ∂xe ∂ye
−
∂yl ∂zl
∂zl ∂yl

)]

where V0 = 1/ρ0 , V = 1/ρ are the initial and current specific volumes; (xl , yl , zl ) are the
Lagrange coordinates, (xe , ye , ze ) are the Euler coordinates;
a)
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- equations of motion:
1 ∂P
∂ 2 xe ∂xe ∂ 2 ye ∂ye ∂ 2 ze ∂ze
+
+
=−
2
2
2
∂t ∂xl
∂t ∂xl
∂t ∂xl
ρ ∂xl
∂ 2 xe ∂xe ∂ 2 ye ∂ye ∂ 2 ze ∂ze
1 ∂P
+
+
=−
2
2
2
∂t ∂yl
∂t ∂yl
∂t ∂yl
ρ ∂yl
∂ 2 xe ∂xe ∂ 2 ye ∂ye ∂ 2 ze ∂ze
1 ∂P
+
+
=−
2
2
2
∂t ∂zl
∂t ∂zl
∂t ∂zl
ρ ∂zl
- equations of the change in the Euler coordinates:
uxe =

∂xe
∂t

∂ye
∂t
∂ze
uze =
∂t
- the equation of state (in the form of Mie-Grüneisen [4]):
uye =

P =

ρ0 u20

(
)
V
CV (T − T0 )
1−
+Γ
V0
V

where Γ = u20 β/CV is the Grüneisen coeﬃcient, β is the coeﬃcient of volumetric expansion,
CV is the heat capacity, u0 is the speed of sound in a medium.
The change in the temperature of the medium is found from the solution of the heat equation:
∂T
ρCV
= kT
∂t

(

∂2T
∂2T
∂2T
+
+
∂x2l
∂yl2
∂zl2

)
+ QS

The quantity QS is defined by spatially inhomogeneous heat source: QS = I0 ft (t) κ (xl , yl , zl ),
where I0 ft (t) describes the temporal evolution of laser pulse (ft (t) = (t/τp ) exp [−t/τp ], τp is
the pulse duration) with intensity I0 ; κ (xl , yl , zl ) is the absorption coeﬃcient of the material.
The simultaneous solution of the obtained system of equations allows to calculate the spacetime dependencies of pressure, temperature, density and speed of motion of a continuous medium,
to study the spatial structure of the excited acoustic pulsed beam and its characteristics dependence on the parameters of the laser pulse and parameters of the absorbing medium. Numerical
simulation was carried out using the finite-diﬀerence approximation method of the equations of
motion and the equation of state, described in [5] and adapted to the multidimensional case, the
heat equation was solved by a three-layer explicit scheme [6]. With the realization of the numerical method, the equations of motion were approximated with allowance for the introduction
of artificial viscosity, which made it possible to stabilize the numerical solution in the region of
existence of pressure spikes. Various variants of setting the boundary conditions were considered:
a free or rigid boundary xl = 0.
Numerical simulation was carried out for typical parameters of pulsed laser systems: duration of the laser pulse varied from 100 microseconds to 100 ps, and various conditions of focusing
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radiation were considered. The solutions of one-, two-, and three-dimensional problems of interaction of laser radiation with absorbing liquids can be adapted to analyze the processes of laser
dissection of biological tissues in various interaction geometries (for purposes of ophthalmology,
cold laser surgery, etc.).
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Homogenization of the linearized Boussinesq-type equation with fast
oscillating coeﬃcients
S.A. Sergeev1,2,a)
1 Institute for Problems in Mechanics of Russian Academy of Science
2 Moscow Instotute for Physics and Technology
The way of the homogenization of the linearized Boussinesq-type equation with fastoscillating coeﬃcients is considered. The goal is to construct the reduced equation
with variable smooth and regular coeﬃcients.
The Cauchy problem
λ 2
h Ĥ1 u,
6
= V (x/µ), ut |t=0 = 0, x ∈ R2 .

utt = ⟨∇, D(x)∇⟩u +

(1)

u|t=0

(2)

for the linearized Boussinesq-type equation is considered. Here the operator Ĥ1 is defined as
follows
Ĥ1 = ⟨∇, D(x)∇⟩⟨∇, D2 (x)∇⟩ + ⟨∇, D2 (x)∇⟩⟨∇, D(x)∇⟩ − 2⟨∇, ∇D(x)⟩D(x)⟨∇D(x), ∇⟩.
Initial data u|t=0 is localized and defined by the fast-decaying function V (y), and µ is the small
parameter of the localization. Another small parameter h characterizes the depth and λ ∼ 1.
Our suggestion is that the function D(x) contains small fast oscillations, and we assume that
average period of these oscillations is ε ≪ 1.
We want to construct the asymptotic solution of the problem (1)-(2). It is known that the
fast-decaying localized function can be represented via Maslov canonical operator [1]. Such representation immediately provides the powerful method of constructing of the asymptotic solutions
[2]. The diﬃculty here arises because the fast-oscillating coeﬃcients, and the initial equation (1)
a)
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has to be regularized before implementing the Maslov canonical operator. We call this procedure
homogenization.
Such procedure was applied [3, 4] for the special form of the function D(x), when the so
called fast and slow variables can be separated: D(x) = D(x, θ(x)/ε), and θ(x) = (θ1 (x), θ2 (x))
is smooth vector-function. It was done for the wave and the linearized Boussinesq-type equations
and was shown that both these equations can be reduced to the linearized Boussinesq-type
equation with smooth and regular coeﬃcients.
In [5] this method of the homogenization was improved and there were no suggestions about
dependency on the fast variables. I was applied to the wave equation and here we applying it to
the equation (1). Because we want to construct the asymptotic solution we can replace the full
reduced operator with the much simpler without losing precision of the asymptotic. After such
homogenization we construct the asymptotic solution of the reduced problem and therefore can
study some properties of the solution for the initial problem (1)-(2).
This work is supported by RFBR, project no. 16-31-00442 mol_a. Author is grateful to Prof.
S. Yu. Dobrokhotov and Prof. V.E. Nazaikinskii for their valuable comments and discussion of
the work.
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Solitons solutions for a higher-order nonlinear Schrödinger equation
A.M. Shahoot1 , K.A. Alurrfi1,a) , B.S. Aldaleem1
1 Mergib University, Khoms, Libya
Based on the Liénard equation, we construct many new exact solutions for a higherorder nonlinear Schrödinger equation with derivative non-kerr nonlinear terms using
a direct method. Solitons solutions and Jacobi elliptic functions solutions are obtained. Comparing our new solutions obtained in this article, with the well-known
solutions are given.

1. Introduction
It is well known that the Liénard equation (LE) [1] reads as follows:
ϕ′′ (ξ) + lϕ (ξ) + mϕ3 (ξ) + nϕ5 (ξ) = 0,

(1)

where l, m, n are constant coeﬃcients. Eq. (1) has many solutions, which are obtained in [1].
In this article, we use a direct method with the aid of the LE (1) to find new exact solutions
of the following higher-order nonlinear Schrödinger (NLS) equation with derivative non-Kerr
nonlinear terms [2]:
(
)
(
)
Ez = i(a1 Ett + a2 |E|2 E) + a3 Ettt + a4 |E|2 E + a5 E |E|2
t

(

+ia6 |E|4 E + a7 |E|4 E

)
t

t

(
)
+ a8 E |E|4 ,

(2)

t

where ai (i = 1, ..., 8) are the real parameters.
2. On solving NLS equation (2) using a direct method
In order to solve Eq. (2), we assume that the solution of Eq. (2) has the form:
√
E (z, t) = ϕ (ξ) ei[kz−Ωt] , ξ = ωz + t, i = −1,

(3)

where ϕ (ξ) is a real function and k, Ω, ω are real parameters. After some simple calculation (See
the details in [2]), we obtain the following two nonlinear ordinary diﬀerential equations:
(
)
(3a3 Ω − a1 ) ϕ′′ + k + a1 Ω2 − a3 Ω3 ϕ + (a4 Ω − a2 ) ϕ3 + (a7 Ω − a6 ) ϕ5 = 0,
(4)
(
)
15a3 ϕ′′ − 15 ω − 2a1 Ω + 3a3 Ω2 ϕ + 5 (3a4 + 2a5 ) ϕ3 + 3 (5a7 + 4a8 ) ϕ5 = 0.
(5)
From constraint condition of Eqs (4) and (5) we can find the values of k, Ω and a2 as fol[
(
)
]
5 )−3a2 a3
lows: k = a13 (a1 − 3a3 Ω) v − 2a1 Ω + 3a3 Ω2 − a1 a3 Ω2 + a23 Ω3 , Ω = a1 (3a6a4 +2a
=
3 (a4 +a5 )
a1 (5a7 +4a8 )−5a3 a6
2a3 (5a7 +6a8 )

and a2 =

form:

ϕ′′ (ξ) −
a)

15a3 a6 (a4 +a5 )−a1 (5a5 a7 −6a4 a8 )
.
3a3 (5a7 +6a8 )

(ω−2a1 Ω+3a3 Ω2 )
a3

ϕ (ξ) +

(3a4 +2a5 ) 3
ϕ (ξ)
3a3
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+

Now, Eq. (5) can be written in the

(5a7 +4a8 ) 5
ϕ (ξ)
5a3

= 0.

(6)
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(ω−2a1 Ω+3a3 Ω2 )
+2a5 )
+4a8 )
If we set l = −
, m = (3a43a
, n = (5a75a
in Eq. (6), then we obtain the
a3
3
3
famous LE (1). With the aid of the solutions of Eq. (1), we deduce the solitons solutions of Eq.
(2) as follows:

1
2




12(ω−2a1 Ω+3a3 Ω2 )
( √
)
√
E1 (z, t) =
ei[kz−Ωt] ,
2
2


(ω−2a1 Ω+3a3 Ω2 )
3 Ω )+5(3a4 +2a5 )
 (3a4 +2a5 )± 48(5a7 +4a8 )(ω−2a1 Ω+3a

cosh 2
ξ
5
a3
(
)
(
)
5(3a4 +2a5 )2
where a3 ω − 2a1 Ω + 3a3 Ω2 > 0 and ω − 2a1 Ω + 3a3 Ω2 > − 48(5a
.
7 +4a8 )

1
2




12(ω−2a1 Ω+3a3 Ω2 )
( √
)
√
E2 (z, t) =
ei[kz−Ωt] ,
2
2


(ω−2a1 Ω+3a3 Ω2 )
3 Ω )+5(3a4 +2a5 )
 (3a4 +2a5 )± − 48(5a7 +4a8 )(ω−2a1 Ω+3a

sinh 2
ξ
5
a3
(
)
(
)
2
5(3a4 +2a5 )
where a3 ω − 2a1 Ω + 3a3 Ω2 > 0 and ω − 2a1 Ω + 3a3 Ω2 < − 48(5a
.
7 +4a8 )
{
(
(√
))} 1
2
6(ω−2a1 Ω+3a3 Ω2 )
(ω−2a1 Ω+3a3 Ω2 )
E3 (z, t) =
1 ± tanh
ξ
ei[kz−Ωt] ,
a3
(3a4 +2a5 )
{
(
(√
))} 1
2
6(ω−2a1 Ω+3a3 Ω2 )
(ω−2a1 Ω+3a3 Ω2 )
E4 (z, t) =
1 ± coth
ξ
ei[kz−Ωt] ,
a3
(3a4 +2a5 )
(
)
where ω − 2a1 Ω + 3a3 Ω2 > 0, (3a4 + 2a5 ) > 0 and a3 > 0.

1
2




12(ω−2a1 Ω+3a3 Ω2 )
( √
)
√
E5 (z, t) =
ei[kz−Ωt] ,
2
2


(ω−2a1 Ω+3a3 Ω2 )
3 Ω )+5(3a4 +2a5 )
 (3a4 +2a5 )± 48(5a7 +4a8 )(ω−2a1 Ω+3a

cos 2 −
ξ
5
a
3




E6 (z, t) =


 (3a4 +2a5 )±

√

(

12(ω−2a1 Ω+3a3 Ω2 )
48(5a7 +4a8 )(ω−2a1 Ω+3a3 Ω2 )+5(3a4 +2a5 )2
5

)
2

(

( √
sin 2

)
2

−

(ω−2a1 Ω+3a3 Ω2 )
a3

)
ξ

1
2





ei[kz−Ωt] ,

)2

5(3a4 +2a5
and ξ = ωz + t.
where a3 ω − 2a1 Ω + 3a3 Ω < 0, ω − 2a1 Ω + 3a3 Ω > − 48(5a
7 +4a8 )
Further, we deduce new exact solutions of Eq. (2) in terms of Jacobi elliptic functions as
follows:
{
(
( √
))} 1
2

E7 (z, t) =

−5(3a4 +2a5 )
8(5a7 +4a8 )

1 ± sn ξ

−5(3a4 +2a5 )2
,r
48a3 (5a7 +4a8 )r2

0,
[ where (5a7 + 4a8 ) 2 <
] (3a4 + 2a5 )
2
5(3a4 +2a5 ) (5r −1)
z + t.
2a1 Ω − 3a3 Ω2 − 192(5a7 +4a8 )r2
{
(
( √

ei[kz−Ωt] ,
0

and

ξ

=

0,
>
0, a3
<
[ where (5a7 + 4a8 ) 2 <
] (3a4 + 2a5 )
5(3a4 +2a5 ) (4r2 +1)
2
2a1 Ω − 3a3 Ω − 192(5a7 +4a8 )r2
z + t.
{
(
( √
))} 1
2
−5(3a4 +2a5 )
5(3a4 +2a5 )2
ei[kz−Ωt] ,
E9 (z, t) = 8(5a7 +4a8 ) 1 ± dn ξ 48a3 (5a7 +4a8 ) , r

0

and

ξ

=

[ where (5a7 + 4a8 ) 2 <
]0, (3a4 + 2a5 )
2 +4
5(3a
+2a
)
r
)
4
5 (
2a1 Ω − 3a3 Ω2 − 192(5a7 +4a8 )
z + t.

0

and

ξ

=

E8 (z, t) =

−5(3a4 +2a5 )
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1 ± cn ξ

>
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>

))} 1
2

2

5(3a4 +2a5 )
,r
48a3 (5a7 +4a8 )r2

>

ei[kz−Ωt] ,

0, a3

<

Remark. We can obtain the hyperbolic solutions and the periodic solutions from the Jacobi
elliptic function solutions E7 (z, t) − E9 (z, t) when the modulus r → 1 or r → 0 respectively. Also
there are many other Jacobi elliptic functions solutions which are omitted here for simplicity.
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3. Conclusions
In this article, based on a direct method and the Liénard equation [1], we have obtained many
new types of Solitons solutions and Jacobi elliptic functions solutions for the higher-order NLS
equation with derivative non-Kerr nonlinear terms (2). On comparing our results E7 (z, t) −
E9 (z, t) of Eq. (2) with the well-known results (3.1.14), (3.1.22) and (3.1.33) obtained in [2]
respectively, we conclude that they are equivalent, while our results E1 (z, t) − E6 (z, t) are new
and not found elsewhere. Finally, with the aid of Maple 2015, we have shown that all solutions
obtained in this article satisfy the original equations.
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To the problem of instability of evaporation front in a porous medium
V.A. Shargatov1,2,a) , Y.A. Bogdanova1,2,b) , S.V. Gorkunov1,2,c) , S.A. Kozlova1,2,d)
1 National Research Nuclear University “MEPhI” (Moscow Engineering Physics
Institute) Moscow, Russia
2 Ishlinsky Institute for Problems in Mechanics of the Russian Academy of Sciences
(IPMech RAS), Moscow, Russia
The evolution and shapes of water evaporation fronts caused by instability of vertical
flows with a phase transition in extended two-dimensional horizontal porous domains
are analyzed numerically ana analytically. The finite perturbation can cause destabilization of the basic flow, which is stable with respect to any infinitely small harmonic
perturbation. A certain threshold amplitude value exists at which perturbations with
larger amplitudes increase up to the upper boundary, and smaller-amplitude perturbations damp. An approximate analytical expression is found for the threshold value
of the amplitude of a localized perturbation.
The stability of vertical flows through a horizontally extended two-dimensional region of a
porous medium is considered in the case of presence of a phase transition front. The porous
medium contains water and an air-steam mixture between the aquifer and the structure ceiling.
The water and the humid air are separated by a phase transition interface. The low-permeability
region is bounded from above by a highly permeable aquifer or reservoir bottom (domain I in Fig.
1). The lower boundary of the low permeable area is the ceiling of the underground structure. The
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underground structure is well ventilated and constant humidity of air is maintained in it. There
is the surface of the phase transition inside the low-permeability region. This surface separates
the domain Ω1 from the domain Ω2 . The domain Ω1 contains water and the domain Ω2 contains
an air-steam mixture. The water comes in the domain Ω1 from the aquifer and evaporates on
the surface of phase transition.The vapor that is formed during evaporation diﬀuses through the
region Ω2 into the underground construction.
The system of equations describing the process under consideration is given in [1]. The water
is filtered through the Ω1 area in accordance with Darcy’s law. The vapor diﬀusion in the region
Ω2 is described by Fick’s law. There is a pressure jump on the surface of the phase transition.
The value of the pressure jump is equal to the capillary pressure.
If a porous medium is non-wettable, then there can exist two stationary solutions with a plane
phase transition front. The steady state locations of the fronts are shown by the lines HS and HL
in Fig. 1. The analysis of stability was carried out in the linear approximation for infinitesimal
harmonic perturbations in [1]. The lower steady-state solution is always stable with respect
to infinitesimal long-wave perturbations, but it may not be stable with respect to short-wave
perturbations. If the solution is stable with respect to any infinitesimal perturbations, then, as
shown in [2, 3], this solution is stable with respect to localized finite-amplitude perturbations if
the amplitude of these perturbations is less than a certain threshold value. However, this solution
is unstable with respect to localized perturbations of large amplitude [2, 3] as shown in Fig. 2.
The finite perturbation can cause destabilization of the basic flow, which is stable with respect
to any infinitely small harmonic perturbation. This can occur when the perturbation amplitude
is substantially larger than the distance between the equilibrium levels and the perturbation is
largely above the unstable equilibrium level.

Fig. 1: The problem geometry. HS - a location of unstable steady-state front, HL a location of stable-steady state front.

Fig. 2: The perturbation with increasing
amplitude.

In the present paper, an approximate analytical expression is found for the threshold value
of the amplitude of a localized perturbation, which leads to a catastrophic instability of the
evaporation front. An approximate equation is obtained for describing the secondary structures
in a neighborhood of the threshold of plane front instability. This amplitude equation can be
reduced to the form of the the Kolmogorov–Petrovsky–Piscounov (KPP) diﬀusion-type equation.
If we use the appropriate dimensionless coordinates then this equation has a solitary wave solution
of the form η(x) = −1.5 sech2 (0.5x). This localized solution of the KPP equation is linearly
unstable. It can be seen from Fig. 3 that this solution determines the threshold value of the
initial amplitude of unboundely growing perturbations.
This solution gives a good approximate estimate for the threshold value of the amplitude of
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Fig. 4: Position of the disturbed phase transition lower surface at diﬀerent instants.
Lines 1 correspond to a decrease in the
initial perturbation; lines 2 correspond to
the perturbation with increasing amplitude;
lines 3 – a analytical solitary wave solution
of the KPP equation

Fig. 3: Analytical and numerical solutions
of the he KPP equation. Lines 1 correspond
to a decrease in the initial perturbation;
lines 2 correspond to the perturbation with
increasing amplitude; lines 3 – a analytical
solitary wave solution of the KPP equation

the localized perturbation. Fig. 4 shows the growing and damped perturbation, as well as the
steady-state solution obtained from the KPP equation.
The work was carried out with support from the Russian Science Foundation under the grant
No. 16-11-10195
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A structure of a shock wave propagating through an array of solid obstacles.
Analytical solution and numerical simulation
V.A. Shargatov1,a) , S.A. Gubin1,b) , S.I. Sumskoi1,c) , S.V. Gorkunov1,d)
1 National Research Nuclear University MEPhI (Moscow Engineering Physics
Institute)
A propagation of a shock wave through an array of solid obstacles is considered
analytically and numerically. We show that the flow structure consisting of a leading
shock wave and a post-shock region of constant width propagating with a constant
average supersonic velocity may exist. We have obtained the equations that relate
the parameters of obstacles and the average velocity of the wave with flow parameters
in the constant flow region.
A propagation of a shock wave through an array of solid obstacles is considered. The incoming
shock wave propagates along the smooth part of the channel and has a constant pressure P3 ,
density ρ3 and velocity u3 for x < 0 as shown in Fig. 1. There are obstacles on the right side
of the channel for x > 0, as presented in Fig. 2 . The stagnant gas before the shock wave has
pressure of P0 and a density of ρ0 .
The interaction of shock waves with solid obstacles is one of the most important phenomenon
observed in supersonic flow. A simplified one-dimensional approach with an approximate drag
forces formulation is inadequate for the prediction of the dynamics of complex shock interactions
[1]. Shockwave reflection, scattering and diﬀraction occur in the computational domain. To
better understand details of these mechanisms the following problem is numerically and analytically investigated. From a fundamental point of view, we study the possibility of representing a
solution in the form of a classical or non-classical discontinuity with a structure as proposed in
[2].

Fig. 1: Initial stage of the incoming shock wave propagation through the computational domain

Fig. 2: Geometrical shapes of
solid obstacles

After the shock wave begin to interact with the obstacles, its parameters will cease to be
constant, but may remain constant on average. Numerical instantaneous contours of pressure
and density at t = 0.64 c are shown in Fig. 3 и Fig. 4. The calculation is carried out P3 = 3P0 ,
ρ0 = 1.17, P0 = 105 Pa, L = 2, H = 10, h = 0.4h, l = 0.8L. Gas is considered to be perfect with
the ratio of specific heats γ = 1.4. The viscosity and thermal conductivity of the gas are not
taken into account. In-house compressible flow solver equipped with Godunov-Kolgan scheme is
used to simulate the flow.
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This can be clearly seen in Fig. 3 and Fig. 4 that behind the leading shock wave there is the
post-shock region, followed by a region in which the parameters of the flow change slowly. The

Fig. 3: Instantaneous contours of pressure

Fig. 4: Instantaneous contours of density

data shown in Fig. 5 confirm the existence of the region behind the shock wave, where the flow
parameters are constant. It can be seen that the strongest pressure fluctuations are observed for
short time, then the pressure changes slowly. Thus, the flow can be conditionally divided into
three regions: the unperturbed gas region in front of the shock wave, the post-shock region and
the constant flow region, as shown in Fig. 6. The calculation results allow us to assume that the
width of the post-shock region and its parameters are on the average constant, like the velocity
of the shock wave. The process of changing the flow parameters behind the post-shock region,
associated with viscosity and turbulence, occurs for a time much longer than the propagation
time of the shock wave over the width of the post-shock region.
Suppose that beyond the post-shock region the gas pressure is constant and equal to P1 , the
average gas velocity over the obstacles is u1 , and the density is ρ1 . The gas stagnates between
the obstacles and its density is ρ2 .

Fig. 5: Pressure evolution at the downstream probe at x = 303. 1 – y =
0.06/H; 2 – y = 0.3/H; 3−−y=0.5/H;
4– y = 0.3/H.

Fig. 6: 0 – the unperturbed gas region in front of the
shock wave, 1 –the post-shock region, 2– the constant
flow region

Using the laws of conservation of mass, momentum, and energy, we obtained the equations
that relate the parameters of obstacles and the average velocity of the wave with flow parameters
in the constant flow region.
D0 (α ρ2 + ρ1 ) − u1 ρ1 = D0 ρ0 (α + 1), P1 + ρ1 u1 2 − α u1 D0 (ρ2 − ρ0 ) = ρ1 u1 D0 + P0 ,
(1 + α)(P1 − P0 )
u2
1
P1
u1 2
2(ρ1 − ρ0 )P1
+ ρ1 1 =
(P1 u1 + ρ1 u1 (
+
)), ρ2 = ρ0 + 2
,
γ−1
2
D0
γ−1
2
u1 ρ1 (γ − 1) + 2P1
Here α = hl/((H − h)L) . This system of equations allows us to find D0 , ρ1 , u1 and ρ2 from the
known pressure in the constant flow region. For the case considered, the diﬀerence from the gas
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dynamic calculation data is not more than 6 percent. There are no physical solutions for large
values of α. In this case, the flow structure consisting of a leading shock wave and a post-shock
region of constant width propagating with a constant average supersonic velocity does not exist.
This case will be considered in full-text article.
This work is supported by the Russian Science Foundation under grant 16-19-00188.
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Mathematical modeling of thermal regime of soil at the stages of
construction in permafrost
I.K. Sirditov1,a) , M.V. Vasilyeva1,b) , S.P. Stepanov1,c)
1 North-Eastern Federal University in Yakutsk
The forecasting of the temperature zone in the soil in permafrost, considered at
diﬀerent stages of construction, taking into account the change in the geometry of
the computational domain.
In numerical research of a thermal regime of a soil under permafrost condition, it is necessary
to take into account the processes of heat and mass transfer with phase transitions of porous
water-ice moisture. The computational algorithm in the research is based on the finite element
method for approximating of the temperature field over spatial variables. A standard implicit
diﬀerence scheme with linearization from the previous time layer is constructed by time. In order
to build a correct mathematical model, the main climatic parameters are set: an amplitude of
air temperature, the components of radiation-heat balance, thickness and density of snow cover.
The obtained mathematical model can be used in construction of buildings or engineering
facilities on permafrost in order to predict their influence on the depth of soil thawing, to determine a stability in order to avoid further problems with operation. Due to long period of
pre-construction activities, it is desirable to consider thermal regime changes before and during
construction. To determine the stages of construction we can use change in the geometry of
computational domain as a criterion.
Let us define the stages with reference to engineering activities:
• geometry with regard to a soil-vegetation layer (before the start of engineering activities),
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• removal of the soil-vegetation layer (construction site preparation),
• addition of embankment,
• driving piles.

The figure shows as an example the geometry with piles and embankments.
An additional feature of the considered problem is a geometric diversity of the modeled
objects: small pile sizes and large dimensions of calculation areas. Even with a significantly
uneven computational grid, the task will contain up to several million unknowns. At present it
is impossible to obtain a result without parallel architecture computing systems in the problems
of such dimensions.

Stabilization of autoresonance modes
O.A. Sultanov1,a)
1 Institute of Mathematics, Ufa Scientific Center, Russian Academy of Sciences
A model system of nonlinear non-autonomous diﬀerential equations describing the
initial stage of the capture of diﬀerent oscillatory systems into autoresonance under
the action of slowly varying pumping is considered. Stable solutions with an infinitely
growing amplitude are associated with the autoresonance phenomenon. We consider
the isolated growing solutions with power asymptotic expansions at infinity and we
study their stability by the Lyapunov function method. We show that the small
slowly varying parametric pumping can stabilize the unstable growing solutions.
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We consider the model system of two diﬀerential equations [1]
dρ
+ ν(τ )ρ sin 2ψ = sin ψ,
dτ

ρ

[ dψ
dτ

]
+ ν(τ ) cos 2ψ − ρ2 + λτ = cos ψ,

τ >0

(1)

where ν(τ ) = m/(1 + τ )1/2 , m, λ = const > 0. This system appears after the averaging of a wide
class of equations describing the resonant behaviour of oscillatory systems in the presence of a
slowly varying external oscillating force and a decreasing parametric pumping. The unknown
functions ρ(τ ) and ψ(τ ) play the role of the amplitude and the phase shift of harmonic oscillations.
The possibility of capture the system into the autoresonance is related with the stability of
solutions with unboundedly growing amplitude ρ(τ ) → ∞ and limited phase shift ψ(τ ) = O(1)
as τ → ∞. Qualitative and asymptotic analysis show that system (1) with m = 0 has two types
of solutions with
√ growing amplitude and diﬀerent behavior of the phase variable: the solutions
with ρ(τ ) ≈ λτ and ψ(τ ) ≈ π as τ → ∞ are stable, while the solutions with ψ(τ ) ≈ 0
are unstable. In order to stabilize of unstable autoresonant solutions we consider the small
perturbation with decreasing function ν(τ ). This perturbation is associated with the slowly
varying parametric pumping of a nonlinear oscillator. We construct asymptotics for isolated
solutions with growing amplitude as τ → ∞ and we provide a careful stability analysis of these
solutions by the Lyapunov function method. The stabilizing eﬀect of unstable growing solutions
by damping parametric perturbations is discussed.
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Mathematical modeling of flow in pipeline systems using the new
Godunov-type numerical method
S.I. Sumskoi1,a)
1 National Research Nuclear University “MEPhI” (Moscow Engineering Physics
Institute)
A new numerical method for solving a system of one-dimensional non-stationary
equations describing the flow in an elastic deformable tube is developed. This method
can be used for modeling both stationary and transient processes in pipeline systems
with variable propagation celerity of the wave. The proposed method was applied
to water hammer problem.
Simulation of flows in pipeline systems is an important task both for the calculation of stationary and transient processes in operational mode, and for modeling emergency processes. For
many years a number of standard approaches for pipeline system modeling have been practiced.
The most widely used one is the method of characteristics. Also nowadays, other groups of methods are used to simulate the flow in pipelines as well. They are: the finite diﬀerence, the finite
volume, the finite element, the SPH and Godunov-type method. It should be noted that most of
the methods listed above were developed to solve water hammer problem. These methods were
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not originally designed to solve cavitation flow problem or column separation flow problems.
However, in practice, it is those types of problems that are the most interesting to solve, and
therefore they are the most in demand for modeling. Therefore the need in methods based on
transparent physical principles that allow us to consider complex real flows, is obvious. One of
the most attractive approaches in this regard is Godunov’s approach. In this paper, we propose
a new method for numerical simulation of flow in a pipeline. This method is considered for an
isothermal flow of a weakly compressible liquid in a pipeline.
To describe the flow of an isothermal liquid in a pipe with a circular cross section, the following
system of equations is used:
∂ (A · ρ) ∂ (ρ · A · w)
+
= 0,
(1)
∂t
∂x
(
)
∂ (A · ρ · w) ∂ A · ρ · w2
∂p
λ (Re)
+
= −A ·
−A·
· ρ · u · |u| − A · g · ρ · β,
(2)
∂t
∂x
∂x
2·D
here x - distance along the pipe, t - time, ρ - density, w - velocity, p - pressure, λ - friction factor,
D - the internal diameter of the pipe, A - the cross-sectional area of the pipe (A = 0.25πD2 ), g gravitational acceleration and β - sine of the angle of inclination of the route, which is determined
by the elevations points of the pipeline. To close the equations (1) - (2), it is necessary to specify
calculation methods for the pressure p, friction factor λ and the cross-sectional area of pipeline
A.
To calculate the pressure, the following relationship is used:
p − p0 = c20 (ρ − ρ0 ) = Kp (ρ − ρ0 ) /ρ0 ,

(3)

here Kp – the elastic modulus of liquid, cl – the sound velocity, ρ0 – the density of the liquid
at a pressure p0 (p0 = 101325 Pa). To calculate friction factor λ , the Kolbrook-White equation
is used. To calculate the cross-sectional area A, it is assumed that each annular element of the
elastic tube is in equilibrium with the pressure in the corresponding cross section. In such quasiequilibrium consideration, the equilibrium state of a cylindrical shell (pipe walls) is described by
the following equation (for isothermal case):
)
(
(
)
D0 1 − νp2
(p − p0 )
(4)
A = A0 1 +
Eδ
here A0 = 0.25πD2 is the cross-sectional area of an unloaded pipeline at pressure p0 , νp –Poisson’s
coeﬃcient The system of equations (1) - (4) with boundary and initial conditions are completely
closed with respect to the variables ρ, p, w, A. A typically used approach to solving the system
of equations (1) - (4) is that in (1) - (2) the changes in A are taken into account only in time
derivatives. This allows us to eliminate the variable A from the system (1) - (3) using equation
(4). In this case, the system of equations (1) - (4) is transformed into a system of wave equations
with a well-known parameter - propagation celerity of the wave in a tube filled with a weakly
compressible fluid. This value can be calculated by the following equation:
√
(
)
ρ0 D 1 − νp2
ρ0
−1
c =
+
(5)
Kp
Eδ
here E is the elastic modulus of the pipe wall material.
Thus, using the equations with propagation celerity of the wave (an eﬀective propagation
velocity of the perturbation) we replace the real medium by a medium with the eﬀective properties. In this paper, we propose an approach to mathematical modeling without using eﬀective
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parameters for the description of the pipeline-liquid system. In this paper, we propose to consider a medium directly with its real properties in an elastically deformable cylindrical pipe and
solve system (1) - (4) directly as well.
This approach is realized numerically using Godunov type method.
It is clear that it would be physically more realistic not to use the propagation celerity of
the wave, defined a priori, but to obtain it directly in the calculation, from the first principles.
This can be done if we consider the diﬀerence cell as a cylindrical volume with a diameter that
can change depending on the pressure in the cell according to (4). An example of such a mesh
is shown in Fig. 1. In Fig. 2 standard grid is shown. Thus, in a one-dimensional mesh an
additional spatial dimension is introduced. This is a really new element of the one-dimensional
Godunov-type diﬀerence schemes.

Fig. 1: Structure of the mesh according
to the proposed approach taking into
account the change in diameter as a
function of pressure

Fig. 2: Structure of the standard mesh
without taking into account the change
in the diameter of the pipe

Using the proposed grid (see Fig.1), calculation is carried out according to Godunov approach.
But now, as it follows from Fig. 1, solving the Riemann problem and calculating the mass and
momentum fluxes should be done for the two surfaces:
- circle surface Ωni+1/2 with area Ani+1/2 :
(
)
Ani+1/2 = min Ani , Ani+1

(6)

-ring surface dΩni+1/2 with area dAni+1/2 :
dAni+1/2 = ∥Ani − Ani+1 ∥

(7)

Also a procedure for recalculation of new values of pressure, density and cell diameter has
been included into the proposed numerical method. These recalculations were conducted using
equations (3), (4) and the equation for calculating mass in a cylindrical volume. Otherwise, the
algorithm of calculation using proposed method is similar to classic Godunov’s approach.
Using the proposed method the problem of definition of propagation celerity of the wave in
a tube filled with a weakly compressible fluid has been solved. With certain simplifications, this
problem has an analytic solution, written above (5). Calculations of propagation celerity of the
wave in a tube and parameters behind the wave according to the proposed method coincide with
the analytical solution with an accuracy of about 0.1 percents.
Calculations of water hammer problems have been made, and the results of such mathematical
modeling allow to determine the ranges of operation parameters for pipeline systems.
This work is supported by the Russian Science Foundation under grant 16-19-00188
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Computational model for a supply of fuel components into a combustion
chamber of LRE
A.V. Teterev1,2,a) , P.A. Mandrik1 , N.I. Misuchenko1 , L.V. Rudak1
1 Belarusian State University, Belarus
2 National Research Nuclear University «MEPhI»
A 2D-3D computational model for calculating a flow in an interior of the jet injectors
feeding the fuel components to a combustion chamber of a liquid rocket engine is
described. The model is based on the gas dynamic calculation of a compressible
medium. The software package of the model provides calculation of both singlecomponent and two-component injectors. Simulation of a flow in two-component
injectors is realized with the scheme of separate supply of fuel components "gas−gas"
or "gas−liquid". An algorithm for converting a continuous liquid medium into a
"cloud" of drops is described. Areas of application of the developed model and
results of 2D modeling of injectors for obtaining correction factors in the calculation
formulas for fuel supply are discussed.
A fuel is supplied to the mixing chamber by means of injectors. The main requirement for
injectors is to provide as much as possible a finer and more uniform spray of a fuel with a
suﬃciently small diﬀerential pressure on the injectors [1]. Usually two main types of injectors
are used in rocket engines: jet and centrifugal injectors. It is possible to use of injectors that
combine both types of injectors. Slit injectors are also used as a kind of jet injectors having a
slot-like shape of the outlet for cooling the walls of the combustion chamber. The jet injector
is an hole in the head of the engine chamber or a separate element in the form of a tube that
communicates a fuel or oxidizer cavity with a combustion chamber volume. The main advantage
of jet injector is a large throughput. In addition, the jet injectors is smaller than the centrifugal
injector. This makes it possible to place more injectors on the head surface unit. As a result, with
the same pressure diﬀerence, the jet injectors make it possible to provide a greater consumption
of fuel components passing through the bottom surface of the head, ie, they have a greater
throughput. According to a aggregate state of the fuel components supplied, there are liquid,
gas and gas-liquid injectors, and according to the number of injected fuel components are divided
into one-component and two-component injectors.
Uniform distribution of fuel components inside of the volume of a combustion chamber in
the case of two-component injectors is provided by their own design. In engines with singlecomponent injectors, to ensure a good mixture formation, it is necessary to have a uniform
alternation of fuel and oxidizer injectors. In general, the placement of single-component injectors
on the mixing head of the chamber is carried out in concentric circles. In this case, alternating
the belts of the oxidizer and fuel injectors, or alternating the injectors of the oxidant and fuel on
one concentric circle. Two-component injectors can be placed by any scheme, but more often a
concentric distribution is used.
When designing a new engine, it is necessary to calculate the injectors to ensure the necessary
fuel consumption. Numerical modeling of the flow inside injectors and engine chambers is usually
performed either in the project approximation [1]−[3], when analytical dependencies and formulas
are used, or in the gasdynamic approximation [4]−[6] using finite-diﬀerence methods for solving
systems of partial diﬀerential equations.
The developed model of injectors design is intended for closed-type engines, when one or both
components of the fuel pass through the gas generator. Scheme of the organization of the working
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process in a combustion chamber of such engines "gas−gas" or "gas−liquid". i.e. at least one
component of the fuel is in the gas phase. The mathematical model is a system of gas-dynamic
equations for a compressible medium with given initial conditions and corresponding boundary
conditions. These are the conditions of non-flow on all rigid walls of the structure and the
conditions of the traverse at the entrance to the fuel tank and the outflow from the combustion
chamber. The input parameters for the calculation are the selected type of fuel or oxidizer or
both components together, gas dynamic parameters and composition in the combustion chamber,
fuel component consumption and injectors geometric dimensions. The shape of the channel edge
of the gas jet injector at the inlet can be sharp, rounded along the radius or with a chamfer. In
addition, the injector itself can be cylindrical or cone-shaped.
When modeling the injectors of the fuel supplying the component in the liquid phase, the
most complex flow occurs in the zone where the discontinuity of its continuity occurs. In this
region, a lot of droplets are born which, as it were, emerge from the region of the continuous
medium, and continue their movement in the form of discrete formations with certain physical
characteristics. The model describing this process should be based on the parameters of the
continuous medium in the injector, form the granulometric composition of the droplets, their
thermodynamic parameters, and carry out a smooth transition of the description of the flow
from the approximation of a continuous medium to the discrete approximation. The transfer
of a continuous medium of the liquid component of the fuel into a set of drops occurs at a
time when the density of the medium falls below a certain critical value. As a model describing
the interaction of droplets with the surrounding gas flow, a Sand Bag model was used, which
was successfully used to describe the dynamics of condensed particles with the gas stream of
combustion products in the Laval nozzle [7].
The developed model of flow calculation in injectors is designed to solve various simulation
problems. First, it can be used in the construction of injectors for parametric calculations.
This will allow to more accurately determine the size and parameters of the injectors to be
designed in comparison with calculations for analytical approaches. In addition, this simulation
makes it possible to investigate the features of the flow of fuel components in the nonstationary
flow regime, as well as the influence of the pulsations of the gas parameters in the combustion
chamber on it. Secondly, on the basis of multiparametric calculations, it is possible to tabulate the
correction factors for the analytical expressions for calculating the fuel supply to the combustion
chamber. This in turn will improve the accuracy of modeling the rocket engine. Thirdly, with
the appropriate modification of the software, this model can be directly used in simulating the
flow in the combustion chamber. The essence of such a modification is the calculation of the
injector and the combustion chamber on various space grids. In this case, the results of the
calculation of the injectors will be the boundary conditions for the second fuel components in
the combustion chamber, and the results of the combustion chamber calculation will in turn be
the boundary conditions for calculating the flow in the injectors. Such a scheme will allow to
reveal the influence of pulsations of fuel supply into the combustion chamber on the low-frequency
instability of combustion.
Currently, the developed software is designed for simulations of flow in jet injectors, the
results of which determine the correction factors in the analytical expressions that determine the
fuel supply. As parameters, the fuel consumption, the thermodynamic parameters of the fuel
and oxidizer, as well as the parameters of the gas in the combustion chamber are used.
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Simulation of high-frequency instability in combustion chamber of LRE
A.V. Teterev1,2,a) , L.V. Rudak1 , N.I. Misuchenko1
1 Belarusian State University, Belarus
2 National Research Nuclear University «MEPhI»
Simple 2D model of a flow in a combustion chamber of a liquid-propellant rocket
engine taking into account bi-propellant burning is presented. The separate supply
of fuel components is carried out in the form of spatially separated gas jets with
a specified stoichiometric coeﬃcient. Kerosene or hydrogen has been set as a fuel
and oxygen was a oxidizing agent. Simulation of the output to the nominal thrust
of real liquid rocket engines was carried out at a gun start. The occurrence and
propagation of high-frequency instabilities are analyzed depending on the number
and configuration of fuel injectors.
High-frequency instability of a combustion is an important factor aﬀecting the stability and
safety of the LRE. It is characterized by a spontaneous transition of the combustion regime from
a state with random small fluctuations of pressure (noise) to a state with regular self-oscillations
with amplitude an order of magnitude or higher than the initial noise level. The occurrence
of such self-oscillations is a negative factor, sometimes leading to loss of engine working capacity. With high-frequency instability the oscillation period is less than the residence time of the
combustion products in the chamber, so that the propagation of the pressure wave through the
chamber can be traced [1]. Thus, at high-frequency instability unlike the low-frequency not at
a)
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once in all volume but localy the pressure oscillations occur which leads to inhomogeneity of pressure and other parameters of flow over the volume of the chamber at a given time. In this case,
high-frequency oscillations in the chamber do not influence practically the supply pressure and
the consumption of components. At some operating regimes the amplitude of the low-frequency
oscillations is so small that they can be neglected. In contrast, high-frequency oscillations, which
practically always exist in the chamber, can sometimes have very large amplitude, almost reaching of the average pressure in the combustion chamber. The form of high-frequency oscillations is
extremely diverse. At small amplitudes more or less sinusoidal pressure oscillations are recorded
with a accurately expressed frequency. Experimental data show that the high-frequency instability in the chamber of the LRE is aﬀected by the fuel injection systems, the geometry of the
chamber and the expansion process in the nozzle. Besides various diﬀerent fuels have diﬀerent
tendencies to the occurrence of high-frequency oscillations. There are a number of practical
recommendations for combating with high-frequency instability, for example, the use of various
kinds of partitions on the nozzle head, which suppress the arising oscillations.
The study of the processes occurring in combustion chambers with transparent walls, based
on data obtained during high-speed filming, indicates a nonuniform distribution of temperature,
chemical composition and velocity of movement in the volume of the chamber [2]. The flame
front does not place in a plane perpendicular to the axis of the chamber. On the contrary, in fact,
there are a number of luminous tracks in the longitudinal direction, indicating a stratification
of the flow. The intensity of the transverse flow is not suﬃcient to eliminate the longitudinal
stratification of the flow. The intensity of reverse circulation changes the eﬀective volume of
the combustion chamber and, consequently, the characteristic length of the chamber, necessary
for complete combustion. Thus, from experiments on chambers with the transparent walls,
one can see the complexity of this problem and the diﬃculties encountered in determining the
characteristic length and minimum chamber volume [2].
The combination of a large number of physico-chemical processes that take place inside of
combustion chamber makes it diﬃcult to perform computer simulations of liquid rocket engines.
In this connection, the question arises of creating a simplified model, the object under consideration, adequately describing its behavior and basic characteristics. First of all, this concerns the
simulation of the combustion process. So, if replace the calculation of the kinetics of chemical
reactions accompanying combustion of fuel with a source of energy release, this will lead to a
substantial simplification of the system of equations describing combustion in the combustion
chamber of a liquid rocket engine. In this case, the heat input must be set so that, if possible, it is close to such a state when heat is released during combustion. In many cases, such
a simplified model allows us to identify the most significant eﬀects of the combustion process.
The advantages of this approach are mainly that the examination becomes independent of the
type of chemical reaction. However, in this case, the connection between chemical reactions and
the microstructure of the flow is lost. In connection with this a compromise arises between the
detailed description of the flow under consideration and the necessary accuracy of the results
of the simulation. The main criterion in our case is the adequacy of simulation results for such
important parameters as traction and specific impulse.
To demonstrate the possibilities of the proposed combustion model, calculations were made
with hydrogen or kerosene as fuel and with oxygen as an oxidizer. The results of modeling
specific LREs such as RD-170, RD-120, F-1 and RD-0120 have shown that practically there is
no steady-state flow regime for these two-component fuels, since a strong energy release in the
combustion zone leads to strong flow fluctuations in this Region. Observed in the calculations
the dynamics of the spatial energy release zone, observed in the calculations, indicates a gradual
exit of this process to a certain oscillation regime. Low-frequency oscillations with a frequency
of the order of 300-350 Hz, observed at the earliest moments of time, are not associated with
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fluctuations in the flow rate in the fuel supply, as is usually described in the literature, since in
our simulation the fuel consumption is constant. The least oscillation amplitude in thrust is the
variant in which the jets are pair wise directed at an angle to each other, and additional double
cooling is realized from the lateral surface of the combustion chamber. The largest amplitude of
oscillations in the thrust is observed in the version in which the outermost of the three jets are
directed under the corner to the central jet. Because of the coarseness of the spatial grid and as
a result of this the small number of concentric circles on which the nozzles were located, there
were not complete combustion in the combustion chamber, as a result of which the thrust of the
engines did not reach own nominal value.
The second series of calculations was carried out for a grid that was in two times more detailed
in the space. The realized algorithm of automatic arrangement of injectors has increased the
number of concentric circles on which nozzles are placed, also approximately twice. Thus, the
new variants correspond to the case of a more dense arrangement of nozzles at the end of the
combustion chamber. As in the first series of calculations, an output was observed for the
oscillatory flow regime, which can be traced from the change in the density fields of the fuel
components. So, if before the time t = 10−3 s, a complex picture of their behavior is observed
throughout the combustion chamber space, then at the instant of time t = 9 · 10−3 s, the total
flow of incoming oxygen occurs, and the excess kerosene fills up practically the entire volume of
the camera. Comparing the simulation results with diﬀerent injector density, it can be concluded
that with a larger nozzle density as a result of a more complete combustion of fuel, the calculated
engine thrust better corresponds to real thrust. However, the amplitude of the oscillations of the
thrust as a result of the high-frequency instability of combustion increases, while the oscillation
frequency decreases. In addition, high-frequency oscillations have become more complex.
It should be noted that as the distance from the nozzles and approaching the inlet to the nozzle, the amplitude of pressure oscillations decreases. In addition, ultrahigh-frequency oscillations
that occur in the immediate vicinity of the nozzles, when removed from them, gradually disappear. The frequency of high-frequency oscillations is approximately equal to 4.4 kHz. Analyzing
the behavior of pressure oscillations, it can be concluded that their source is the energy release
zones, which in most variants of calculations are near the head of the combustion chamber, and
the resulting oscillations of the parameters in the medium propagate both in the transverse and
longitudinal directions.
In conclusion, note that the energy release zone in the calculations has a layered structure
along the combustion chamber, which is also observed in experiments. Clarification of the parameters for injection of two-component fuel will make it possible to study not only the high-frequency
but also the low-frequency instability of combustion.
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Analytic properties of solutions belonging to a family of third-order
nonlinear dynamical systems with no chaotic behavior
V. Tsegel’nik1,a)
1 Belarusian State University of Informatics and Radioelectronics,
P. Brovka Str., 6, Minsk, 220013, Belarus
The Painlevé analysis of solutions is made to a family of dissipative third-order
dynamical systems showing no chaotic behavior. It is found, that none of the systems
under study is of the Painlevé type. Moreover, two systems from the above family
are characterized by the fact that one of their solution components has no movable
critical singular points at all.
One of the imporatant events in classical nonlinear physics of mid-twentieth century was the
realization that nonlinear determenistic equations could have chaotic solutions that exhibited
both a sensitive dependence on initial conditions and long-term unpredictability. An interesting
and remaining to be solved is the problem of identifying minimum necessary conditions for chaos.
In [1], computer simulation was used to obtain 19 third-order dynamic systems with complex
chaotic behavior, which are algebraically simpler than the well-known Lorenz and Rössler ones.
The distinctive diﬀerence of the above Sprott systems is that their right-hand parts contain either
6 components and one quadratic nonlinearity or 5 components and two quadratic nonlinearities.
1. The authors of [2] proved that none of the systems listed below had chaotic behavior.
ẋ = y 2 − x, ẏ = z, ż = x.

(1.1)

ẋ = y 2 + z, ẏ = x, ż = −z.

(1.2)

ẋ = yz − x, ẏ = x, ż = y.

(1.3)

ẋ = y 2 , ẏ = x + z, ż = −z.

(1.4)

ẋ = y 2 , ẏ = z − y, ż = x.

(1.5)

ẋ = y , ẏ = z, ż = x − z.

(1.6)

ẋ = yz, ẏ = x, ż = x − z.

(1.7)

ẋ = yz, ẏ = x, ż = y − z.

(1.8)

2

Note, that the right-hand parts of each of dissipative systems (1.1)—(1.8) contain one
quadratic nonlinearity. Assuming the independent variable t to be complex, let us determine
whether the general solution of the systems (1.1)—(1.8) has no moving critical singular points,
that is, whether the so called Painlevé property is fulfilled for them.
The following statements are true
Theorem 1. None of the systems (1.2), (1.4) passes the Painlevé test and they do not
possess the Painlevé property. At the same time, a component (z) of these systems has no
movable critical singular points at all.
Theorem 2. None of the systems (1.1), (1.3), (1.5)—(1.8) passes the Painlevé test and
they do not have the Painlevé property.
Theorem 3. Equation
...
y y + y ÿ − ẏ ÿ − y 2 ẏ = 0
(1)
a)
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is not a Painlevé-type equation.
The validity of this statement follows from the fact that the system (1.7) is equivalent to
equation (1).
2. In [2], it is also proved the absence of chaos in systems of diﬀerential equations
ẋ = y 2 + yz, ẏ = x, ż = −z.

(2.1)

ẋ = y 2 + z 2 , ẏ = x, ż = −z.

(2.2)

ẋ = y 2 − x, ẏ = xz, ż = εy.

(2.3)

ẋ = y 2 − x, ẏ = xz, ż = kz.

(2.4)

ẋ = y 2 − x, ẏ = z 2 , ż = x.

(2.5)

ẋ = y 2 + y, ẏ = xz, ż = −z.

(2.6)

ẋ = y 2 + z, ẏ = x2 , ż = −z.

(2.7)

ẋ = y 2 + z, ẏ = xz, ż = −z.

(2.8)

ẋ = yz − x, ẏ = x2 , ż = εx.

(2.9)

ẋ = yz − x, ẏ = x2 , ż = y.

(2.10)

ẋ = yz − x, ẏ = x2 , ż = kz.

(2.11)

ẋ = yz − x, ẏ = εxz, ż = y.

(2.12)

ẋ = yz − x, ẏ = z 2 , ż = εx.

(2.13)

ẋ = εy − x, ẏ = xz, ż = x2 .

(2.14)

ẋ = εy − x, ẏ = xz, ż = y 2 .

(2.15)

ẋ = y − x, ẏ = z 2 , ż = x2 .

(2.16)

ẋ = y − x, ẏ = z 2 , ż = xy

(2.17)

where k is a parameter (k < 1) and ε2 = 1.
Systems (2.1)—(2.17) are dissipative systems, and their right-hand parts contain two
quadratic nonlinearities.
The following statements are true
Theorem 4. None of the systems (2.1), (2.2), (2.4), (2.6)—(2.8), (2.11) is of the Painlevé
type. At the same time, a component (z) of these systems has no movable critical singular points
at all.
Theorem 5. None of the systems (2.3), (2.5), (2.9), (2.10), (2.12)—(2.17) is of the Painlevé
type.
Theorem 6. The system (2.3) is equivalent to equation
...
z z = ż z̈ − z z̈ + εz 2 ż 2 .

(2)

Theorem 7. The system (2.9) is equivalent to equation
...
z z = ż z̈ − z z̈ + εz 2 ż 2 + ż 2 .

(3)

Theorem 8. The system (2.12) is equivalent to equation
...
z z = ż z̈ − z z̈ + εżz 3 .
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Theorem 9. The systems (2.13) and (2.14) are equivalent to equation
...
w w = ẇẅ − wẅ + ẇ2 + εw4

(5)

by z and x respectively.
Theorem 10. The system (2.15) is equivalent to equation
...
x x = ẋẍ − xẍ + ẋ2 + εx2 (x + ẋ2 ).

(6)

Theorem 11. None of the equations (2)—(6) is of the Painlevé type.
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Vlasov-Maxwell-Einstein equation and analysis of Λ-term with the help of
kinetic theory and post-Newtonian approximation
V.V. Vedenyapin1,2,a) , N.N. Fimin1,b)
1 Keldysh Institute of Applied Mathematics (Russian Academy of Sciences)
2 RUDN University
The possibility to obtain an analog of Milne–McCrea model with the help of Vlasov–
Poisson equation is considered. The simplest nonrelativistic analog of Maxwell–
Einstein action is introduced, from which we deduce Vlasov-Poisson-Poisson equation
for an electrostatics with gravitation. The nonrelativistic limit of Einstein–Gilbert
action is studied and Vlasov–Poisson–Poisson equation is also obtained with cosmological Λ–term then the accounting of electromagnetism is added. An equation of
Vlasov type is derived which can be proposed for dark matter and perhaps for dark
energy.

The nonrelativistic analog of Friedmann equation is a self–gravitating sphere or Milne–
McCrea model [1]. At the same time Friedmann model can be it is obtained as the exact
solution of Vlasov–Poisson equations for system of massive particles:
(
) (
)
∫
∂f
p ∂f
∂U ∂f
+
,
− m
,
= 0, ∆U = −4πmγ f (x, p, t) dp.
(1)
∂t
m ∂x
∂x ∂p
) (
∫ (
Solutions
of
Milne–McCrea
type
can
be
found
by
substitution
f
(x,
p,
t)
=
δ
x
−
X(q,
t)
δ p−
)
P(q, t) ρ(q)dq, using Lagrangian coordinates q [2]. The task of obtaining of the relevant solution
a)
b)
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for Vlasov–Poisson and Vlasov–Maxwell–Einstein equation is represented interesting, including
taking into account cosmological Λ–term.
We will consider the general eﬀect of matter with the electromagnetic field in gravitational
field representing the sum of action of Sp , Maxwell’s action of Sf for the electromagnetic field
with the account interactions with particles Spf and Einstein–Hilbert action Sg :
∫
∑
∑ eα ∫
√ √
√
µ ν 4
3
S=−
mα c fα (x, p, t) −g gµν vα vα d xd p −
fα (x, p, t)vαµ Aµ (x, t) −gd4 xd3 p−
c
α
α
1
−
16πc

∫
Fµν F

µν √

∫

−g d x + K
4

√
−gR d4 x.

(2)

In the nonrelativistic limit Vlasov–Poisson–Poisson equation is deduced from here easily [3].
Action for gravitation in a weak relativism approximation after direct simplification (1), but
taking into account Λ–term takes a form:
∫
∫
∑ (
∑ mα
) 2K
Ẋ2α −
(∇U )2 d3 xdt + 2KΛ U d3 xdt.
U Xα (q, t) − 2
SΛ =
2
c
α,q
α,q
From this action we can derive the corresponding Vlasov–Poisson equation with the Λ–term:
(
) (
)
∫
∑
∂fα
p ∂fα
∂fα
+
,
− ∇U,
= 0, ∆U = 4πγ
mα fα (x, p, t)d3 p − c2 Λ.
∂t
mα ∂x
∂p
α
Milne solution is transformed to
∂2R
M (r) c2 Λ
=
−γ
+
R.
∂t2
R2
6
We will consider the following action, the electromagnetic fields where composed, containing
undertake exact, and the metrics decays up to 1st post–Newtonian term:
∫
∫
∑ mα
∑∫
2c
Λc3
2
3
3
2 3
SΣ =
Ẋα −
U (x, t)fα (x, p, t)d xd pdt −
(∇U ) d xdt +
U d3 xdt+
2
16πγ
8πγ
α,q
α
+

∑
α

∫
eα

(
)
(
)
∫
2U
1
2U
fα (x, p, t)vαµ Aµ (x, t) 1 + 2 d3 xd3 pdt −
Fµν F µν 1 + 2 d3 xd3 pdt. (3)
c
16π
c

Vlasov–Maxwell–Einstein equations in weak relativistic approximation are:
(
) ∑ (
∂fα ∑ pi ∂fα
eα ( ∂Ai
+
,
+
−
−
i
∂t
mα ∂x
c
∂t
i

i

) ∑
(
∂A0 ∑
pi (
2U ) ∂fα
∂fα )
−
F
1
+
−
= 0,
∇U
ij
i
∂xi
mα
c2 ∂pi
∂pi
j
i
∫
∑
4π
∂ν F µν = −
eα vαµ vαµ fα (x, p, t)d3 p.
c α
∑
The third term 8πγc−2 eα jαµ Aµ ≡ Λdm can be interpreted as dark matter generator.
−c
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Boltzmann extremals and ergodic theorem for group representations.
V.V. Vedenyapin1,a) , V.V. Kazantseva1,b)
1 Keldysh Institute of Applied Mathematics RAS
The coincidence of time average and a Boltzmann extremal is proved for representations of groups. Entropy is introduced and it’s properties are studied in representation theory.
The main problem of the ergodic theory is the problem of describing a limit, which a solution
of Liouville equation (the equation for density or for particle distribution functions) goes to with
time going to infinity. The problem of the justification of the method of Gibbs is a special case of
this problem, reducing the question to clarifying the conditions for a Hamiltonian system, when
the limit is the exponent on the energy. In the works of Boltzmann the concept of maximum
of entropy with fixed linear conservation laws (Boltzmann extremal) was introduced. In studies
of Poincare and Kozlov and Treshov it has been shown, what the law of growth of entropy for
Liouville equations is: entropy of a temporary average greater than or equal to the entropy of
the initial distribution, while along the solutions it persists. In the works of V.V.Vedenyapin it
is shown that the time averages of Liouville equation coincides with the Boltzmann extremal.
We prove this coincidence for representations of groups by introducing the entropy and studying
its properties in representation theory. Then we find out what it gives to ergodic problem.
Let us call a convex function S(x), x ∈ V an entropy of the representation ρ of a group G,
if S(gx) ≥ S(x) for all g ∈ G.
Such property, when any decreasing functionality is persistent, can be regarded as the property of reversibility of the dynamics. Here reversibility is just related to the group property of
the dynamics.
The concept of average (similar to the temporary average) for the action of the group G is
introduced:
1 ∑
1 ∑
ρ(g)x =
gx
(1)
[x] =
|G|
|G|
g∈G

g∈G

Here |G| is the number of elements in the group.
We prove the existence of entropy and then the analogue of the H-theorem for representations
of groups: S([x]) ≥ S(x).
a)
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In the proof we use the convexity of S(x). This is the analogue of the theorem of PoincareKozlov-Treshov for Liouville equation.
The results, which are obtained link the reversibility and the irreversibility in the most clear
form. This relationship, which worried the classics Boltzmann, Loschmidt, Zermelo, Poincare,
may have been one of the motivations of ergodic theory and it continues to bother some modern
researchers. The growth of entropy in theorem above is associated with averaging: an observer
in a fast averaging sees precisely the average, like the spokes in a rotating wheel or a white color
of a multicolored Maxwell rotating spinning top. This is entirely consistent with the works of
Poincare and Treshov, where a group considered is real numbers (time analogue): there, too,
during the evolution the entropy paradoxically is saved, and its limit is greater than or equal to
(but in the examples is often strictly more) than this conserved quantity. Note that the analogy
is not literal, because in the classical ergodic theorems of Birkhoﬀ, Von Neumann, Riesz, and
Bogolyubov semigroups are always concernd, as averaging occurs in the positive half-line. In the
case of non-compact groups it is necessary to take care of convergence, but Von Neumann and
Riesz obtained, in fact, an alternative formulation in the form of the projection method.
In one of the works of Boltzmann the H-theorem is proved and with the example of the
discrete models of the Boltzmann equation the concept of extremal of an entropy with fixed
linear conservation laws is explored - the extremal, to which the solution of the equation goes
when time goes to infinity. In the work of Boltzmann it is found what is called Boltzmann
statistics. Here the Boltzmann extremal is already used as a fundamental concept and as a
working tool: a conditional maximum of entropy with Lagrange multipliers in integrals of the
number of particles and kinetic energy is found, and Maxwell distribution is obtained. We define
this concept in case of group representations in a similar manner as the conditional extremum
of the entropy under the same invariants as the original vector space, where a representation is
operating, using the decomposition of von Neumann-Riesz.
The obtained results can be generalized to the case of compact groups.

A Numerical Simulation of Adiabatic Shear Bands Formation in Hollow
Cylinder
N.A. Кudryashov1 , R.V. Muratov1 , P.N. Ryabov1,a)
1 National Research Nuclear University MEPhI
Abstract. The process of torsion deformation of a hollow cylinder is considered.
The mathematical model describing this process is formulated. Numerical algorithm
which allows one to simulate the fully localized plastic flow is proposed. The influence
of the geometrical parameters of the problem of plastic flow localization is studied.
The limiting case when the problem of torsion deformation of a hollow cylinder
transforms to the plane problem of deformation of infinite slab is considered. An
influence of cylinder size to the formation of adiabatic shear bands is considered.
It is shown that declining of inner size of cylinder results to a significant change
of solution and displacement of lozalization area to the inner surface of a hollow
cylinder.
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1

Mathematical formulation of problem

A formation of adiabatic shear bands (ASB) is the one of important phenomena of materials
science. ASB is a narrow region where high temperature and deformations are exceeded in a
short period of time. The localizations of deformation are located usually in places with geometry
defects [1] or thermal heterogeneity. This phenomenon is often investigated in the physical
experiments with torsion deformation of a hollow cylinder. But for a numerical simulation
many authors consider a limiting case: a shear deformation of an infinite slab. In this work we
investigate the original problem and compare it with the limiting case.
We consider the process of torsion deformation of hollow cylinder which has radius of the
hole equal to r0 and outer radius equal to r0 + H. The inner surface is fixed and the outer surface
of the cylinder is rotated at a constant angular velocity. The governing equations that describe
cylindrical (a) and plane (b) tasks have the following form:

a) ρrωt =

1 ∂ ( 2 )
r τ ,
r2 ∂r

a) τt − µrωr = −µγ̇ p ,
γ̇ p = Φ−1 (γ p , τ, T ) ,

b) ρvt = τy .

(1)

b) τt − µvy = −µγ̇ p ,
∫ t
γ̇(s)ds,
γ=

(2)
(3)

0

CρTt = ∆T + βτ γ̇ p .

(4)

where y, r are coordinates, t is time, τ, γ, v, ω, T are stress, strain, velocity, angular velocity and
temperature relatively. The cylindrical task approaches to the plane task at r0 → ∞ and change
of variables: r = r0 + y, v = rω.
The boundary value problem is solved numerically. The algorithm consist of two stages. The
first stage devoted to solution of mechanical part of the problem. For this purpose we use the
Courant-Isaacson-Rees scheme [4] with the Newton iterations to system (1), (2), (3). On the
second stage, we solve thermal part of the problem (4).

2

Results of numerical simulation

For numerical simulations, we use high-tensile steel HY-100. Our experiment is based on the
plane problem which was investigated in the works [2], [3]. For steel we use the Litonski flow
stress model. We test block which has thickness H = 6 mm (for cylindrical case H = r1 − r0 ,
y = r − r0 ), strain rate γ̇0 = 750 с−1 . At an initial moment temperature has gaussian-shaped
distribution with a peak Tmax = 16.2 ◦ C at center of layer.
The first experiment is conducted at r0 = 100 m, the ratio y/r0 ∼ 10−6 , so this is almost
plane problem, the parameters H, γ̇0 , Tmax,0 correspond to the parameters in the works [2], [3].
In this case the initial perturbation results in the formation of single ASB in the center of the
sample. These results are completely consistent with the results of other authors.
For plane task graphs of temperature, stress and strain are symmetric with respect to y =
0.5H, but symmetry is breaking with decreasing of inner radius of the cylinder. For cylindrical
task temperature, stress and strain are more at the inner surface. Let’s decrease inner radius r0
to 0.5 m. In this case the temperature maximum is almost immediately located at the boundary.
And at infinite time we come to stationary distribution where the whole cylinder without one
point (inner surface) is moving at constant angular velocity, which equals the velocity of the outer
surface, and the one point is fixed (Fig. 1). However, if we set a larger peak of temperature at
initial moment (160 ◦ C, for example), we again get ASB at the center of the layer.
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Figure 1: Angular velocity and temperature at γnom = 0.2, 0.25, 0.3 (solid, dashed, dotted lines
relatively). r0 = 0.5 m.

If we consider a problem with stationary initial distribution of temperature we get a similar
solution with one fixed point. The plane task has completely diﬀerent, simple solution: the
slab uniformly heats up due to internal friction. But in cylindrical case, stress at inner surface
is higher, so internal friction is also higher. It leads to rapid increasing of temperature at the
boundary.
It is obvious that we cannot get such results in a physical experiment. Because any material
has micro defects which could become centers for localization of plastic strain, it was demonstrated in work [5]. If we has impossible continuous material, then the inner surface of sample
most likely will melt, and we will not be able to fix it anymore. So in this case cylinder will
become to rotate at constant angular velocity. However, our model does not take into account
phase transactions.
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Section “Applied mechanics”
Mathematical modeling of the grain structure of a polycrystal in the form of
ellipses
E.M. Andronova1,a) , T.I. Savyolova1
1 National Research Nuclear University MEPhI
Texture analysis uses grain distribution functions of orientations. In the last decade,
EBSD is often used to diagnose grain distribution functions by targeting specific
orientations. This method is based on the analysis of the diﬀraction of electrons
scattered in the near-surface layer of the material being analyzed. This method
allows you to explore the grain size, determine their boundaries, measure the angle
of misorientation, and other parameters. Reconstruction and data collection takes
place in an automatic mode. To do this, the operator needs to set some parameters,
for example: - measuring step - misorientation angle - parameter for smoothing
orientations - the number of measured points or the surface area of the measurements,
etc. The grains are approximated by an ellipse. In this paper, mathematical modeling
of the distribution over the cross sections of an ellipse is considered. In the first
example, the ellipse is modeled along the chord. Also, a numerical verification of
the reliability of the data is performed using the Monte Carlo method and the χ2 criterion.

Fig. 1: Ellipse schema
a > 0 - major axis of ellipse
0 < b ≤ a - minor axis of ellipse
ab = k ≥ 1 - ratio coeﬃtient of ellipse axises
ϕ ∈ (0, π) - the angle of rotation of the major axis with respect to Ox.
Modelling a particular case. The task is to find the law of distribution of the axes of the
ellipse.
√
π · r2 = π · a · b, r = k
a)
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pb (x) = e−x , x ≥ 0
pk (y) = 1, y ∈ (1, 2)
Fr (x) = 1 − 2
∫
pr (z) = 2z

−z
√
2

z
z
√
2

+ e−z + z 2

∫

z
z
√
2

e−x
dx
x2

e−x
dx
x2

The simulation was tested using the χ2 criterion, which gave a result for Pearson’s statistics of

Fig. 2: Histogram of the distribution of the ellipse axes
0.9685, which corresponds to the confidence level of 0.98 (5 degrees of freedom).
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Accelerating performance of a multicomponent self-consistent
Ornstein-Zernike application
A.A. Anikeev1,a) , Y.A. Bogdanova1 , S.A. Gubin1
1 National Research Nuclear University MEPhI
The thermodynamic integral equation theory based on the Ornstein-Zernike equation
is a widely used classic approach to predict thermodynamic and structural properties
of fluids. A multicomponent self-consistent OZ application is required to simulate
fluid mixtures at a wide range of thermodynamic properties. Unfortunately, a computational complexity of multicomponent self-consitent routines increases drastically
with amount of species in simulated mixture. We propose an example of performance
acceleration of a HMSA-based OZ application for NH3 -N2 -H2 isotherm simulation
at modern computational machines.
Recently, we propose the multicomponent self-consistent OZ application [1][2] for a shock
Hugoniots simulation, based on the HMSA [3] closure relation:
(
[
])

exp fij (r) hij (r) − cij (r) − βϕA
(r)
−
1
ij


gij (r) = exp(−βϕR
ij ) 1 +
fij (r)


fij (r) = 1 − e−λij r

(1)

(2)

where gij (r) — radial distribution function of i and j species, hij (r) — total correlation
function, cij (r) — direct correlation function, β = kB1T — inverse temperature, kB — Boltzmann
A
constant, T — temperature, ϕR
ij (r) — repulsive pair potential, ϕij (r) — attractive pair potential,
fij (r) — switching function with adjustable interpolation parameters λij to be determine by a
residual minimization in a PHNC-like [4] self-consistency relation:
ρ 2 ∑∑
P = − π
ρi ρj
β 3
m

m

∫

i=1 j=1

(

∂(βP )
∂ρi

)
= 1 − 2π
T

m
∑
j=1

+∞

gij (r)
0

∫

dϕij (r) 3
r dr
dr

(3)

+∞

cij (r)r2 dr

ρj

(4)

0

and the linear approximation for unlike-pair parameters with or without the radii multiplication:

a)

λij =

λii + λjj
2

(5)

λij =

λii rii + λjj rjj
2rij

(6)
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where P — pressure, ρ — density, m — amount of species, ρi — partial density of specie i,
ϕij — pair potential, rij — pair potential minimum radius.
The bottleneck of the application was found at the Fourier transform routine of the OZ
equation solver [5][6]. It was accelerated at SIMD processor instructions with the patient runtime
optimization algorithm [7]. A further acceleration may be performed by a parallelization at any
parent routine. The parallelization of the numerical pressure derivatives (eq. 3) provides very
low IPC and interconnect requirements for shared memory and MPP machines both.
The NH3 -N2 -H2 isotherm [8] simulation reveal a good agreement between multicomponent
HMSA application results and multicomponent molecular Monte-Carlo data (fig. 1). The reason
of the discrepancy between the multicomponent models and the experimental data is a lack of
the Van der Waals one-fluid vdW1f model which used to determine the pair potential parameters
[9].

Fig. 1: HN3-N2-H2 isotherm
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Polyctrystalline specimen and EBSD data modelling to study an influence of
the EBSD measurement parameters on reliability of the texture
characteristics calculation
A.O. Antonova1,a) , T.I. Savyolova1,b)
1 National Research Nuclear University "MEPhI"
The mathematical model of the polycrystalline specimen and the results of the EBSD
(Electron Backscattering Diﬀraction) experiment is developed to study the measurement parameters impact on the texture characteristics evaluation. As the EBSD
measurement parameters a scanning step and a threshold disorientation angle are
considered.The specimen and experiment simulation allows us to compare texture
entities calculated directly from specimen with corresponding ones obtained from
model measurements. The mathematical statement of the considered problem is
formulated.
The need of extra study of the EBSD parameters (h, ω0 ) influence on the results of texture
characteristics calculation for the given specimen is highlighted in the works [1, 2]. For this
purpose the following mathematical statement of the problem is suggested. Let the random
vector be given
−
→
U = [x, ω, g(ϕ, θ, ψ), δ].

(1)

−
→
Its components are independent and follow the given distribution laws (DL). The vector U so
defined is proposed to be the grain model, where x is a size of the grain defined as a diameter of
a)
b)
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a circle equal to the grain’s cross section with respect to their areas; g(ϕ, θ, ψ) — an opientation
of the grain; ω – disorientation angle with the following grain; δ – a boundary between the given
grain and the following one.
Then the sampling vector
−
→
→
−
S N = {Ui , i = 1, ..., N }

(2)

is defined as the model of a polycrystalline specimen consisting of N grains.
−
→
−
→
Φ( S N , h, ω0 ) is an operator, modelling the result of EBSD study of the specimen S N under
the parameters (h, ω0 ), where h ∈ (0, H), H > 0 is a scanning step over the surface of specimen,
ω0 ∈ Ω0 ⊆ (0, π) is a threshold disorientation angle.
−
→
The transformed sampling vector S N can be presented as
−
→
−
→
−
→
S̃ Ñ = Φ( S N , h, ω0 ) = {Ũi , i = 1, ..., Ñ } = {[x̃i , ω̃i , g̃i (ϕ̃i , θ̃i , ψ̃i )], i = 1, ..., Ñ }.

(3)

The following hypothesis are considered:
H1 = X(x) = X̃(x̃) – DL for grain sizes is conserved;
H2 = W (ω) = W̃ (ω̃) – DL for disorientation angles is conserved;
H3 = F (g) = F̃ (g̃) – DL for orientations is conserved;
−
→
→
H4 = P (−
y ) = P̃ ( ỹ ) – DL for normals of crystal planes is conserved.
The problems are formulated below.
1. To find the parameters sets from the discrete aggregate D = {(hi , ω0i ), i ∈ N} for which
the hypothesis Hi , i = 1, 2, 3, 4, are valid. For testing the hypothesis the chi-squared test of
homogeneity should be applied.
2. To reveal the influence of the parameters (h, ω0 ) on the mathematical expectation and variance
x, ω.
3. To assess the impact of the parameters (h, ω0 ) on the results of orientation distribution
function (ODF), pole figures (PFs) and texture index (TI) calculation. For calculation of ODF
and its functionals from the set of individual orientations the kernal estimation method is used.
In the given work the ODF in the form of central normal distribution (CND) is used [3]:
f (t)dt =

∞
∑

(2l + 1) exp{−l(l + 1)ε2 }χl

l=0

t
1
sin2 dt,
π
2

(4)

θ
1
t
where t ∈ [−π, π], cos 2t = cos ϕ+ψ
2 cos 2 , χl = sin(l + 2 )t/ sin 2 are the characters of the rotation group SO(3) representation; π1 sin2 2t dt – invariant measure; ε – parameter of the texture
sharpness.
Then the TI can be determined as follows [3]:

J=

1
π

∫

π

f 2 (t) sin2 tdt =
0

∞
∑
l=0

|Cl |2 , Cl =

1
π

∫

π

f (t)χl sin2 tdt.

(5)

0

The PF can be represented by the following formula [3]:
→ (χ) =
P−
h

∞
∑
1
(2l + 1) exp{−l(l + 1)ε2 }Pl (cos χ) sin χdχ,
2

(6)

l=0

−
→
where h = {ϕ, θ}, −π ≤ ϕ < π, 0 ≤ θ ≤ π; Pl (x) are the Legendre polynomials.
The simulation of experiment results was performed for the given set of parameters meanings [4, 5]: h = 0.5µm; 1.0µm; 2.0µm; ω0 = 5o , 10o , 20o . According to the results of the model
108

Problems of Mathematical Physics and Mathematical Modelling (2017)

EBSD experiment all considered texture characteristics are strongly aﬀected by the threshold
disorientation angle, the influence of step size is not so significant.
It was found out that the PF maximum and its position are unstable to EBSD measurements
parameters. The more grain size distribution approaches the uniform one, the stronger instability
and the less accurate PF calculation [5].
The real EBSD experiment was performed. In the real EBSD experiment material for the
investigation was a ferritic-martensitic steel EP823 (12Cr-Mo-W-Si-V-Nb-B). The special treatment results in the formation of the microcrystalline surface layer with a mean grain size of 2µm.
EBSD measurements were performed with the same parameters meanings as in modelling.
The processing of the model and real experiments observations has pointed out the correlation
between behavior of texture entities obtained from simulated and really performed experiments
[6]. The dependence of IT on measurement parameters in the model experiment was confirmed
by the dependence calculated for the steel EP823.
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Modelling of the forming devices of high-current pulsed accelerators
G.P. Averyanov1,a) , V.V. Dmitrieva1,b) , N.P. Kornev1
1 National Research Nuclear University “MEPhI”
The report provides a comparison of the mathematical model of the forming devices
of high-current pulsed accelerators based on the solution of unsteady problems for
electric circuits with the distributed parameters and the model implementing direct
calculation methods obtained on the basis of operator transformations.
The pulse voltage generator used in high-current electron accelerators (like Arkadiev-Marx
generator) are realized on the basis of cascade circuits of the primary capacitive storages with
a pulse duration of several microseconds. To enhance the pulse power with minimal loss of
stored energy, it is necessary to reduce the pulse width to a nanosecond range. This is achieved
a)
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using forming devices on the basis of long lines, ensuring operation with a wide range of pulse
frequencies up to a gigahertz range.
Forming devices of high-current pulsed accelerators can utilize diﬀerent types of lines (coaxial,
stripline, radial, etc.) with generally length-varying wave impedance, for modeling of which the
use of methods of solution of unsteady problems is required.
As practice shows, the most eﬀective solutions for such problems are various variants of the
method of characteristics (in particular, Dvorak scheme) for the solution of telegraph equations,
because ultimately, this allows to consider the segments of transmission lines as four terminal
networks, and incorporate the developed model into the CAD specializing in the calculation of
electric circuits with the concentrated parameters.
The passage of the impulse in the segment of a long line with losses can be described by a
system of Telegraph equations:

∂
∂
u = (R + ρτ ∂x
)i
 − ∂x


(1)
∂
∂
− ∂x
i = (ρR + τ ∂x
)u

where u = u(x, t) is a function of voltage and i = i(x, t) is a function of current with the
following distributed electrical parameters: L – inductance, C – capacitance, R - resistance, G
- conductance, τ is the delay (or electrical length), ρ is the wave resistance. The method of
characteristics involves consideration of the long line as a sequence of sections with a smoothly
varying wave impedance and an equal electrical length. The solution of the system (1) can be
obtained in the form of a recurrent finite-diﬀerence schemes for functions of current and voltage
(2) depending on time T :

 uk+1 (t + Tk ) + ρk ik+1 (t + Tk ) = (1 − ρk gk )uk (t) + (ρk − rk )ik (t)


(2)
uk (t + Tk ) − ρk ik (t + Tk ) = (1 − ρk gk )uk+1 (t) + (ρk − rk )ik+1 (t)

here, the magnitude of current – ik+1 and voltage – uk+1 in the section of the line with the
number (k + 1) are determined via the amount of current – ik and voltage uk , as well as through
the electric length Tk , resistance rk , and conductivity gk , computed for the previous line segment
(with number k).
The method of characteristics, which has high accuracy and which is most suitable for use
in specialized CAD, is admitted to be excessively resource demanding from the point of view of
its use in the applications of educational use for which it is enough to consider a long lines with
small losses in conductors and dielectrics, which allows the use of direct calculation on the basis
of Laplace transformation.
−
→
←
−
Expressions for the voltage functions Vx (p) and Vx (p), represented in an operator form in the
system of equations (3) are standard one-dimensional solutions of the Telegraph equation for
the line segment:
)
(

∞
∑
−
→

Z0
k

Γl exp(−γ(2kl + x)) Vs
Vx (p) =

Z0 +Zs + Γ0


k=0
(
)

∞

∑
←
−

k+1
Z0

Γl exp(−γ(2(k + 1) − x)) Vs
 Vx (p) =
Z0 +Zs + Γ0

(3)

k=0

where p is the Laplace operator, Z0 = const is the characteristic impedance of the line, Vs
is the function of the voltage generator, Zs is the internal resistance of the voltage generator,
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Γ0 = const is a reflection coeﬃcient at the input of the line, k is the number of the reflected
wave, Γl = Γl (p) is the reflection coeﬃcient of the load line, presenting it so it is possible to
obtain a universal formula of Laplace transformation:

Γl (p) =

λ
+δ
p+β

(4)

where the constants λ, β and δ depend on the parameters of the load and the type of
connection (serial or parallel). By substituting (4) into (3), it is simple enough to convert back
and get the formula for direct calculation. In Fig.1, a comparison of results of calculation of
transients by the method of characteristics and operator and operator method shows that the
maximum variation voltage is not more than 5%.

Fig. 1: Comparison of results of calculation of transients by the method of characteristics (CAD
“Atlas”), and a operator method “LongLine”.
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Modelling dynamic processes in a nuclear reactor by state change modal
method
A.V. Avvakumov1,a) , V.F. Strizhov2,b) , P.N. Vabishchevich2,3,c) , A.O. Vasilev3,d)
1 National Research Center Kurchatov Institute
2 Nuclear Safety Institute, Russian Academy of Sciences
3 North-Eastern Federal University
Modelling of dynamic processes in nuclear reactors is carried out, mainly, on the basis of the multigroup diﬀusion approximation for the neutron flux. The basic model
includes a multidimensional set of coupled parabolic equations and ordinary diﬀerential equations. Dynamic processes are modelled by a successive change of the reactor
states, which are characterized by given coeﬃcients of the equations. It is considered
that the transition from one state to another occurs instantaneously. In the modal
method the approximate solution is represented as eigenfunction expansion. The
numerical-analytical method is based on the use of dominant time-eigenvalues of a
multigroup diﬀusion model taking into account delayed neutrons. For each reactor
state the eigenvalues and eigenfunctions of the α-eigenvalue problem are calculated
in advance. This provides very fast calculations in real-time scale. Numerical simulations of the dynamic process were performed in the framework of the two-group
approximation for the VVER-1000 reactor test model. The last is characterized by
the fact that some eigenvalues are complex. The dynamic model includes two reactor
states, namely the regular regime of the supercritical state with further transition to
the subcritical state. The results of the dynamic process simulation demonstrate the
acceptable accuracy in calculation of neutron power and delayed neutrons source in
comparison with the direct dynamic calculation.

1

Problem statement

The neutron flux is modelled in multigroup diﬀusion approximation taking into account delayed
neutrons. The neutron dynamics is considered in the bounded convex three-dimensional area with
corresponding initial and boundary conditions. We will use the following simplified description of
the dynamic processes in a nuclear reactor. In selected time interval, the non-stationary neutron
flux is determined by the nuclear reactor state. The state of the reactor is characterized by the
constant coeﬃcients of the system of multigroup diﬀusion equations. Dynamic processes in a
nuclear reactor can be considered as an instantaneous change of states (see Fig.1).
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Fig. 1: State change scheme.

Simulation of the dynamic behavior of the reactor consists in solving the sequence of subtasks
for the individual states of the reactor. The initial condition for the state s (at t = ts−1 ) is the
final state of the reactor for the state s − 1.
An approximate description of the non-stationary process at a separate stage is based on
modal approximation. An approximate solution is sought in the form of an expansion in eigenfunctions time-eigenvalue, α-eigenvalue problem. Finite-element approximation in space is used.
The modal approximation corresponds to the representation of the approximate solution of
problem as a sum of dominant eigenfunctions with corresponding coeﬃcients. Each eigenfunction
is the solution of the α-eigenvalue problem. To find the coeﬃcients, a system of linear equations
is solved. The state change modal method is based on the following calculating scheme.
Oﬀ-line calculation. Calculation of the coeﬃcients of the mathematical model of the multigroup diﬀusion approximation for the isolated reactor states, which is performed in advance.
The status passport also includes calculated dominant eigenvalues and eigenfunctions of
the α-eigenvalue problem. These data can be supplemented by dominant eigenvalues and
eigenvalues of the conjugate eigenvalue problem.
On-line calculation. Real-time modeling is carried out on the basis of the modal solution of
the problem. The coeﬃcients in the representation are calculated from the initial condition.
A test problem for a VVER-1000 reactor without a reflector is considered in the twodimensional approximation. The dominant eigenvalues were calculated (some of them are complex). In our example, the main eigenvalue is negative and therefore the major harmonic will
increase, and all others will fade. This demonstrates the regular mode of the reactor operation.
(α)
The value α = λ1 itself determines the neutron flux amplitude and is directly related to the
reactor period in the regular regime.
The problem of simulation of reactor dynamic processes is considered on the basis of multigroup neutron diﬀusion equations taken into account delayed neutrons. The modal approximation is used: an approximate solution is represented as an expansion on few dominant eigenfunctions of the α-eigenvalue spectral problem.
Numerical simulation of reactor non-stationary processes is carried out on the basis of a
successive change in the states of the reactor. These states are characterized by a set of constant
parameters to describe the multigroup neutron flux behavior. The state change modal method
was developed. The phase, which described fast transition to the approximate solution, is selected
as a set of dominant modes. At a slow phase of the reactor dynamics, the solution is based on
the evolution of dominant modes.
The computational implementation of the state change modal method is based on the previously calculated (of-line calculation) eigenfunctions and eigenvalues of the α-eigenvalue spectral
problem. Fast determination of dominant modes and calculation of the reactor neutron flux at
selected times are based on on-line calculation. The classical Lagrange finite elements p = 1, 2, 3
are used for the spatial approximation. Accuracy control is performed using condensed grids.
Spectral problems are solved numerically using well-developed free software SLEPc.
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Test calculations are made in two-dimensional analysis using a two-group diﬀusion approximation. Calculations of dominant modes for a reactor supercritical state are performed. The
major mode solution, which determines the reactor regular regime, is used as the initial condition
for transition to the subcritical state. The modeling of the reactor dynamics change as a transfer
from one state to another state is carried out for two variants. The first of them (symmetric
perturbation) is due to the uniform change in the absorbing material properties. The second
variant (asymmetric perturbation) deals with a non-uniform change in the absorbing material
properties (in two halves over the reactor cross-section).
Comparison of the calculational results obtained by using two methods (one based on modal
approximation and another based on the full dynamics calculation) shows the acceptable accuracy
in calculation of neutron power and delayed neutrons source for the VVER-1000 test problem.

Calculation of pole figures by functions on S 2 in R3 that are projections from
the canonical normal distribution on SO(3)
A.A. Beskrovnaya1,a) , T.I. Savyolova1
1 National Research Nuclear University "MEPhI"

The report presents an approximate formula for calculation of pole figures from
the canonical normal distribution. Using this formula, we calculated the model pole
figures with hexagonal symmetry for the normal to the base h⃗1 and the normals to
the side faces h⃗2 (6 equivalent planes). Plots are constructed for various values of
the parameters of the canonical normal distribution.
For small parameter values of the canonical normal distribution, in order to achieve the
required accuracy, it is necessary to calculate a large number of terms of the series and therefore
the calculation of this distribution by the Fourier series becomes problematic. Therefore, the
question arose of constructing a simple approximating formula for calculating the canonical
normal distribution.
In fact, this distribution formula was found by T.M. Ivanova and T.I. Savyolova:
Fe (a11 , a22 , a33 ; g) =

√

νe
π
ξ2
ξ2
ξ2
2 )
(
exp{− 1 − 2 − 3 }.
a11 a22 a33 sin νe
4a11 4a22 4a33
2

To calculate the pole figures from the canonical normal distribution, an analogous expression
was computed:
{
}
a11 (h1 − y1 )2 + a22 (h2 − y2 )2 + a33 (h3 − y3 )2
1
(
) exp − (
(
)
(
)
(
)) +
P⃗h (⃗y ) =
2 a22 a33 h21 + y12 + a11 a33 h22 + y22 + a11 a22 h23 + y32
2ϵ2 ⃗h, ⃗y
{
}
a11 (h1 + y1 )2 + a22 (h2 + y2 )2 + a33 (h3 + y3 )2
1
(
) exp − (
(
)
(
)
(
)) ,
+
2 a22 a33 h21 + y12 + a11 a33 h22 + y22 + a11 a22 h23 + y32
2ϵ2 ⃗h, ⃗y
a)
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where

2ϵ2

1
(
)=
⃗h, ⃗y

∞
∑
l=0

√

(
)
(
)
(
)

a22 a33 h21 + y12 + a11 a33 h22 + y22 + a11 a22 h23 + y32 
√
.
(2l + 1) exp −l (l + 1)


2

Using this expression, we calculated the model pole figures with hexagonal symmetry for the
normal to the base h⃗1 and the normals to the side faces h⃗2 (averaging over 6 equivalent planes).

⃗y = (y1 , y2 , y3 )
y1 = sin χ cos η
y2 = sin χ sin η
y3 = cos χ
0 ≤ χ ≤ π, 0 ≤ η < 2π
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Mathematical model comparing of the multi-level economics systems
S.M. Brykalov1,a) , A.V. Kryanev2,b)
1 JSC "Afrikantov OKBM"
2 National Research Nuclear University “MEPhI"
The mathematical model of a multi-level comparison of the economic system is constructed. In the mathematical model of the multi-level comparison of the economic
systems can be used the indicators of peer review and forecasting of the economic
system under consideration. The model can take into account the uncertainty in
the estimated values of the parameters or expert estimations. The model uses the
multi-criteria approach based on the Pareto solutions.

1

Introduction

Presented report is a logical continuation of the previous papers of the authors and is devoted
to analysis of multi-level economic system (MLS) [1, 2]. In the analysis of the complex economic
system (CES) it is necessary to have a mathematical scheme to compare several CES or more
options for the development of one of CES and to answer the question - which one is more
eﬃcient and reliable. These mathematical models are considered also for complex technical
systems (CTS) [3] to determine their technical proficiency and to compare them with other
similar CTS [4, 5, 6]. As in the previous papers [1, 2], in this report we use MLS, which is
characterized by a number of criteria [6, 7].

2

The mathematical scheme clotting particular indices in integrated indicators for the multi-level economic systems

We consider i = 1, . . . , n the CES, each of which is characterized on the lower level by j =
1, . . . , m0 the particular indices (the more value of indices, the more eﬀective CES), and on the
every levels by the integral indicators R1ij , j = 1, . . . , m1 , . . . , RM ij , j = 1, . . . , mM , respectively.
Thus, each integral index of the level consists of the index of the previous level.
Let R1ijk , j = 1, . . . , m1 , k = 1, . . . , n1j , . . . , RM ijk , j = 1, . . . , mM , k = 1, . . . , nM j , are the
particular initial indicators which are included in the j-th integral index of the first level and in
the j-th integral index of the M -th level, respectively.
To solve the problems of the forecasting of the particular indicators can be used the methods
of the metric analysis [8].
There are the data values the lower level:
R0ijk , k = 1, . . . , n0j , i = 1, . . . , n, j = 1, . . . , m0 ,
R0ijk is the value of the j-th particular index of the i-th CES.
Similar to paper [2], experts consider the prioritization of indicators of each level, with the
help of which the partial indicators are reduced to integral indicators of the first level. Then,
similarly to the paper [2], the integral indicators of the previous level are sequentially rolled up
to the integral indicators of the subsequent level up to the last M -th level.
a)
b)
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Then we calculate the normalized value of the complex criteria for each CES and we produce
a ranking of SES on the values of complex criteria:
H
H
H
R(1)
≥ R(2)
≥ . . . ≥ R(n)
.

CES with number i = (1) is the best CES by the integrated eﬃcacy.
In the case of the performance of expert evaluations and values to account for uncertainties
in the values of particular indicators we use the fuzzy numbers [8].
In the case of the fuzzy numbers to describe the uncertainties in the values of indicators of
two complex criteria for each SES: the complex criterion of eﬃciency and the complex criterion
equality uncertainty.
The final selection of the best CES carried out among the Pareto solutions with respect to
two criteria.

3

Conclusion

The report presents the mathematical model for the comparing of the multi-level economic CES
or the comparison of several variants of the same CES which is characterized by the criteria system. This mathematical comparison circuit may use the design or expert assessment indicators
and predict some or all of the considered indicators of CES. The model provides the account of
uncertainties in the estimated values and expert assessment indicators or forecast values. The
model uses a multi-criteria approach to the possibility of taking into account both quantitative and uncertainty indicators. The final decision is taken among the Pareto solutions of the
multi-criteria problem with two integral criteria: the complex criterion of eﬃciency and complex
criterion of risk for integral indicators of the final level. The mathematical model presented in
this report can be used by oﬃces and enterprises in various industries.
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Holographic Interferometry of Thin-walled Structure Distortion during the
Stereolithography Process.
P.S. Bychkov1,a) , I.N. Saifutdinov1,b)
Institute for Problems in Mechanics of the Russian Academy of Sciences.

1 Ishlinsky

This сommunique aimed at experimental study for the distortion of geometrical shape
of thin walled structures manufactured by stereolithography technologies.
Stereolithography is a widely used technology in the field of rapid prototyping that is now
under intensive development [1]. This technology is based on a photopolymerization process that
uses ultraviolet radiation to selectively draw or print cross sections of a model on a photocurable
resin surface. This process may be realized in two primary configurations: laser based vector by
vector scanning and layer projection exposing in a whole. The advantages of such technology
are well known. In particular, these include the problem for minimizing of the distortion of geometrical shape [2]. This problem is most significant with additive manufacturing of thin-walled
structures. The distortion may be caused by a number of reasons. The most important among
them are: shrinkage accompanying the photochemical process, heating of curable surface during
the projection exposition. Present communication deals with the issues of mathematical modelling for the distortion of thin-walled solids caused by mentioned above reasons and elaboration
of experimental methodology for their identification.
From the mathematical point of view stereolithographically created solids may be formalized
as growing deformable inhomogeneous bodies whose inhomogeneity is caused by junction of
incompatible deformed parts [3]. Pivotal role in the theoretical modelling is given to the implant
field that determines the inhomogeneity and depends on the processes on growing surface. Details
of this theory are shown in [4, 5]. In order to get the complete statements of the problem one
have to obtain some experimental data concerning an evolution of growing process. This data
may be represented by the time depend distortion of a part of the body surface that is not
applied to the deposition. In order to implement this experimental procedure the setup based
on holographic interferometry of distortion of thin-walled structure during the stereolithography
process is developed. It allows identifying the distribution of distortion field with respect to
various regimes of vector scanning and projection.
Schematics of real-time holographic interferometry equipment is shown on the picture 1.
It consists of three modules. First of them is Michelson interferometer with elongate optical
path (It is indicated on the diagram in red). The output of Michelson interferometer is sent to
an oscilloscope and these devices together play role a guard against errors caused by random
vibration. The second modulus is the main part of the whole scheme. It realize time-average
holographic interferometry scheme (It is indicated on the diagram in green). We explain how it
works in detail.
Holography is a photographic technique based on the interference of two coherent wavefronts.
A single beam of monochromatic light generated by laser (GLaser) is split using variable beam
splitter (BS1 ). One part of the beam after the sequence of reflections is reflected from the
object to be imaged (S) onto photosensitive high resolution plate (P rp), the other part travels
to the plate undisturbed. The two wavefronts combine at the plate resulting in an interference
pattern which gives a three-dimensional image of the object. This image represents reference
form of the sample. During distortion, caused for example by curing, the wavefront reflected
from deformable solid changes while reference wavefront remains unchangeable. Interrelation of
a)
b)
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Fig. 1: Schematics of real-time holographic interferometry

Fig. 2: Fringe patterns
these two wavefronts results in fringe pattern that evolutes in time. Dark fringes are mainly the
result of the experiment because they corresponds to displacements of the sample surface in the
optical axes direction. The last modulus (it is indicated on the diagram in violet) is a ultraviolet
radiation source and collimation system.
The diagram uses the following symbols: L1 -L8 denote lenses, P H1 -P H3 are pinholes, M1 ,
M2 denote opaque mirrors while F m5 is a semitransparent mirror. Symbols BS1 , BS2 denote
beamsplitters, P d1 is a photosensor, P rp is high resolution photoplate, RP is a rotating mount
and S is a sample.
As a result of the experiment on the CCD camera recorded a sequence of frames that contain
both required information and noise that appears due to speckle structure of coherent light.
We eliminate the noise by digital filtering based on fast Fourier transformation. After that we
automatically obtain distribution for minimal points that corresponds to black curves generated
by fringe pattern.
In experiments hollow cubes were used as samples. Such form represents principal features of
thin-walled structure. Directly after manufacturing each sample was placed on rotating support
as an object in time-average holographic interferometry scheme and covered with thin liquid
photopolymer layer. Then a reference hologram was taken on a photographic plate and curing
started. During this process the evolution of fringe pattern was recorded onto CCD camera.
Three frames are shown on Pic. 2.
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J/ψ −→ e+ e− decays reconstruction for 10 AGeV Au+Au collisions in the
CBM experiment
O.Y. Derenovskaya1,a) , V.V. Ivanov1,2,b) , D.S. Ogorodnikova2,c)
1 Laboratory of Information Technologies, Joint Institute for Nuclear Research
2 National Research Nuclear University “MEPhI”
The current paper presents criteria that provide an eﬀective selection of the J/ψ −→
e+ e− decays for Au+Au collisions at 10 AGeV in the CBM experiment.
The CBM Collaboration [1] builds a dedicated heavy-ion experiment to investigate the properties of highly compressed baryon matter as it is produced in nucleus-nucleus collisions at the
Facility for Antiproton and Ion Research (FAIR) in Darmstadt, Germany. The investigation of
Au + Au collisions at 10 AGeV energy will be performed at the first phase of FAIR with a start
version of the CBM detector at SIS-100. The goal is a fast and eﬃcient selection of the signal
events for J/ψ → e+ e− reconstruction in the real time experiment. This task is one of the key
goals of the CBM experiment.
Two data sets have been investigated: the electron-positron from J/ψ to e+ e− decay generated by PLUTO, and the central Au+Au UrQMD events. The selection criteria for J/ψ reconstruction are given below [2]. These criteria are applied in order of importance, successively to
a sample formed as a result of applying the preceding criterion.
a) On the first step, we select only those particles which have large transverse momentum.
If we choose the limit of pt > 1, we can significantly suppress the background with a minimum
loss of signal events.
a)
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b) In parallel with the track reconstruction in the STS, we can weed out the "unnecessary"
tracks in the TRD detector. In order to conduct further an adequate electron identification, we
need data on the particle energy losses at least at three points. Therefore, for further analysis
we consider only such particles which have the number of hits in the track more than or equal
to three.
c) The next step is the electron identification and the pions suppression in TRD with the
help of an artificial neuron network [2].
d) As the main magnetic field component is directed along OY axis, the magnetic field
deviates electrons and positrons to the diﬀerent directions in XOZ projection. If we impose a
limit on the deviation of particle trajectory from a straight line in the XOZ projection, it is
possible to further suppress the background.
e) The information from TOF is also used to select electrons and to remove protons from the
sample.
f) Further TRD-tracks are transported into the RICH detector; and those particles which
have already passed the previous criteria are cut oﬀ by the particles that are not linked to any
of the rings.
Table 1 shows the loss of signal events and the corresponding suppression background in each
stage independently, the total value is in the last line. The selected criteria allow one to almost
completely suppress the background.
Criteria
a
b
c
d
e
f
Total

Signal loss (%)
16
18
28.5
7.5
1.1
1.6
55

Bg supp (%)
92
26
99.5
16
54
61.5
99.9

Table 1: The loss of signal events and the corresponding suppression background in each stage
The resulting invariant-mass spectrum of J/ψ mesons in AuAu collisions at 10 AGeV energy
is shown in Fig. 1. The KFParticleFinder [3] was used to reconstruct the signal event topology.
The reconstruction eﬃciency is about 11.6%. The calculated signal to the background ratio is
about 0.14. As seen, despite the fact that combinatorial background is significant, the signal is
visible.

Fig. 1: The reconstructed invariant-mass spectrum of J/ψ for central AuAu collisions at 10
AGeV
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Fig. 1: Planar waveguide inserted into the box Rx × Ry .
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Modeling the propagation of polarized light in a thin-film waveguide lens
D.V. Divakov1 , M.D. Malykh1,2,a) , L.A. Sevastianov1,b) , N.E. Nikolaev1
1 RUDN Unuversity
2 MSU
The problem of the propagation of waveguide modes in open waveguiding systems
is studied by reducing the investigation systems to well-studied closed waveguiding
systems.
The problem of the propagation of waveguide modes in a closed waveguide is well studied,
since in this case the system of normal modes is complete and the partial radiation conditions
allow us to correctly formulate the problem of propagation and diﬀraction of electromagnetic
radiation at irregularities in closed waveguides. Therefore, it is reasonable to reduce the investigation of open waveguiding systems to well-studied closed waveguiding systems by placing such
systems in a box.
Consider a three-layer planar waveguide, having a thickening with a refractive index nl deposited on the waveguiding layer. Such a thickening is well known in integrated optics as a
microlens. We direct the Oz axis of the Cartesian coordinate system along the waveguide axis,
the Oy axis — in the direction perpendicular to the waveguide layers, see Fig. 1. The system
a)
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of normal waves of an open planar waveguide is not complete; instead of trying to take into
account the continuous spectrum, we note that events occurring at a distance of several dozens
of wavelengths from the waveguide layer should not significantly influence the evolution of the
waveguide modes. We place the entire structure in a closed waveguide with rectangular section
Rx × Ry , and assume that the events for |x| > Rx do not aﬀect propagation of the waveguide
modes, so we place the Dirichlet condition on this wall. Also assume that for |y| > Ry the field
ceases to depend on y, so we put the Neumann condition on this wall. After this, we can pose
the correct problem of propagation of such modes. In the scalar approximation, this problem
can be written as follows

2

∆⊥ u + k q(x, y, z)u = 0,




u|y=±Ry = 0,
∂u
(1)
∂x x=±Rx = 0,

∑
∑

iγ
z
−iγ
z

n
n

u|z<−Lz =
Fn vn (x, y)e
+ Rn vn (x, y)e
,


∑
∑

iγ
z
iγ
z
n
n
u|z>Lz =
Fn vn (x, y)e
+ Tn vn (x, y)e
Here vn e±iγn x are normal modes of the closed waveguide, Fn are the specified coeﬃcients characterizing the incident wave, and Rn , Tn are the reflection and transmission coeﬃcients to be
found.
The proposed model is not exact one, since part of the light energy emitted by the open
waveguide is channeled by infinitely high potential walls at the boundary of the enclosing closed
waveguide. The advantage of the model is the correctness of the formulated problem. To study
its solutions, their dependence on the boundary conditions and on the coeﬃcients of the equation,
one can use a wide range of rigorous mathematical methods and approved computer programs.
The report will present the results of numerical experiments, during which the named matrices
for various thickening profiles were calculated. All calculations were carried out in the computer
algebra system Sage.

Lyapunov stability analysis for the generalized Kapitza pendulum
O.V. Druzhinina2,a) , L.A. Sevastianov1,b) , S.A. Vasilyev1,c) , D.G. Vassilyeva1,d)
1 RUDN University
2 Federal Research Center "Computer Science and Control" of Russian Academy of
Sciences
We consider an one-body generalization of the Kapitza pendulum. We show that this
system is dynamically stable to the harmonic vertical and horizontal forced oscillations of the suspension with finite frequencies and amplitudes. Lyapunov stability
analysis for this system was applied.
Kapitza’s pendulum is a rigid pendulum in which the pivot point vibrates in a vertical
direction, up and down. The unique feature of the Kapitza pendulum is that the vibrating
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suspension can cause it to balance stably in an inverted position. A pendulum with vibrating
point is a classical problem of perturbation theory. The phenomenon of stabilisation of the
upper vertical position of the pendulum by fast vertical vibrations of the suspension point was
discovered by A. Stephenson [1]-[2]. P.L.Kapitza has developed a method of separation of slow
and fast motions for the pendulum [3]-[4]. Diﬀerent aspects of this problem were discussed in
many publications [5]-[8]. In this work are investigated generalizations to Kapitza’s pendulum
whose suspension point moves in the vertical and horizontal planes. It was studied Lyapunov
stability for this pendulum.
Let l and m be length of the massless rod and mass of the bob for this pendulum. Let x(t)
and y(t) be horizontal and vertical Cartesian coordinates of the suspension point. Denote by
θ(t) the angle between the rod of the pendulum and the vertical. In this case we can written the
coordinates of bob in the form:
{
x(t) = l sin θ(t) + a sin ω1 t,
(1)
y(t) = l cos θ(t) + b sin ω2 t,
where ω1 and ω2 are the frequencies of the harmonic vertical and horizontal forced oscillations
of the suspension, a and b are amplitudes of the forced oscillations along the axes x and y, and
{
ẋ(t) = l cos θ(t) θ̇(t) + a ω1 cos ω1 t,
(2)
ẏ(t) = −l sin θ(t) θ̇(t) + b ω2 cos ω2 t,
where vx = ẋ, vy = ẏ are velocities along each of the axes.
Then the kinetic and potential energies of the bob are
[(

)
(
) ]
K = m (ẋ2 + ẏ 2 ) = m l cos θ(t) θ̇(t) + a ω cos ω t 2 + −l sin θ(t) θ̇(t) + b ω cos ω t 2 ,
1
1
2
2
2
2

V = mg y(t) = mg (l cos θ(t) + b sin ω2 t) ,
(3)
where m is mass of the bob.
The total energy of the system is given by the sum of the kinetic and potential energies
)
m( 2
E =K +V =
ẋ + ẏ 2 + mg (l cos θ(t) + b sin ω2 t) ,
(4)
2
and then Lagrangian of the system has the form:
)
m( 2
ẋ + ẏ 2 − mg (l cos θ(t) + b sin ω2 t) .
L=K −V =
2

(5)

The Euler - Lagrange equation for the phase of the pendulum as follows
d ∂L ∂L
−
= 0,
dt ∂ θ̇
∂θ
and the equation of the pendulum motion has the form:
θ̈(t) −

aω12 sin ω1 t
bω 2 sin ω2 t − g
cos θ + 2
sin θ = 0.
l
l

We can rewrite this equation in the form of the system diﬀerential equations first ordr
{
θ̇ = φ(t),
φ̇ = l−1 aω12 sin ω1 t cos θ(t) − l−1 (bω22 sin ω2 t − g)sin θ(t) ,
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where φ is an auxiliary variable.
We show that this interacting system is dynamically stable to periodic drives with finite
frequency and amplitude. Lyapunov stability analysis for this system was studied.
In this work the system (7) was investigated and Lyapunov stability analysis for an one-body
generalization of the Kapitza pendulum was studied.
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Implementation of diagram technique for statistical systems in Sympy
E.G. Eferina1,a) , D.S. Kulyabov1,2,b)
1 Peoples’ Friendship University of Russia (RUDN University)
2 Joint Institute for Nuclear Research
During development of various methods for randomization of one-step processes the
attention was focused on obtaining the stochastic equations in the Langevin’s form,
since this form is most usual in the construction and study of models of one-step
processes. However, the partial diﬀerential equations (master equation and the
Fokker–Planck equation) can provide richer description of the model to researchers.
It is proposed to use a help of perturbation theory in the framework of quantum
field theory to study these equations. This method is based on the Feynman diagram technique that, in turn, is a universal and suitable for any models. For this
purpose a methodology is introduced and an analytical software framework is constructed to represent the main kinetic equation in the operator form in the terms
a)
b)
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Fig. 1: Forward interaction (operator approach)

Fig. 2: Backward interaction (operator approach)

of Fock representation. Additionally the developed framework allows to generate
feynman diagrams and to obtain model equations using them. SymPy library is
employed as a symbolic calculations engine.
The work is partially supported by RFBR grants No’s 14-01-00628, 15-0708795 and 16-07-00556. Also the publication was financially supported by the
Ministry of Education and Science of the Russian Federation (the Agreement No
02.A03.21.0008).

1

Diagram technique

Initially the models are described by the interaction schemes and studied using two approaches:
combinatorial and operator ones. In the combinatorial approach, all operations are performed in
the space of states of the system, so we deal with a particular system throughout manipulations
with the model [1]. For the operator approach we can abstract from the specific implementation
of the system under study. We are working with abstract operators. We return to the state
space only at the end of the calculations. In addition, we choose a particular algebra operator
on the basis of symmetry of the problem.
Therefore, the diagrammatic technique should be determined for all of them. We will write
the scheme of interaction in the formalism of diagrams. Each of scheme corresponds to a pair of
diagrams for forward and backward interaction respectively.
Each line is attributed to a certain factor (depending on the the approach chosen). The
resulting expression is obtained by multiplying these factors.
We could obtain the Liouville operator using interaction diagrams in the operator approach
[2]. Let us assign the corresponding factor for each line. The Liouville operator is obtained as
the normal ordered product of factors. We use the following factors for each type of line (fig.
1).
• Incoming line. This line corresponds to the disappearance of one entity from the system.
Therefore, it corresponds to the annihilation operator a. It is clear that the line with
combined capacity I corresponds to the operator aI .
• Outgoing line. This line corresponds to the emergence of one entity in the system. Therefore, it corresponds to the creation operator π. It is clear that the line with combined
capacity F corresponds to the operator π F .
• Line of interaction. This line corresponds to the ratio of the interaction intensity.
For the combinatorial approach we get the master equation in the representation of the state
vectors.
We use the following factors for each type of line (fig. 3).
• Incoming line. If all lines correspond to diﬀerent state vectors, the factor of each line is
the corresponding state vector. If there are several lines corresponding to the same state
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Fig. 3: Forward interaction (combinatorial
approach)

Fig. 4: Backward interaction (combinatorial approach)

Fig. 5: The diagram (fig. 1) in the B. G. Nickel notation
vector, the first line corresponds to the actual state vector (φ), the second line corresponds
to the value of φ − 1 (as the first line has reduced the number of entities of this type in
the system by one), and so further. That is, for a combined line factor can be written as
follows:
φ!
.
(1)
(φ − I)!
• Outgoing line do not give multiplicative contribution. It serves to obtain the step coeﬃcient
r:
r = F − I.

(2)

• Line of interaction. This line corresponds to the ratio of the interaction intensity.
To implement the diagram technique there are several libraries used: SymPy, Graph-tool and
GraphState. The framework contains rules for diagram generation and rules to obtain model
equations. A user can set initial parameters in both of terms: kinetic schemes and diagrams.
Graph-tool library allows to obtain diagrams in familiar representation but output for large
number of diagrams is very verbose. So we have written a script to transform these diagrams to
latex notation and this allows to provide output result as pictures.
For further diagram processing GraphState library is used that’s based on BG Nickel notation.
Independently to a library choice, that describes diagrams in terms of graphs as a result we obtain
a set of diagrams and corresponding model equations.
The diagram technique has been developed on the basis of Feynman diagrams and appears
as very easy and versatile to use with previous approaches: the combinatorial and the operator
since the schematic notation is determined by a set of rules, and they can be formulated for a
particular approach, herewith methods of calculation of schemes remain unchanged.
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Influence of fluctuations of local orientation of nematic liquid crystal
molecules on the coeﬃcient of damping of waveguide modes
A.A. Egorov1,a)
1 Prokhorov General Physics Institute, Russian Academy of Sciences
The use of the waveguide scattering method made it possible to obtain a resolution
of the correlation radii better than the classical Abbe-Rayleigh resolution limit by
approximately 10–19 times compared with the resolution of conventional optical
microscopes. The observed decrease in the damping coeﬃcient of the waveguide
modes and the dimensions of the irregularities of the liquid-crystal film at startup
of the external field is explained by the eﬀect of a de-crease in the correlation radius
for fluctuations in the local orientation of the liquid-crystal molecules. These results
are important for further study of dynamic processes in quasi-stationary waveguide
layers of nematic liquid crystals.
In our previous work we investigated the integrated-optical waveguides formed by the nematic
liquid crystal (NLC), including the imposition of a powerful pulsed-periodic electric field. For
the first time, the dependence of the attenuation coeﬃcient of the waveguide modes and the
dimensions of the quasi-stationary irregularities of the NLC film on the linear polarization of the
laser radiation introduced and the presence of a pulsed-periodic field was experimentally found.
The relevance and importance of these studies is due to the need to develop new methods
for studying NLC. In addition, there is a need to develop new highly decisive methods for investigating quasi-stationary irregularities within quasi-stationary waveguide nematic liquid crystal
layers. From this point of view, the competitiveness of waveguide research methods is obvious,
giving a sub-wave resolution over the lateral dimensions of the waveguide irregularities.
The object of investigation is an integrated-optical waveguide formed with the help of a
nematic liquid crystal. Liquid crystals (LC) are the phase state into which certain substances
pass under certain conditions (temperature, pressure, concentration in solution). Liquid crystals
have both the properties of both liquids and crystals. Recall that LC structure is a viscous fluid
consisting of molecules of elongated or disk-like shape, definitely arranged in the entire volume
of this liquid. The most characteristic property of liquid crystals is their ability to change the
orientation of molecules under the influence of electric or magnetic fields, which opens up wide
opportunities for their use in various fields of science, technology and industry.
The basis of most of the electro- and magneto-optical eﬀects specific for liquid crystals is the
director’s reorientation (i.e. the axis of the predominant direction of molecules of a macroscopic
volume of matter) under the action of a field or a fluid flow. The result of reorientation is a
change in the optical properties of the medium now due to its optical anisotropy. This process of
reorienting the director (local or taking place throughout the sample as a whole) can be traced
in all electro- and magneto-optical eﬀects. The NLC does not have a layered structure in the
initial state; their molecules glide continuously in the direction of their long axes, rotating around
them, but retain a long-range orientation order: the long axes are directed along one preferred
direction.
In the experiments, multimode NLC waveguides were studied, formed by two glass plates and
LC film between them. The NLC film had refractive indices: ordinary 1.53, and extraordinary
1.70 (for the laser radiation wavelength of 0.64 mkm and the temperature of 25–27 *C). Glass
plates (upper and lower framing media for the thin layer of nematic, whose thickness is determined
by the thickness of copper plates) had the refractive index of 1.52, which ensured the creation of
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symmetric LC waveguides. To quantify the optical losses in the waveguide, computer photometry
of digital photographs of the corresponding mode tracks was carried out. Then, in accordance
with the well-known formula, the attenuation coeﬃcients of waveguides were calculated.
The sizes of the NLC irregularities were estimated in accordance with the Rayleigh method
for a number of NLC waveguides and amounted to: 0.08–2.00 mkm. As is known, the Rayleigh
law is valid for scattering particles whose linear dimensions are small in comparison with the
wavelength of the incident radiation. It should be noted that, despite certain limitations of the
Rayleigh method, it is quite accept-able in most cases. Moreover, in many cases, it can help
experimenters in estimating the dimensions of the waveguide LC irregularities (irregularities and
non-homogeneities of the LC film) without attracting suﬃciently complex theories of waveguide
scattering, which require more laborious and subtle experiments and complex calculations.
The correlation interval determines the size of the "particles" of the scatterers, for example,
on the surface of the waveguide layer or in its volume. These "particles" should not be taken
literally. This term in the theory of irregular waveguides is used to indicate the region within
which a correlation takes place, i.e. the "distortion" of the surface, or "distortion" of volume of
the waveguide layer.
To explain the established patterns of light scattering in a waveguide, fluctuations in the local
orientation of NLC molecules were considered. Fluctuations of the director are accompanied by
elastic deformation of the medium, which leads to local random changes in the optical properties
of the medium, which cause the scattering of light. In this case, the correlation radius for the
director fluctuations depends inversely on the magnitude of the applied field. Comparison of
the predicted by the theory of liquid crystals law of change of the correlation radius of the
director fluctuations with the results obtained by us for changing in the correlation radius of
the irregularities of the NLC waveguide without a field and with the field showed that the
correlation radius at inclusion of the external field decreases for both types of modes. This
outcome indicates a good agreement between results obtained by us with results of the classical
theory of fluctuations of the director in NLC.
It should also be noted that in the quasi-stationary NLC waveguides under investigation
a number of mode tracks appeared, in which the damping coeﬃcient and the corresponding
brightness of the mode tracks fluctuated with time, which eventually led to time variations of
the parameters of the waveguide NLC irregularities.
The use of the phenomenon of waveguide scattering made it possible to substantially increase
the resolution by the correlation radii in comparison with classical methods such as optical
microscopy. In addition, the waveguide method made it possible to obtain statistical information
on waveguide irregularities in one measurement with a suﬃciently large volume of the waveguide
layer. The advantage of this method is also the possibility of investigating waveguide irregularities
in a wide range of changes in their lateral dimensions, including the size of the order of the
wavelength of the probing radiation, as in Mie’s scattering theory.
The obtained results are undoubtedly important for further investigation of dynamic processes inside quasi-stationary NLC waveguide layers, both from a theoretical point of view for
understanding kinetic processes in the nematic liquid crystals, and with practical, - in the organization and carrying out appropriate experimental researches.
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About normal distribution on SO(3) group in texture analysis
S.V. Filatov1,a) , T.I. Savyolova1,b)
1 National Research Nuclear University "MEPhI"
Normal distributions (ND’s) on SO(3) group are used for approximation of orientation distribution function. In this article diﬀerent ND’s are considered and compared
with each other: their plots are displayed and properties - examined. Comparison
of normal distribution is carried out in order to conclude which one is more suitable
for solution to problems in texture analysis.
Four diﬀerent normal distributions (ND) on SO(3) group, used in texture analysis, are considered and compared with each other.
Those are:
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All those distributions are central functions on SO(3) group. CND is a subcase for normal
CLT-motivated distributions on SO(3) (CLT here is Parthasarathy’s central limit theorem).
WND is motivated by CLT in R3 and exponentionally mapped to SO(3) group.
For small values of concentration parameter (an analogue of dispersion) all the ND’s approximate one another as f (t) = constχ2 (t). If the value of concentration parameter is big – ND’s
diﬀer.
All ND’s mentioned above are used for modeling diﬀerent components of crystallites orientation distribution function in texture analysis.
For both, CND and WND, exist Monte Carlo methods for modeling normally distributed
values.
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The molecular dynamics method as the technique for properties evaluation
of shock-compressed copper
S.A. Gubin1,a) , I.V. Maklashova1,b) , I.N. Mel’nikov1,c)
1 National Research Nuclear University MEPhI (Moscow Engineering Physics
Institute)
The molecular dynamics (MD) method was used for evalution of properties of shock
compressed copper. The embedded atom potential was used for definition of the
interatomic interaction. MD simulation allows to analyze the structure of cooper on
the atomistic level in addition to the radial distribution function to predict the melting area behind the shock wave front. A noticeable diﬀerence in crystal deformation
along the various directions can occur at pressures above 100 GPa.
The method of molecular dynamics (MD) modeling is an eﬀective tool for reliable prediction of the parameters of the state of substances in various gas-dynamic processes, including
quasi-equilibrium processes of metal compression in shock waves. A typical metal with a cubic
face-centered (fcc) structure is copper. The properties of copper in the region of high pressures
and temperatures are of practical interest for assessing the eﬃciency and structural stability of
materials under extreme strain. The shock compression of fcc metals diﬀers from static compression by anisotropy in various crystallographic directions [1]-[6]. Anisotropy in the compression
of copper complicates the prediction of thermophysical properties and the understanding of the
melting process in a shock wave. It is therefore of interest to compare behaviour and the melting
temperature obtained by MD simulation with considering diﬀerenсе in various crystallographic
directions with equilibrium thermodynamic calculations assuming one-dimensional compression
along the axis of propagation of the shock wave (orientationally independent of the crystallographic directions). To describe the shock compression of a solid by one-dimensional flat wave
was used Rankine - Hugoniot relationship for change in the internal energy E as a function of the
pressure P and the specific volume V (physical values with the subscript "0" correspond to the
parameters of the medium in front of the shock wave) E −E0 = 0.5(P +P0 )(V −V0 ). It enables to
calculate all thermodynamic properties of matter along the shock adiabat. Implemented in the
SageMD code [7] the Hugoniotstat method [8] was used for MD simulation of shock compression
of aluminum crystal. It can be seen from Figure 1 that the calculated data (lines) of the shock
wave pressure are in excellent agreement with experimental data (markers) [9].
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Figure 1. The dependence of the shock wave pressure on density of cooper. Line is this work,
markers are experimental data [9].
The Figure 2 shows the dependence of the deformation of copper along various crystallographic directions on the pressure in the shock wave. The existence of a strong dependence on
the orientation of a copper crystal in a shock wave, as shown in MD simulations [2]-[6], was
experimentally verified in [1]. According to experimental results [1] that this phenomenon is not
visibly observed. Real crystal defects and structural imperfection negate the diﬀerences in deformation in various directions. However, the absence of a dependence of the deformation on the
orientation of the cooper crystal can be due to the low compression of copper in experimental the
shock waves [1]. The visible diﬀerence in deformation of the crystal along the directions occurs at
pressures above 100 GPa. The greatest deviation in deformation along the directions starts near
the melting range of copper in a shock wave at a pressure above 200 GPa. The melting range of
cooper was evaluated by analyzing the radial distribution function, the mean square deviation
of the atoms and the visualization of the intraatomic structure of the copper crystal based on
MD simulation with isotropic shock compression (independent crystallographic directions).

Figure 2. The dependence of the deformation of copper along various crystallographic directions
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100, 110, 111 on the pressure in the shock wave. Lines are this work, markers are experimental
data [1].
This work is supported by the Russian Science Foundation under grant No. 16-19-00188.
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Collisionless relaxation of non-neutral Maxwellian plasmas
A.R. Karimov1,2,a) , A.A. Dementev1,b)
1 National Research Nuclear University MEPhI
2 Institute for High Temperatures, Russian Academy of Sciences
Based on the kinetic description, the dynamics of non-neutral, one species plasma
in an external electrostatic field is examined. Exact time-dependent solutions of a
Maxwellian type for the nonlinear Vlasov-Poisson system are obtained. The influence
of initial conditions on collisionless relaxation of two-dimensional plasma is discussed.
Investigation of the nonlinear, time-dependent structures in single species plasmas has received considerable attention owing to its wide range of applications and its connection with
basic problems of fluid dynamics and statistical physics [1, 2, 3]. The aim of this note is to consider the evolution of Maxwellian distribution function in the trapped collisionless, non-neutral
plasma. The charged particles are assumed to be trapped in the external quadratic potential
Φext (x, y) = kx x2 + ky y 2 ,

(1)

where kx and ky are some constants.
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In the absence of an external magnetic field, we look for the partial solution of time-dependent
system of Vlasov-Poisson equations in the form
[
]
(vx − Vx )2 + (vy − Vy )2
n
f=
exp −
,
(2)
πT
T
where n = n(t), T = T (t, x, y), Vx = Vx (t, x, y) and Vy = Vy (t, x, y) are the unknown macroscopic
parameters to be determined. Substitution of Eq.(2) into the Vlasov-Poisson equations leads to
the set of coupled nonlinear ODEs which can be integrated numerically to define the dynamical
properties of the macroscopic parameters.
Depending on the initial state and external parameters kx and ky , there exists a rich variety
of solutions of these governing ODEs which define diﬀerent physical situations. In particular,
for kx = ky we found conditions when the nonlinear oscillations in temperature dependence T (t)
are observed. In this case, the growth of the absolute magnitude of kx results in the growth
of the period for oscillations, and the shape of the temperature oscillations change over the
course of time. This example shows that when the interactions are long ranged, thermodynamic
equilibrium is never reached [4] and one should consider the dynamics for large times to find
some stationary state of the system worked out.
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Developing of mathematical approach for multi alignment of promoter sites
and regions of splicing
E.V. Korotkov1,a)
1 Institute of Bioengineering, Research Center of Biotechnology of the Russian
Academy of Sciences, Leninsky Ave. 33, bld. 2, 119071, Moscow, Russia
2 National Research Nuclear University “MEPhI”, Kashirskoe shosse, 31. Moscow
115409, Russia
A new solution to the NP-complete problem for finding the most statistically significant multiple alignment of symbolic sequences was developed. The method is based
on the use of random position-weight matrices and dynamic programming. In the
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developed approach there is no pair comparison of sequences and the construction of
the most statistically significant multiple alignment occurs through the optimization
of position-weight matrices. The method is used to search for multiple alignment
of promoter sequences from the E. coli genome and splice regions from the genomes
of eukaryotic cells. The created multiple alignments contain more conservative positions than the alignments created earlier by all known methods and they capture
sections of promoters and splicing regions of greater length. The problem of identification of promoter sequences and splicing regions in known genomes is discussed
with the help of created multiple alignments.
At present, extensive sequencing of diverse genomes and the determination of amino acid
sequences and sequences for a variety of proteins are performed. All this leads to the fact that
the development of a complete mathematical model of the regulation of the genetic activity of
the cell is becoming more and more real. The creation of this model in some sense translates
a significant part of bioengineering into the applied field, since it will not be necessary to put
molecular-biological experiments to create new species of both plants and animals. All this can be
done by mathematical modeling with subsequent implementation of the results of such modeling
in the form of new genomes. However, there are significant diﬃculties along this path. The
point is that at first you need to find all the genes in the genomes of eukaryotes, determine their
biological function (annotate) and isolate all regulatory elements (promoters, splicing regions,
enhancers and binding sites for various proteins) and classify regulatory elements. A purely
experimental solution of this problem is possible, but it is quite long and expensive. Therefore,
mathematical and algorithmic methods are used to solve this problem. The purpose of this
work is to find all the regulatory sequences, determine their functions, and annotate all genes.
However, the mathematical methods developed to date are far from solving these problems.
We can authentically annotate less than half of all known genes, and for regulatory sequences
the situation in this sense is even less optimistic. For the search and annotation of diﬀerent
biological sequences, position-weight matrices (PWMs) or hidden Markov models (HMM) are
commonly used. The creation of PWM and HMM for the increasingly accurate identification of
regulatory sequences and protein annotations is based on the problem of constructing multiple
alignment, since PWM and HMM are usually built on the basis of multiple alignment of amino
acid or nucleotide sequences. This determined the huge interest of researchers to the problem of
finding multiple alignment. A large number of mathematical algorithms and methods for finding
multiple equalization have been developed. However, the problem is to build multiple alignments
for increasingly less similar sequences (for example, with the number of random replacements
greater than 1.5 for one amino acid or nucleotide). To date, advanced multi alignment techniques
use paired sequence comparison to construct multiple alignment. This is due to the fact that
the solution to the problem of creating multiple alignment (with a number of sequences of
several tens and a length of more than 100) by methods of dynamic programming is an NPcomplete task and requires for its solution unattainable in present time computer resources.
However, the use of paired alignment or the use of "seeds" for multiple alignment or similarity
between words (k-tube) does not allow finding the multiple alignment of weakly similar amino
acid or nucleotide sequences. For multiple alignment, a situation is quite realistic when it can be
statistically significant only on a large set of sequences (for example, more than 20 sequences) and
is insignificant for any pair of sequences, which makes it impossible to construct a guide tree. In
this case, all the developed methods of searching and constructing multiple equalization will be
incapable of creating it for such sequences. Because of this, the task of creating highly sensitive
and highly specific PWMs with modern approaches to constructing multiple equalization can
not be solved. In this paper, we developed a new approach to the construction of multiple
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equalization, which allows us to find statistically significant multiple alignments for strongly
divergent sequences without constructing pair alignments or without searching for "seeds" or
other procedures [1, 2, 3]. In our approach, PWM is viewed as an image of multiple alignment
[3], which is optimized for the set of sequences that we want to align. In this paper, this method is
used to align the promoter sequences of bacterial genes and regions of splicing of eukaryotic genes.
The obtained results show that for these sequences it is possible to construct alignments that are
more statistically significant than those constructed earlier. This is due to the expansion of the
number of conservative positions in multiple alignment. This makes it possible to reduce several
times the number of errors of the first and second kind when identifying promoter sequences in
new genomes of bacteria and splicing regions in new genes from eukaryotic cells.
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Molecular dynamics simulation of thermodynamical properties of methane
A.V. Kudinov1,a) , Y.A. Bogdanova1,b) , S.A. Gubin1,c)
1 National Research Nuclear University MEPhI
Isothermal and shock compression of liquid methane (T =110 K) was simulated by the
molecular dynamics method. This research was done by the LAMMPS code, which
allows to use reactive force field ReaxFF. Recieved data of isothermal and shock
compression simulation matches well experimental data and data recieved from TDS
code.
Nowadays, computer simulation by the molecular dynamics method is used widely for simulation of thermodynamical properties of diﬀerent substances and physical processes. Molecular
dynamics (MD) method is based on a numerical solution of classical equations of motion for
every particle in the system. These particles interact with each other through the intermolecular potential. In this research MD simulation was done using the LAMMPS code[1]. ReaxFF
potential [2] was chosen as a force field.
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Simulation was run for a liquid methane at a temperature of 110 K. Eight molecules of
methane were placed in each elementary cell. This cells were repeated for 5 times in each
direction. The simulation of isothermal compression was done using supercell, which consists of
125 elementary cells (Fig.1).

Fig. 1: Elementary cell with methane molecules (on the left side) and supercell (on the right
side) (P =1 atm, T =110 К)

We used N P T -ensemble with P =50—1800 atm and T =110 K. First of all, we needed to bring
supercell to equilibrium state, which means that on the last 50000 timesteps of simulation, values
of pressure and temperature should not deviate from their averages (P =50 atm, T =110 K) more
than 5%. After this, the last state of system was written as a restart file, that was used instead
of supercell. Equilibrium state was achieved by the two input scripts. One of them was using
Nose-Hoover thermo- and barostat, and another script was not using it. As a result we had
two isothermal curves that were built using diﬀerent input scripts. In Fig.2 we can see, that
compared to approximate curve 4, curve 5 is more consistent with experimental data [3] and
matches it within all volume range, except the area below 100 atm. If we do not use thermoand barostat, standart deviation of V is three times lower, therefore further simulation will be
done without thermo- and barostat.
For the shockwave simulation we used f ix nphug command, which is a variant of the f ix npt
command that was used earlier for simulation of isothermal compression. It performs time
integration of the Hugoniostat equations of motion developed by Ravelo et al. Simulation was
done at T =110 K and P =0,5—30 GPa. Simulation process was run until thermodynamical
properties of a system stopped changing on 30 000 timesteps interval. As an initial density we
chose ρ0 of a system at T =110 K, P = 0,1 GPa. The shock Hugoniot result is shown in Fig.3.
Also calculation was done by the TDS code [4].
In Fig.3 we can see that at low pressures our MD and TDS shock Hugoniots are in a good
agreement with experimental data [5].
As a result we can conclude, that MD simulation gives true thermodynamical properties of
methane applied to isotherm and shock compression and will be used for further simulation of
physical processes in wide range of temperature and pressure.
The work was supported by the Russian Science Foundation (project No. 16-19-00188).
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Fig. 2:
Liquid methane isotherms at
T =110 K. 1—experiment [3]; 2—this simulation with thermo- and barostat enabled
(4—approximation curve for this data set);
3—this simulation with no thermo- and barostat
(5—approximation curve for this data set)

Fig. 3:
Shock Hugoniot for liquid
methane. Initial density ρ0 =0,47 g/cm3 .
1—experiment [5], 2—this simulation
(LAMMPS), 3—this simulation (TDS).
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Divergence of the wing in the supersonic gas flow and some equilibrium
states
I.S. Kuksenok1,a)
1 P.G. Demidov Yaroslavl State University
In this paper we have discovered some non-zero equilibrium states of wing in the
supersonic gas flow
In this paper we find the non-zero state of equilibrium for the non-stationary torsion equation
of the wing. The first thing what the engineer is think about when he is creating the mechanisms
which someway interacts with supersonic gas flows it’s stability and safety of this mechanisms.
For example it’s very important for the any air-crafts and especially for the rockets. One of the
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most important problem in this field is the problem of the static stability of an aircraft wing, an
example of this can be a divergence of the wing [1]. The torsion equation:
∂ 2 Θ(x, t)
∂ 2 Θ(x, t)
∂Θ(x, t)
+
p
hγ
=
GJ
+
0
d
∂t2
∂t
∂x2
[(
) 2κ
κ−1
κ−1
p∞ (x0 + p)x0
1+
+
Θ(x, t)M1
−
2
2
) 2κ ]
(
κ−1
κ−1
− 1−
Θ(x, t)M2
2

(1)

∂Θ
∂x

(2)

p0 h

= Θ|x=l = 0
x=0

M1,2 — is the mach numbers; κ — Polytropic index; γ — damping factor; Θ(x, t) —angle of twist;
GJd — torsional stiﬀness; p∞ — the pressure of the unperturbed gas; p0 —the density of the
material; h — the thickness of the wing.
For finding equilibrium states for this equation we used the next approximation [2-3] with
the same boundary conditions:
Θ̈(x, t) + γ Θ̇(x, t) =
( 2
)
π
′′
= Θ (x, t) +
+ εk Θ(x, t) + ε1/2 βΘ(x, t)2 + ξΘ(x, t)3 ,
4l2

(3)

The parameters in this equation can be written in the next form:
p∞ (x0 + b)x0
2p0 ha
) p∞ (x0 + b)x0
(
1
β = κ(1 + κ) M12 − M22
4
2p0 ha
( 3
)
p
1
∞ (x0 + b)x0
ξ = κ(1 + κ) M1 + M23
12
2p0 ha
1
GJd
a=
; t= √ τ
p0 h
a
α = κ (M1 + M2 )

(4)
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The healing of damage of metal under treatment high-energy pulsed
electromagnetic field.
K.V. Kukudzhanov1,a) , A.L. Levitin1,b)
1 Ishlinsky Institute for Problems in Mechanics of the Russian Academy of Sciences,
Moscow, Russian Federation
The processes of transformation and interaction of defects such as the flat intergranular microcracks under treatment electropulsing are investigated. Investigation on the
basis of numerical coupled model of the impact of high-energy electromagnetic field
on the pre-damaged thermal elasticplastic material with defects are carried out. The
calculations has shown, that welding of the crack and healing of the micro-defects
under the treatment of short pulse of current are took place. For the macroscopic
description of the healing process the material healed and damage parameters are
entered. The processes of change healed and damage parameters from the time under
the action of current pulse are investigated. The questions about the choice of the
preferred regions of integration in the modeling of these processes are considered.
The eﬀect of the mutual positions of microcracks and their shape on the change
healed and damage over time are studied.
There is a concentration of the electromagnetic field on the structural defect of the material
under the treatment of field on the conductor. In particular start electrical, thermal and mechanical processes in the vicinity of micro-defects (cracks, pores, inclusions, etc.). The processes
of transformation and interaction of defects such as the flat intergranular microcracks with linear
dimensions of the order of 10 microns are investigated. These processes occur in the material
under the processing of metal samples with high-energy pulsed electromagnetic field inducing
in the material a short pulse of high density electrical current. Investigation on the basis of
numerical coupled model of the impact of high-energy electromagnetic field on the pre-damaged
thermal elasticplastic material with defects are carried out. The model accounts for melting
and evaporation of the metal and the dependence of its physical and mechanical properties on
the temperature. The system of equations is solved numerically by finite elements method with
adaptive mesh using on the base of alternative Euler-Lagrange’s method. The calculations has
shown, that welding of the crack and healing of the micro-defects under the treatment of short
pulse of current are took place. The healing occurs by simultaneous reduction in the length, the
ejection of the molten metal into the cracks and closing of micro-crack shores, that leads to the
fact that the shores of the crack come into contact with the jet stream and in the fin of this
processes, the jet’s material is completely jammed by shores cracks. The volume micro-cracks
decreases with time. In this paper, for the macroscopic description of the healing process the material healed and damage parameters are entered. Healed parameter defined as the ratio change
of volume of the microcrack to the initial microcrack volume at a time under the treatment the
electromagnetic field on the material. Under damage (porosity) is the ratio of the volume of
microcrack at a time to the volume of the representative element. The healing of microcracks
increases material healed parameter and reduce its damage. The processes of change healed and
damage parameters from the time under the action of current pulse are investigated. The questions about the choice of the preferred regions of integration in the modeling of these processes
are considered. The eﬀect of the mutual positions of microcracks and their shape on the change
healed and damage over time are studied. In the entire investigated range of distances between
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the defects (or, equivalently, for any initial damage) numerical simulations have shown that dependences of the healed and the damage from the time will not be diﬀerent of order, we calculate
these dependences in the regions of integration, consisting of one or few representative elements.
Positions of microcracks relative to each other, their shape and distance between its does not
aﬀect on the dependences of the healed and the damage from the time under the treatment of
current pulse. These changes are aﬀected by the value of initial damage only. The dependences of
the healed and the damage from the time will be practically the same for all diﬀerent shapes and
mutual positions of microdefects, provided that the initial damages are equal for these diﬀerent
mutual positions of defects. Based on the simulation results, the approximate piecewise-linear
dependences of healed and damage from time and the initial damage are obtained. It follows
from the dependencies that up to the certain moment in time all the microcracks in the material
(regardless the initial damage) does not heal and damage of the material is not changed under
the current. After this moment in time it will start the process healing of microcracks. Thus,
under the action of the current the damage of material is decreased over time at the constant
rate (independent of the initial damage) over time, while the healed is increased over time at a
rate inversely proportional to the initial damage of the material. The work was supported by
the Russian Foundation for Basic Research (Grant No. 15-08-08693).

The construction of the SDE for modeling wind speed for wind power plants
D.S. Kulyabov1,2,a) , M.N. Gevorkyan1,b) , A.V. Demidova1,c) , A.V. Korolkova1,d)
, L.A. Sevastianov1,3,e)
1 Peoples’ Friendship University of Russia (RUDN University)
6 Miklukho-Maklaya St, Moscow, 117198, Russian Federation
2 Laboratory of Information Technologies Joint Institute for Nuclear Research
6 Joliot-Curie, Dubna, Moscow region, 141980, Russia
3 Bogoliubov Laboratory of Theoretical Physics Joint Institute for Nuclear Research
6 Joliot-Curie, Dubna, Moscow region, 141980, Russia
This work considers the problem of modeling evolution of wind speed in the area of of
wind turbines farm. As the statistical data we use the table of turbine performance,
wind speed and direction from the wind farm on the territory of Republic of Poland.
We use Weibull distribution to approximate wind speed. Parameters of Weibull
distribution were calculated by the method of maximum likelihood. We also have
calculated the autocorrelation coeﬃcient for the entire data range and have proved
the local exponential decrease nature. After that, we built a stochastic diﬀerential
equation and solved it with stochastic numerical methods.
The work is partially supported by RFBR grants No’s 15-07-08795 and 16-0700556. Also the publication was financially supported by the Ministry of Education
and Science of the Russian Federation (the Agreement No 02.A03.21.0008).
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Introduction
Popularity of alternative renewable energy sources increases constantly. One type of such sources
is the farm of wind turbines. Its main disadvantage is the strong dependence on metrological
conditions, particularly wind speed. Therefore, the modeling of the evolution of the wind speed
in time is essential for predicting the eﬃciency and profitability of wind turbines.
In this paper we build a stochastic model based on data obtained from one of the wind farms
located on the territory of the Republic of Poland. We used model building mythology from
articles [1, 2]. Also we use Python with NumPy, SciPy and [3], Matplotlib [4] libraries with
interactive shell [5].

Approximating distributions
In the first phase of work on the basis of statistical data was constructed frequency histogram.
From visual analisis of that histogram we fined out the possibility to use distributions with heavy
tails for the approximation of the available data. We used method of maximum likelihood to
compute the parameters of the four distributions: lognormal, gamma, Weibull (three parameter
each) and beta (four parameter). For the analysis of the results we plotted frequency histogram
and distributions PDF function graph on the same axis. Also we plotted quantile-quantile
graphs for all four distributions. The analysis allowed to conclude that the optimal choice for
the approximation is the Weibull distribution, which is consistent with the results known from
the literature [6, 7]

SDE constraction
The method described in the article [1] implies exponential decrease of the autocorrelation coefficient e−ατ , where α — some coeﬃcient, and τ — autocorrelation lag. The coeﬃcient α plays a
significant role bocouse it is included as a parameter in the resulting equation.
The calculation of the autocorrelation coeﬃcient based on the data available to us and plotting
its values in graphical form allows to verify the exponential character of decrease, at least for the
initial values of the lag. To calculate α coeﬃcient we use least squares methods.
As soon as we know parameters of Weibull distribution and the coeﬃcient α we are able to
construct stochastic diﬀerential equation, whose solution is a stochastic process, approximately
the evolution of wind speed changes in time and in each moment of time has a Weibull distribution.
To solve stochastic diﬀerential equation we use stochastic numerical Runge-Kutta methods,
implemented and described in our earlier [8, 9] paper. The nature of the resulting numerical
solution reflects a qualitative picture of the available statistical data. Numerical solution reflects
the properties of empirical data — such as sharp jumps to extreme levels with the further sharp
return to the averages values.

Conclusion
As a further direction of research is planned to verify the model built based on statistical data
of larger size, which we plan to get in future. We also planning to include in the model along
with the wind speed also the performance of the wind turbine.
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Nonlinear mathematical model for spatial periods of micro- and
nanogratings formation in framework of universal polariton model of
laser-induced condensed matter damage
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The nonlinear mathematical model is proposed to explain the wide variety of selfordered micro- and nanogratings formation under the interaction of ultrashort polarized laser radiation with condensed matter. The model was incorporated into the
universal polariton model of laser-induced condensed matter damage. The model
well explains the experimental data on formation of gratings of normal orientation.
Especial attention is devoted to exciting problem of abnormal oriented grating formation with orientation perpendicular to one of electric field strength vector of laser
radiation. The spatial period’s discreet values in nonlinear model are multiplied to
laser radiation wavelength (L) and follow the Sharkovski order. It is shown that
abnormal gratings are the result of channel (wedge) surface plasmon polariton’s participation in the interference. This phenomenon has the universal character observing
on materials with diﬀerent physical properties. The experimentally realized spatial
periods are 10 nm so that optical diﬀraction limit is overcome.
In the application of ultrashort laser pulse durations for laser-matter interaction mechanisms
investigation the problem has been aroused to explain the wide variety of periods of the structures for materials with diﬀerent physical properties. We proposed the nonlinear mathematical
model formula based on the separation of the main variables of the task and it functional similarity with the expression for total absorbed radiation intensity distribution taking into account
the interference on surface plasmon polaritons (SPP). It has been shown that the spatial periods of the structures are described by Sharkovski order the particular case of which is the
Feigenbaum’s universality. The nonlinear model has been well verified by experimental data for
⃗ produced via the interference with SPP’s participation
gratings of normal orientation (⃗g ∥ E),
⃗ is the tangent projection of electric field strength
for nanosecond and ultrashort pulses. Here E
vector of laser radiation. Below the model is illustrated by examples of gratings of abnormal
orientation and interpreted as a result of interfere with channel (wedge) SPP’s participation,
⃗ formation
the nature of appearance of which is of great interest. The abnormal gratings (G)
⃗
⃗
(G ⊥ E) have been observed on optical surfaces of condensed matter with diﬀerent physical
properties and wide range of pulse durations and so is of universal character.On molibdenum
in water [1] the formation of residual abnormal nanogratings for standard illumination geometry with the period d = λ/2kξ ≈ 20nm << λ, k = 16, η ≈ 1 (λ = 800nm), see.Fig.1, has
been observed at the valleys of main resonant relief (d0 = 340nm), see Fig.1a, and is due to
channel SPP’s (CSPP) participation in interference, An example is the formation of nanogratings on SiC surface in standard illumination geometry at valleys of main resonant relief with
d = λ/2kξ ≈ 30nm (λ = 800nm, τ = 150f s), in a mode of grating of nanoholes [2] and is
due to interference with CSPP participation (see Fig.2).More suitable conditions for abnormal
gratings formation have been realized in nonstandard geometry of illumination then the propagation direction of localized SPP’s coincides with the direction of vector ⃗(E) of laser radiation.
Such situation has been realized, for instance, in conditions of pyrolytic deposition of tungsten
films on the sapphire substrate [3] in the field of standing wave produced by interfere of incident
wave and excited waveguide modes of TE type of thermally induced near-surface waveguide (for
sapphire dn/dT = 1.2610−3 K −1 > 0). The lower power densities and high repetition rates of
incident radiation were used (λ = 400nm, τ = 90f s, f = 75M Hz) without any material dam⃗
age.The typical period of self-organized waveguide grating was d = λ/2n ≈ 160nm and ⃗g ⊥ E
orientation. Here n is the refractive index of sapphire at laser wavelength. The strips of de⃗ ⊥E
⃗ with the typical period
posited tungsten films were spatially modulated by nanograting G
d ≈ 27nm (dtheor ≈ λ/16 = 25nm) due to wedge SPP’s participation in interference, see Fig.3.
All the considered nonlinear processes deals with nanograting production with periods d << λ
and so the linear Abbe criterion is overcome.
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Fig. 1

Fig. 2

Fig. 3
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On the representation of Maxwell’s equations in closed waveguides by the
help of Helmholtz equations
M.D. Malykh1,2,a) , L.A. Sevastianov1,b) , A. Tyutyunnik1 , N.E. Nikolaev1
University
2 MSU
1 RUDN

The method for calculation of the electromagnetic fields in a waveguide filled with a
unhomogeneous substance is oﬀered, some numerical examples are given.
The investigation of the electromagnetic field in a regular waveguide filled with a homogeneous
substance is reduced to the investigation of two independent boundary value problems for the
Helmholtz equation. In the case of a waveguide filled with an inhomogeneous substance, a
relationship arises between the modes of these two problems, which in numerical experiments
can not always be fully taken into account. The first papers on the mathematical theory of the
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waveguide always had in mind the generalization of the Fourier method, therefore the question
of reducing the system of Maxwell’s equations to two scalar equations was in the shadow of the
theorem on the completeness of the system of normal modes. Meanwhile, writing this pair is not
at all diﬃcult, if we go over to the “Hamiltonian form” of the Helmholtz equations.
Consider a waveguide of a constant simply connected section S with ideally conducting walls.
For a while we will not make any assumptions with respect to the filling ϵ, µ of this waveguide.
The axis Oz is directed along the cylinder axis, the normal to S will be denoted as ⃗n, the tangent
vector perpendicular to ⃗ez as ⃗τ . For a basis we take the system of Maxwell’s equations, from which
we exclude Ez and Hz . For brevity’s sake let us assume ∇ = (∂x , ∂y )T and ∇′ = (−∂y , ∂x )T . By
excluding the longitudinal components from Maxwell’s equations, we have

⃗ ⊥ + ∇ 1 (rot E⊥ )z × ⃗ez + ikϵE
⃗ ⊥ = 0,

 ⃗ez × ∂z H
ikµ
(1)

1
 ⃗e × ∂ E
⃗
⃗
(rot H⊥ )z × ⃗ez − ikµH⊥ = 0,
z
z ⊥−∇
ikϵ
On the boundary, conditions of ideal conductivity are satisfied
⃗ ⊥ × ⃗n = 0,
E

H⊥ · ⃗n = 0,

(2)

Ez = 0.

A two-dimensional analogue of the Helmholtz decomposition makes it possible, without loss of
generality, to seek a solution of the system (1) in the form
⃗ ⊥ = ∇ue + ∇′ ve ,
E

⃗ ⊥ = ∇vh + ∇′ uh .
H

The four scalar functions introduced here will be called potentials, and we’ll always assume that
they satisfy the boundary conditions
ue = uh = n · ∇ve = n · ∇vh
on the boundary of the waveguide. Substituting these expressions into Maxwell’s equations (1),
we obtain
)
 (
1
′
′


 ∇ ∂z vh − ikµ ∆ve + ikϵ∇ ve − ∇∂z uh + ikϵ∇ue = 0
)
(
(3)

1

′
 ∇′ ∂z ue +
∆uh − ikµ∇ uh − ∇∂z ve − ikµ∇vh = 0
ikϵ
Next, two of the three boundary conditions (2) are automatically satisfied. With the usual choice
of basis, the third condition follows from the Dirichlet conditions imposed on the function uh . If
ϵ and µ are constants, then the system written out can be rewritten as a pair of the uncoupled
Helmholtz equations with respect to ve , uh . The transition from the system of equations of
the first order to the equivalent second-order equation is well known in classical mechanics as a
transition from the Hamilton’s equations to the Newton’s equations. Thus, the system (3) allows
us to describe the link between the Helmholtz equations taken in such “Hamiltonian form”. The
numerical experiments performed by us have shown that such a form of Maxwell’s equations is
extremely convenient for calculations of fields in closed waveguides.
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Axisymmetric contact problem for a rigid punch and a coated foundation
with rough surfaces
A.V. Manzhirov1,2,3,4,a) , K.E. Kazakov1,2,b)
1 Ishlinsky Institute for Problems in Mechanics of the Russian Academy of Sciences
2 Bauman Moscow State Technical University
3 National Research Nuclear University MEPhI
4 Moscow Technological University
Axisimmetric contact problem for a coated foundation and a rigid punch is considered. It is assumed that the shape of the thin upper layer (coating) and the shape
of the punch surface can be described by diﬀerent rapidly changing functions. We
obtain basic integral equation for this problem and additional condition. A projection method is developed for this problem. It allows one to obtain the solution of
the equation with high accuracy that cannot be done by known methods.

1

Statement of the problem

We assume that a viscoelastic aging layer of an arbitrary thickness H with a thin coating made
of another viscoelastic aging material of an thickness h(r) lies on a rigid basis. We denote the
moments of coating and lower layer production by τ1 and τ2 , respectively. We also assume that
the coating rigidity is less than the rigidity of the lower layer or they are of the same order of
magnitude. There is smooth contact or perfect contact between layers and between the lower
layer and the rigid base.
At time τ0 , the axial force P (t) starts to indent a rigid annular punch of inner radious a
and outer radious b into the surface of such a foundation. The function g(r) describes distance
between contact surfaces in nondeformable state and called backlash function. If the function f (r)
describes the form of the punch then g(r) = f (r)−h(r)+h0 , where h0 = − minr∈[a,b] [f (r)−h(r)].
In the case of conformal contact g(r) ≡ 0. Contact area is constant and equal to (b − a). The
coating is assumed to be thin compared with the contact area, i.e., its thickness satisfies the
condition h(r) ≪ (b − a).
The integral equation of this problem can be written in the form
∫ b
(r ρ)
2(1 − ν22 )
θq(r, t)h(r)
+ (I − V2 )
,
kax
q(ρ, t)ρ dρ = δ(t) − g(r) (a ⩽ r ⩽ b),
(I − V1 )
E1 (t − τ1 )
πE2 (t − τ2 ) a
H H
∫ t
[ −1
]
∂
Vk f (t) =
K (k) (t − τk , τ − τk )f (τ ) dτ, K (k) (t, τ ) = Ek (τ ) ∂τ
Ek (τ ) + C (k) (t, τ ) , k = 1, 2,
τ0

where δ(t) is the punch settlement; Ek (t) are the Young moduli of the coating (k = 1) and the
lower layer (k = 2) and ν2 is Poisson’s ratio of the lower layer; I is the identity operator; Vk are the
Volterra integral operators with tensile creep kernels K (k) (t, τ ) (k = 1, 2); C (k) (t, τ ) (k = 1, 2)
are the tensile creep functions; θ is a dimensionless coeﬃcient depending on the contact conditions
between coating and lower layer; in the case of a smooth coating-layer contact, we have θ = 1−ν12 ,
and in the case of an perfect contact, θ = (1 − ν1 − 2ν12 )/(1 − ν1 ), where ν1 is Poisson’s ratio
of the coating;
∫ ∞kax (r/H, ρ/H) is known kernel of the plane contact problem, which has the form
kax (r, ρ) = 0 L(u)J0 (ru)J0 (ρu) du, and, in the case of a smooth contact between the lower
a)
b)
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layer and the rigid base, L(u) = (cosh 2u − 1)/(sinh 2u + 2u), and in the case of a perfect contact,
L(u) = (2κ sinh 2u − 4u)/(2κ cosh 2u + 4u2 + 1 + κ 2 ) (κ = 3 − 4ν2 ) [1]. We supplement integral
equation with the condition of the punch equilibrium on the foundation
∫

b

q(ρ, t)ρ dρ = P (t).
a

Mixed integral equation and additional condition in the dimensionless form (0 ⩽ r ⩽ 1)
∫
c(t)m(r)(I − V1 )q(r, t) + (I − V2 )

1

∫
kax (r, ρ)q(ρ, t)ρ dρ = δ(t) − g(r),

0

1

q(ρ, t)ρ dρ = P (t).
0

There exist two versions of the substitution: 1) the settlement of the punch is known (i.e.,
the right-hand side of the integral equation is given); 2) the indenting force is known.

2

Solution for known force

Now we introduce the notation
[
√
Q(r, t) = m(r) q(r, t)+(I−V1 )−1

]
g(r)
,
c(t)m(r)

kax (r, ρ)
k(r, ρ) = √
,
m(r)m(ρ)

∫
Af (r) =

1

k(r, ρ)f (ρ)ρ dρ.
0

Then integral equation and auxiliary condition can be reduced to the following integral equation
with the Hilbert–Schmidt kernel k(x, ξ) (0 ⩽ r ⩽ 1):
∫ 1
c̃(t)g̃(r)
Q(ρ, t)
δ(t)
√
+ √
,
ρ dρ = P̃ (t),
c(t)(I − V1 )Q(r, t) + (I − V2 )AQ(r, t) = √
m(r)
m(r)
m(ρ)
0
∫ 1
∫ 1
kax (r, ρ)g(ρ)
g(ρ)
−1 1
−1 1
g̃(r) =
ρdρ, c̃(t) = (I−V2 )(I−V1 )
, P̃ (t) = P (t)+(I−V1 )
ρdρ.
m(ρ)
c(t)
c(t) 0 m(ρ)
0
We seek the solution in the class of functions continuous in time t in the Hilbert space L2 (0, 1).
To this end, we at first construct
an orthonormal system of functions {p0 (r), p1 (r), p2 (r), . . .} in
√
L2 (0, 1) which contains 1/ m(r) and remaining basis
√ functions can be written as the products
of functions
depending
on
r
and
weight
function
1/
m(r). So we will orthonormalize the system
√
√
√
{1/ m(r), r/ m(r), r2/ m(r), . . .}.
Then we use projection method to solve integral equation with additional condition [2, 3].
The final solution has the following structure
[
]
g(r)
1
z0 (t)P0 (r) + . . . −
,
q(r, t) =
m(r)
c(t)
where the expression in square roots is smooth. One can explicitly write out the weight functions
m(r) and g(r) in the solution. Note that the coating thickness is related to m(r) and backlash
function is related to g(r). The formulas obtained permit obtaining eﬃcient analytic solutions
for the layers with rough coatings which can be described by complicated and rapidly oscillating
functions. Such a result can hardly be done by other known methods.
We can obtain explicit formulas for the punch settlement.
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3

Conclusions

• We pose and solve axisymmetric problems of contact between viscoelastic aging foundations
with rough coatings and rigid punches in the case, where the punch base surface and coating
width are described by diﬀerent rapidly changing functions. To this end we develop general
projection method.
• The solution of the problem is obtained analytically, and, in the expressions for the contact
stresses, the coating width and backlash function is distinguished explicitly, which allows one to
perform computations for actual shapes of the coating surface, which are described by rapidly
changing functions.
• The explicit formulas has been obtained for the punch settlement.
• Other known methods for the solution of this problem diverge with an increase in the time
parameter or yield an error of up to 100% in determining contact stresses.
This work was financially supported by the Russian Science Foundation under Project No. 1719-01257.
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Coordinated interaction of two hydraulic cylinders when moving large-sized
objects
S.Y. Misyurin1,a) , G.V. Kreinin2,b)
1 National Research Nuclear University MEPhI
2 Blagonravov Institute of Machine Science
The problem of the choice of parameters and the control scheme of the dynamics
system for the coordinated displacement of a large mass object by two hydraulic
piston type engines is considered. As a first stage, the problem is solved with respect
to a system in which a heavy load of relatively large geometric dimensions is lifted
or lowered in the progressive motion by two unidirectional hydraulic cylinders while
maintaining the plane of the lifted object in a strictly horizontal position.
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The problem of the choice of parameters and the control scheme of the dynamics system
for the coordinated displacement of a large mass object by two hydraulic piston type engines is
considered. As a first stage, the problem is solved with respect to a system in which a heavy
load of relatively large geometric dimensions is lifted or lowered in the progressive motion by two
unidirectional hydraulic cylinders while maintaining the plane of the lifted object in a strictly
horizontal position.
This work was supported by the Russian Foundation for Basic Research, in the framework
of a research project 16-29-04401 “Development of methods and algorithms for the synthesis of
drive complexes (robots) working in diﬀerent environments, taking into account the interaction
of two or more robots.”

Selecting the parameters of the power channel of the automated drive
S.Y. Misyurin1,2,a) , G.V. Kreinin2,b)
Research Nuclear University MEPhI
2 Blagonravov Institute of Machine Science
1 National

The problem of preliminary choice of parameters of the automated drive power channel is discussed. The drive of the mechatronic complex divides into two main units
– power and control. The first determines the energy capabilities and, as a rule, the
overall dimensions of the complex. The suﬃcient capacity of the power unit is a
necessary condition for successful solution of control tasks without excessive complication of the control system structure. Preliminary selection of parameters is carried
out based on the condition of providing the necessary drive power. The proposed approach is based on: a research of a suﬃciently developed but not excessive dynamic
model of the power block with the help of a conditional test control system; a transition to a normalized model with the formation of similarity criteria; constructing
the synthesis procedure.
The problem of preliminary choice of parameters of the automated drive power channel is
discussed. The drive of the mechatronic complex divides into two main units – power and control.
The first determines the energy capabilities and, as a rule, the overall dimensions of the complex.
The suﬃcient capacity of the power unit is a necessary condition for successful solution of control
tasks without excessive complication of the control system structure. Preliminary selection of
parameters is carried out based on the condition of providing the necessary drive power. The
proposed approach is based on: a research of a suﬃciently developed but not excessive dynamic
model of the power block with the help of a conditional test control system; a transition to a
normalized model with the formation of similarity criteria; constructing the synthesis procedure.
This work was supported by the Russian Foundation for Basic Research, project no. 15-0805493-a
a)
b)
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Dynamic design and control of a high-speed pneumatic jet actuator
S.Y. Misyurin1,a) , G.V. Kreinin2,b) , A.P. Nelyubin2
1 National Research Nuclear University MEPhI
2 Blagonravov Institute of Machine Science
Mathematical model of an actuator, consisting of a pneumatic (gas) high-speed jet
engine, transfer mechanism, and a control device used for switching the ball valve
is worked out. The specific attention was paid to the transition (normalization)
of the dynamic model into the dimensionless form. Its dynamic simulation criteria
are determined, and dynamics study of an actuator was carried out. The simple
control algorithm of relay action with a velocity feedback enabling the valve plug to
be turned with a smooth nonstop and continuous approach to the final position is
demonstrated.
Besides the all others two factors complicate the analysis and optimization of the mechatronic
system. These factors are the complexity of the basic mathematical model and the need to take
into consideration the interaction of all subsystems. Gradually increasing of the model complexity together with its transition to the normalized form (that is to a dimensionless variables
and simularity criterion, performing the function of the parameters and objectives) essentially
facilitates the exploration process. For the model normalization the scales for the variables transition must be defined. The scales definition is an individual problem, especially when so called
“multi-physics modeling and optimization multi-body system” [1,2] with the sub-systems of the
diﬀerent physical nature is executed. Such situation is typical for the majority of the mechatronic systems. In the work noted, by reason of the complexity of the objects the optimization
process considered is attached mainly to one of the subsystems, namely to the control subsystem.
However the rest parts may have a significant influence upon the system behavior. That may
be illustrated by the optimization of the point-to-point motion system [3-4, 8]. In such systems
besides the positional accuracy a certain requirements to the motion mode of the output link is
to be ensured. In [3] the general model of the system was transformed first to the lowest reduced
form and normalized. That gives an opportunity to analyze all subsystems in there interaction
and to find out the parameters of the actuator, transfer mechanism and control block to a first
approximation. As a model complexity arises, the parameters correction is carrying out. The
increase of the model complexity is carried out by taking into account actuators mechanical
characteristic and stiﬀness, the control algorithm development, the time lag of the controller
and the distributor. It is of interest the similarity criteria set obtained as a result of the model
normalization, in particular the inertial criterion. The latter as the main factor determines a
motion mode of the output link, a travel time etc. In [4] the inertial criterion was employed in
the optimization of the positioning system with a hydraulic drive and digital control subsystem.
The mechatronic system analyzed in this paper consists of the jet acting drive (jet engine), the
composite transfer mechanism with variable transfer ratio and the control subsystem. Actuator
with the jet pneumatic engine is intended for switching gas ball valves [5-8]. Compressed air
(or gas) from the autonomous source or supply line comes through a distributing device to a
hollow shaft of the engine rotor and then through a hollow arm of the rotor to nozzles located at
the rotor periphery. Gas jets ejecting from the nozzles create reactive forces and driving torque
on the rotor. The oﬀered normalized model of the ball valve actuator gives the opportunity to
appreciate the actuator dynamics and to appoint its design parameters. It was established that
a)
b)
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the operating rate of the actuator output link is not too high but suﬃce for the employment of
the actuator as the standby unit providing the safe pipe line shutdown in emergency situation
in case of failure of the main drive. This work was supported by the Russian Foundation for
Basic Research, in the framework of a research project 16-29-04401 “Development of methods
and algorithms for the synthesis of drive complexes (robots) working in diﬀerent environments,
taking into account the interaction of two or more robots.”
REFERENCES
1.Samin J.C., Bruls O. and other. Multyphisics modeling and optimization multybody system. // DOI 10.1007/s 11044-007-9076-0 Multibody System Dynamics 2007.
2.Cotsaftis M., Keskinen E., Smooth High Precision Contact Position Control of Rotating
Cylinders with Hydraulic Actuators. Proceeding of the 12th IFToMM World Congress, Besancon
(France), June18-21, 2007.
3. Kreinin G.V., Misyurin S.Yu. A Systematic Approach to Synthesis of a Drive System.
ISSN 1052-6188, Journal of Machinery Manufacture and Reliability, 2011. Vol. 40, No. 6, pp.
507-511.
4.Kreinin G.V., Misyurin S.Yu Parameters Synthesis of the Hydraulic Positioning System
With The Constant Force Load // Problems of Mechanics (scientific journal of IFToMM). 2012,
№3(48) с.32-37
5. Belousov, V.A., Nabiev, R.M., and Sayapin, V.V., Sredstva upravleniya zaporno reguliruyushchei armaturoi truboprovodov (Control Means for Shut oﬀ and Controlling Pipelines
Equipment), St. Petersburg: Nedra, 2006, 150.
6. Sayapin, V.V., Privody so siruinym dvigatelem dlya zaporno reguliruyushchei apparatuiy
truboprovodov (Drives with Fluid Motor for the Shut oﬀ and Controlling Pipelines Equipment),
Moscow: Tekhinform, 2003, 140.
7. Sayapin, V.V. and Ovchinnikov, A.A., Pneumatic Emergency Drive for the Shut oﬀ and
Controlling Equipment for Oil and Gas Pipelines, Privodn. Tekhn., 1999, nos. 3-4, pp. 12-13.
8. Kreinin G.V., Misyurin S.Yu. Choice of the Law for a Position Control System. ISSN
1052-6188, Journal of Machinery Manufacture and Reliability, 2012. Vol. 41, No. 4, pp. 311-336.

Multicriteria adaptation principle on example of groups of mobile robots
S.Y. Misyurin1,a) , A.P. Nelyubin2,b)
1 МИФИ
2 ИМАШ РАН
The article presents a multicriteria approach to the adaptation of groups of search,
explore or research robots to unknown and changing environment conditions. It is
proposed to maintain a variety of robots by properties and by optimality criteria in
order to take into account the preferred mode of operation
The article presents a multicriteria approach to the adaptation of groups of search, explore
or research robots to unknown and changing environment conditions. It is proposed to maintain
a variety of robots by properties and by optimality criteria in order to take into account the
preferred mode of operation.
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A Thermomechanical Constitutive Law in Virtue of Thermodynamic
Orthogonality
E.V. Murashkin1,2,3,a) , Y.N. Radayev1,b)
1 Ishlinsky Institute for Problems in Mechanics of the Russian Academy of Sciences,
Vernadsky Ave 101 Bldg 1, Moscow, 119526, Russia;
2 Bauman Moscow State Technical University, 2nd Baumanskaya Str 5/1, Moscow,
105005, Russia
3 National Research Nuclear University “MEPhI” (Moscow Engineering Physics
Institute), Kashirskoye shosse 31, Moscow, 115409, Russia
Present study deals with a non-linear constitutive law formulation for the coupled
type-III thermoelastic (GNIII) continuum consistent with the principle of thermomechanical (or thermodynamic) orthogonality. In this study the Lagrange description
is employed. The GNI/CTE–conventional thermoelasticity based on the Fourier
heat conduction law and the GNII–dissipationless hyperbolic thermoelasticity are
discussed. It is shown that for the dissipationless case the internal entropy production equals zero for any heat transport process having the form of the undamped
thermoelastic wave propagating at finite speed.
The aim of the present study is to obtain the heat conduction constitutive law formulation
on the ground of the thermomechanical orthogonality principle. Type-III thermoelasticity [1]
incorporates conventional thermoelasticity (CTE) and non-dissipative (GNII) theory. Note that
the CTE theory is based on the Fourier heat conduction law, and GNII theory implies zero
internal entropy production in a heat transport process in solids and the possibility of undamped
thermal wave propagation. Thus for thermodynamically accurate modelling we are going to
simultaneously satisfy the following requirements: 1.) Finiteness of the velocity of thermal wave
propagation, and 2.) Existence propagating undamped thermoelastic waves, and 3.) Existence
of distortionless wave forms similar to the classical d’Alembert type waves.
We use the referential description representing the deformation as mapping x = x(X, t),
wherein x is the actual spatial position, which corresponds to the referential state position X.
Hereafter, the referential nabla operator ∇R is associated with the Lagrange variable X.
Finite strain tensors are derived using the deformation gradient F = ∇R ⊗ x.
The system of governing equations of the nonlinear coupled type-III thermoelasticity (GNIII
theory) consists of:
— The mass balance equation
∂ρR
∂t

(1)

= 0;
X

— The momentum balance equation
ρR ẍ = ∇R · S,

(2)

wherein S = JF−T · T denotes the first Piola–Kirchhoﬀ stress tensor, T is the Cauchy stress
tensor, J = detF is Jacobian of the deformation;
— The internal energy balance equation
ė = −∇R · hR + tr (S · ḞT ) + ε,
a)
b)

(3)
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where e is the internal energy density per unit referential volume, hR is the referential heat flux
vector, ε is the referential volume density of heat sources (radiant heat);
— The entropy balance equation
ṡ = −∇R · jR + σ + ξ,

(4)

where s denotes entropy density per unit referential volume, jR is the referential vector of entropy
flux, σ is the external entropy production, ξ(ξ ⩾ 0) is the internal entropy production.
Diﬀerential equations of thermoelasticity are to be supplemented by constitutive equations.
The constitutive equations as of type-III thermoelasticity must read [2, 3]
ψ = ψ(ϑ, ϑ̇, ∇R ϑ, ∇R ϑ̇, F), hR = hR (ϑ, ϑ̇, ∇R ϑ, ∇R ϑ̇, F), S = S(ϑ, ϑ̇, ∇R ϑ, ∇R ϑ̇, F),
(5)
s = s(ϑ, ϑ̇, ∇R ϑ, ∇R ϑ̇, F), ξ = ξ(ϑ, ϑ̇, ∇R ϑ, ∇R ϑ̇, F),
θ = θ(ϑ̇).
where ψ = e − sθ is the Helmholtz free energy density per unit referential volume, ϑ denotes the
temperature displacement.
In this general form the constitutive thermoelastic equations are not usable in applied problems. Further restrictions on the form of constitutive equations (5) can be obtained as follows.
First, the following equations are proved to be valid
( )−1
∂θ
∂ψ
∂ψ
.
(6)
s=−
,
S=
∂F
∂ ϑ̇
∂ ϑ̇
Second, the equation for internal entropy production reads
(
)
∂ψ
∂ψ
θξ = − jR +
· ∇R ϑ̇ −
ϑ̇.
∂(∇R ϑ)
∂ϑ

(7)

Third, assuming the constitutive equations do not explicitly depend on the temperature
displacement ϑ we obtain
)
(
∂ψ
· ∇R ϑ̇.
(8)
θξ = − jR +
∂(∇R ϑ)
We then introduce the dissipation potential (more precisely, the conjugate dissipation potential) according to equation
θξ = D = D(ϑ̇, ∇R ϑ, F; ∇R ϑ̇)

(9)

In the case of thermoelastic behaviour we arrive at heat conduction law conforming to the
Ziegler orthogonality principle [4] in the form
jR = −

∂ψ
−
∂(∇R ϑ)

D

∂D
.
∂D ∂(∇R ϑ̇)
(∇R ϑ̇) ·
∂(∇R ϑ̇)

(10)

The irreversibility inequality ξ ⩾ 0 is provided by convexity of the level surfaces
D(ϑ̇, ∇R ϑ, F; ∇R ϑ̇) = const.
Thus, the entropy flux vector in GNIII theory complying to the thermodynamic orthogonality
principle is determined by the equation (10) employing the two potentials: the free energy ψ and
the dissipation potential D.
The research was supported by RFBR (project No. 17-01-00712)
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On Wave Analytical Solution of Micropolar Elasticity for a Cylinder
E.V. Murashkin1,2,3,a) , Y.N. Radayev1,b)
1 Ishlinsky Institute for Problems in Mechanics of the Russian Academy of Sciences,
Vernadsky Ave 101 Bldg 1, Moscow, 119526, Russia;
2 National Research Nuclear University “MEPhI” (Moscow Engineering Physics
Institute), Kashirskoye shosse 31, Moscow, 115409, Russia;
3 Bauman Moscow State Technical University, 2nd Baumanskaya Str 5/1, Moscow,
105005, Russia
Propagation problem for coupled harmonic waves of translational displacements and
microrotations along the axis of a long cylindrical waveguide is considered. Microrotations modeling is carried out within the linear micropolar elasticity frameworks.
The coupled system of vector diﬀerential equations of micropolar elasticity is presented. The translational displacements and microrotations in the coupled wave are
decomposed into potential and vortex parts. The coupled diﬀerential equations are
then reduced to uncoupled ones. The wave equations solutions for the translational
and microrotational waves potentials are obtained for a high-frequency waves in the
cylindrical domain.
Consider the coupled vector diﬀerential equations determining the coupled wavefields in a
micropolar elastic continuum [1]
{
(λ + 2µ)∇∇ · u − (µ + η)∇ × (∇ × u) + 2η∇ × ϕ = ρü,
(1)
(β + 2γ)∇∇ · ϕ − (γ + ε)∇ × (∇ × ϕ) + 2η∇ × u − 4ηϕ = ℑϕ̈,
where λ, µ, γ, β, ε, η denote the constitutive constants of micropolar elastic continuum; ∇ is
the 3d Hamilton operator (Hamilton nabla); u is the translational displacement vector; ϕ is the
a)
b)
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microrotation vector; ρ is the mass density; ℑ denotes the microelement inertia; dot denotes
partial diﬀerentiation with respect to time.
Throughout the study we employ notations used in [1] while replacing η → α.
The constitute equations for the force stress tensor σ and the moment stress tensor µ can
be presented as follows
σ = (µ + η)γ + (µ − η)γ T + λI trγ,

µ = (γ + ε) κ + (γ − ε) κT + βI tr κ.

(2)

The equations for the strain tensor γ and the bending-torsion tensor κ are read by
κ = ∇ ⊗ ϕ,

γ = ∇ ⊗ u − ϕ · ε,

(3)

wherein I denotes the 3d unit tensor, ε is the 3d skew-symmetric tensor.
The system (1) is coupled and can be uncoupled as follows. First, introduce the dynamic
potentials of translational displacements and microrotations
u = ∇Φ + ∇ × Ψ,

ϕ = ∇Σ + ∇ × H,

(4)

where Φ and Σ are the scalar potentials, and Ψ and H are the vector potentials of translational
displacements and microrotations respectively.
Second, after substituting (4) in (1) it is seen that the system (1) is satisfied if the scalar and
the vector potentials fulfill the calibration conditions
∇ · Ψ = 0,

∇ · H = 0,

(5)

and are solutions of coupled equations
Ω2
1
1
Σ̈
−
Φ̈
=
0,
∆Σ
−
2
2 Σ = 0,
c2∥
µ c∥
µ c∥
1
1
Ω2
Ω2
∆Ψ − ‵‵ 2 Ψ̈ + 2d2⊥ ∇ × H = 0, ∆H − 2 Ḧ − 2 H +
∇ × Ψ = 0,
c⊥
2µ c2⊥
µ c⊥
µ c⊥

∆Φ −

(6)

where the following notations are used
Ω2 = 4ηℑ−1 , ρc2∥ = λ + 2µ, ℑµ c2∥ = β + 2γ, ℑµ c2⊥ = µ + η, ρ‵‵ c2⊥ = µ + η, ρ‵ c2⊥ = η, ‵‵ c2⊥ d2⊥ = ‵ c2⊥ .
(7)
Third, in present study only coupled high-frequency waves of thranslational displacements
and microrotaions are considered (ω > Ω). In this case the following diﬀerential equations for
the potentials can be obtained
(∆+α∥2 )Φ = 0,

2
(∆+β∥2 )Σ = 0, (∆ + α⊥
)Ψ + 2d2⊥ ∇ × H = 0,

wherein the following notations have been introduced
/
/
/
2
α∥2 = ω 2 c2∥ , β∥2 = (ω 2 − Ω2 ) µ c2∥ , α⊥
= ω 2 ‵‵ c2⊥ ,

2
(∆ + β⊥
)H +

2
β⊥
= (ω 2 − Ω2 )

/

Ω2
∇ × Ψ = 0.
2µ c2⊥
(8)

2
µ c⊥ .

(9)

The equations (8) for vortex potentials Ψ and H are still coupled. Uncoupled equations for
vector potentials can be derived by the increasing diﬀerentiation order.
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At last, for potentials Ψ and H the separate equations can be furnished by
/ 2
2 = d2 Ω2
(∆ + K12 )(∆ + K22 )Ψ = 0, (∆ + K12 )(∆ + K22 )H = 0, σ⊥
µ c⊥ .
⊥
√
2 = −∆
2 + β 2 + σ2 ) ±
2 − β 2 + σ 2 )2 + 4β 2 σ 2 ,
K1,2
2∆1,2 = −(α⊥
(α⊥
1,2 ,
⊥
⊥
⊥
⊥
⊥ ⊥

(10)

The coupled wavefields in a cylindrical domain are found in the cylindrical coordinates r, φ, z
by separation of variables (see in details [2]). Thus, for the scalar potentials one can obtain
{
}
{
}
∑
cos nφ
sin nφ
±ikz
Φ = C1 In (p1 r)
e
,
= −C2 In (p2 r)
e±ikz ,
(11)
− sin nφ
cos nφ
wherein k denotes the wave number; C1 and C2 are arbitrary constants; In (·) is the Bessel
function of the first kind of an imaginary argument; p21 = k 2 − α∥2 , p22 = k 2 − β∥2 .
The vortex potentials of translational displacements and microrotations are given by the
following formulas
{
}

sin
nφ

′
′
′′
′′

 Ψr = [C3 In−1 (q1 r) + C4 In+1 (q1 r) + C3 In−1 (q2 r) + C4 In+1 (q2 r)] cos nφ e±ikz ,



{
}

cos nφ
′
′
′′
′′
Ψφ = [C3 In−1 (q1 r) − C4 In+1 (q1 r) + C3 In−1 (q2 r) − C4 In+1 (q2 r)]
e±ikz , (12)
−
sin
nφ


{
}



sin nφ
′
′′

 Ψz = [C5 In (q1 r) + C5 In (q2 r)]
e±ikz ;
cos nφ
{


′
′
′′
′′

Hr = [L3 In−1 (q1 r) + L4 In+1 (q1 r) + L3 In−1 (q2 r) + L4 In+1 (q2 r)]




{

Hφ = [L′3 In−1 (q1 r) − L′4 In+1 (q1 r) + L′′3 In−1 (q2 r) − L′′4 In+1 (q2 r)]


{
}



− cos nφ
′
′′

 Hz = [L5 In (q1 r) + L5 In (q2 r)]
e±ikz ,
sin nφ

}
− cos nφ
e±ikz ,
sin nφ }
sin nφ
e±ikz ,
cos nφ

(13)

wherein C3′ − C5′ , C3′′ − C5′′ , L′3 − L′5 and L′′3 − L′′5 are arbitrary constants and q12 = k 2 − K12 ,
q22 = k 2 − K22 .
The research was supported by RFBR (project No. 17-01-00712).
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New method for searching for latent periodicity in poetic texts with
insertions and deletions
A.A. Nor1,a) , E.V. Korotkov1,2,b)
Research Nuclear University MEPhI
2 Research Center of Biotechnology RAS
1 National

A new method has been developed to detect the latent periodicity of poetic texts.
This method allows you to find the latent periodicity with insertions and deletions
of symbols that can occur in the text, using dynamic programming, genetic algorithm, the Monte-Carlo method, and random position-weight matrices. The developed method was used to find the periodicity in the poems of famous russian and
foreign poets.
Literary works, for example poems, can be considered as superposition of the senseful text
and sound wave, which is determinated by the defined periodicity of alternation of sounds. A
particular frequency of alternation of sounds in a poetic work is accepted as a sound wave. If
each person understands poetic text meaning easily, the sound wave forming by poetic work
is perceived instinctively like some kind of musicality. In this regard it is very interesting to
quantitatively identify sound wave forming in poetic work in a defined periodicity of the poetic
text. It is very important to develop and apply new mathematical methods to solve this problem.
By using these methods we can quantitatively prove the existance of sound wave in the poetic
work in the form of a certain latent period and give the quantitative characteristic of the found
period.
The poetic text is converted into a sequence In the process of analysis. Spaces between
words are deleted and punctuation marks are replaced by an additional letter. A set of random
sequences from analyzed text is generated by rearranging letters. Then random matrices of
dimension k × n are created, where n is period length and k is the alphabet size of the original
sequence (k = 34 for Russian alphabet, k = 27 for lyrics in English) (1). Further they are
definitely modified and optimized using genetic algorithm (2). In the end we find the alignment
of each random sequence for each optimized matrix. It allow to determine the average value of
the mF sr and the variance of D for the maximum value of the similarity function mF . A matrix
with the highest value of the similarity function mF were chosen for the studied sequence. The
sr
was calculated for each length of period. As The result of the
corresponding value Z = mF −mF
1
D2
algorithm we get the graph of Z from the length of the period n. For a significant period local
alignment multiple alignment of the individual periods was constructed, and then the values of
xi-square was calculated for each column in the multiple alignment. The results show latent
periodicity with Z > 6.0, and the other half Z < 6.0. can be found in more than half of the
studied poetic works (40 poems). Examples of the spectra of Z(n) for works of Sergei Yesenin
and William Blake is in Fig.1.
a)
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Fig.1 Graph Z(n) for the work of Sergei Yesenin "Shagane" and the work of William Blake
"Spring" (in English).
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Quasistatic problems for piecewise-continuously growing solids with integral
force conditions on surfaces expanding due to additional material influx
D.A. Parshin1,2,a) , A.V. Manzhirov1,2,3,4,b)
1 Ishlinsky Institute for Problems in Mechanics of the Russian Academy of Sciences
2 Bauman Moscow State Technical University
3 National Research Nuclear University MEPhI (Moscow Engineering Physics
Institute)
4 Moscow Technological University
The piecewise continuous processes of additive forming of solids are studied. The
being formed solids exhibit properties of deformation heredity and aging. The approaches of linear mechanics of growing solids in the framework of the theory of
viscoelasticity of the homogeneously aging isotropic media are applied. Nonclassical
boundary-value problems for describing the mentioned processes with the integral
satisfaction of force conditions on some expanding due to the influx of additional
a)
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material parts of the formed solid surface are investigated. A lemma about the possibility to carry the product of the operator of diﬀerentiation with respect to time
and the integral operator of viscoelasticity with a limit of time integration depending
on solid point through the sign of integral over an arbitrary, expanding due to the
growth, surface inside or on the boundary of the growing solid is proved. This lemma
gives a way to construct the solution of the stated problem of growing solids mechanics on the basis of Saint-Venant principle. The solution retraces the evolution of the
stress-strain state of the solid under consideration during and after the process of its
additive formation. The example of applying the announced technic to modelling the
processes of additive forming suﬃciently long in the axial direction solids of conical
shape under simultaneous action of end loads that are statically equivalent to the
axial tension–compression with a time-varying force is demonstrated.
The additive formation of solids is realized in a wide variety of natural and technological
processes. Many of these processes can be considered as continuous growing processes, such that
during the formation of a solid an infinitely thin layer of additional material joins to its surface
each infinitely small period of time. In the course of additive processes diﬀerent factors influence
on solids being formed and cause their deformation. The development of stress-strain state of
such solids is impossible to describe within the framework of classical concepts of continuum
mechanics in principle. This is due to the lack of any configuration of the continuously growing
solid which could be associated with introduction of the strain measures. An adequate description
of mechanical behavior of solids deforming in processes of their continuous growing can be given
on the basis of approaches and methods of mechanics of growing solids being actively developed
nowadays.
In the proposed study we consider the situation when the solid being additively formed
exhibits the properties of deformation heredity (viscoelasticity) and aging (weakening the deformation properties over time regardless stresses existing in the solid), and therefore, during pauses
in the growing process as well as after the final cessation of growth the solid continues to change
its stress-strain state. This situation is quite diﬃcult to simulate as rheological manifestations
in the deformation response of the material continuously interact with mechanical reactions of
the solid on the developing in time process of adding new material elements to it.
We consider the homogeneously aging isotropic linearly viscoelastic material described by the
equation of state [1]
[
]
T(r, t) = Hτ−1
2E(r,
t)
+
(κ
−
1)1
tr
E(r,
t)
.
(1)
(r)
0
Here τ0 (r) is the time of occurrence of stresses at the point of the solid with the radius-vector
r; T and E are the stress and small strain tensors, 1 is the unit tensor of the second
( rank;)
−1 = G(t) I + N
κ = (1 − 2ν)−1 , where ν = const is the( Poisson’s
ratio.
The
linear
operator
H
s
s
)
is inverse to the linear operator Hs = I − Ls G(t)−1 with the real parameter s ⩾ 0, where G(t)
is the elastic shear modulus, I is the identity operator,
{ }
{ }
∫ t
∂ ∆(t, τ )
1
Ls
K
f (t) =
f (τ )
(t, τ ) dτ, K(t, τ ) = G(τ )
, ∆(t, τ ) =
+ ω(t, τ ).
Ns
R
∂τ
G(τ )
s
K(t, τ ) and R(t, τ ) are the kernels of creep and relaxation, ∆(t, τ ) and ω(t, τ ) are the specific
strain function and the creep measure for pure shear (t ⩾ τ ⩾ 0). It is accepted by definition
that ω(τ, τ ) ≡ 0.
We denote g ◦ (r, t) = Hτ0 (r) g(r, t) for arbitrary function g(r, t) of solid point r and time t,
and we denote f ◦ (t) = Ht0 f (t) for arbitrary function of time f (t) which is not associated with
specific points of considered solid.
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Note that the defining relations written out above were developed especially for the description of processes of concrete deformation. However, they are also well suited to describe the
mechanical behaviour of some rocks, as well as polymers, soils, ice.
The state equation (1) is used in the present work to describe the mechanical behaviour of a
solid which is built up with additional material being loaded simultaneously with its attaching
to the solid. Obviously, in this case, the function τ0 (r) in (1) will be determined in the following
way. In the originally existing (before accreting) part of the solid it will be identically equal to
the time moment t0 of loading of this part. In the additional part of the solid, formed during
accreting, it will coincide with the distribution τ∗ (r) of moments of attaching particles r of
additional material to the solid.
The corresponding mechanical problem is investigated in quasistatic statement and in the approximation of small strains. The latter let us consider the time-variable space domain occupied
with the growing solid to be known at any time instant and prescribed by a specific simulated
growing process. We suppose that the problem in question contains integral force conditions on
some expanding due to the influx of additional material parts of the growing solid surface. We
prove the following proposition that gives a way to solve the stated problem for the growing solid
on the basis of Saint-Venant principle.
Lemma. Let Ω0 and ΩA be two arbitrary limited surfaces inside or on the boundary of a solid,
subordinated to the state equation (1) and formed in a process of piecewise-continuous accretion
in N stages t ∈ [t2k−1 , t2k ) (k = 1, N ) of continuous growth with arbitrary long pauses between
them. The surface Ω0 is entirely within the original (existing before accreting) part of the solid
considered. The surface ΩA lies entirely in the additional part of the solid and is obtained by
motion in space of a curve Γ(t), t ∈ [t1 , +∞), which belongs to the current growth surface of the
solid at every moment of its continuous accreting and is fixed in the pauses between the stages
of continuous accreting, i.e. outside the time intervals [t2k−1 , t2k ). Let g(r, t) be an arbitrary
function defined in the points r of surfaces Ω0 and ΩA for t ⩾ τ0 (r). Then, when t > t1 the
formula
[∫
]◦ ∫
∫
g∗ (r) υ(r, t)
d
∂ g ◦ (r, t)
dS +
ds
g(r, t) dS =
dt Ω(t)
∂t
G(t)
Γ(t)
Ω(t)
(
)
will be fair, where g∗ (r) = g r, τ∗ (r) are initial values of the function g in the points of surface
ΩA ; υ(r, t) is the normal to the curve Γ(t) component of the velocity of its motion along the
surface ΩA , calculated at the point r ∈ Γ(t); the expanding in time (disconnected in general)
surface Ω(t) combines the surface Ω0 and that part of the surface ΩA , which
has already been
{
}
formed by the time t ⩾ t0 : Ω(t) = Ω0 if t ∈ [t0 , t1 ], and Ω(t) = Ω0 ∪ Γ(τ ) t1 ⩽ τ ⩽ t if
t ∈ (t1 , +∞).
In the present work the announced technic is demonstrated on the example of modelling
additive processes of formation of the relatively long in the axial direction conical solids. It
is assumed that in the process of formation of the solid its end surfaces are acted with loading
statically equivalent to the axial tension–compression force which can change over time. Forming
the solid under consideration is carried out by means of its thickening in the radial direction due to
the influx of additional material to the conic side surface. This process is piecewise continuous,
i.e. consists of arbitrary number of stages of continuous accreating alternating with arbitrary
long pauses during which the influx of the material does not take place. By applying the above
formulated Lemma the solution of the boundary-value problem for the considered mechanical
model is constructed in the presented work in a closed analytical form.
This work was supported in part by the Russian Foundation for Basic Research (under grants
Nos. 17-51-80010-BRICS_a and 17-51-45054-IND_a), and by the Department of Energetics,
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Application of the bridged crack model for evaluation of materials
self-healing
M.N. Perelmuter1,a)
1 Institute for Problems in Mechanics of RAS
The bridged model crack is used for analysis of cracked structures self-healing. In
the frameworks of the modelling approach is assumed: a) there are bonds between
jointed materials (the interface layer); b) any zone of weakened bonds in this layer
is considered as a crack with distributed nonlinear spring-like ligaments between
the crack surfaces (bridged zone); c) bonds properties define the stress state at the
crack bridged zone and, hence, the fracture toughness of the material. The bonds
regeneration at the crack bridged zone is evaluated by the thermo-fluctuation kinetic
theory. The healing time is dependent on the chemical reaction rate of the healing
agent, the crack size and the external loads. The non-local fracture criterion is used
to evaluate the fracture toughness and the critical external loading in the frames of
the bridged crack model. The decreasing of the stress intensity factors is used as the
measure of the healing eﬀect. The mathematical background of the problem solution
is based on the methods of the singular integral equations. The model can be use
for the evaluation of composite materials durability.
Models of a crack with interaction of its surfaces make it possible to combine approaches
of mechanics, physics and chemistry while analyzing processes of fracture. Diﬀerent versions of
such models (cohesive or bridged) for analyzing brittle, elastic-plastic and viscoelastic fracture
were proposed. In this paper the models of cohesive and bridged cracks are used for the eﬃciency
evaluation of healing and self-healing cracked structures.
During healing and self-healing of materials the following stages can be considered: 1) formation and growth flaws/cracks under external loading and aggressive environment; 2) activation
of healing or self-healing mechanisms under external influence or internal agents; 3) healing of
flaws/cracks with partial or total restoration of bonds between crack surfaces. In the frames of
cohesive/bridged approach is assumed: there are artificial bonds between crack surfaces (the interface layer); any zone of these bonds is considered as a crack process zone (cohesive or bridged)
with distributed nonlinear spring-like ligaments between the crack surfaces.
The bonds properties variation define the stress state at the crack process zone and, hence,
the fracture toughness of the material. In a general case, the size of process zone of the crack is
comparable to the whole crack size. The choice of the process zone model (cohesive or bridged)
depends on the materials type and the self-healing mechanism. The transition between cohesive
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and bridged models is considered. The main task of the modeling consists of the computational
analysis of the bridging stresses distribution and in the computing of the stress intensity factors which are the main characteristics of healing and self-healing eﬃciency. The mathematical
background of the stresses problem solution is based on the singular integral-diﬀerential equations (SIDE) and the boundary element methods (BEM) [1, 2, 3]. Diﬀerent self-healing methods
(microcapsules filled with a self-healing agent, microvascular fibers, mendable polymers) with
various mechanisms of self-healing are analyzed. The thermo-fluctuation kinetic model [4, 5] is
used to evaluate the time of the crack bridged zone regeneration and formation. The healing time
and eﬃciency are dependent on the chemical reaction rate of the healing agent, the crack size
and the external loads. The non-local fracture criterion [1, 6, 7] is used to evaluate the fracture
toughness and the critical external loading in the frames of the bridged crack model. The model
can be used for the evaluation of composite materials healing and durability. Some results of
self-healing processes analysis are presented and discussed. For example, a straight crack on the
interface between diﬀerent materials under the external tension is considered. It was assumed
that at the initial time instant (when the surfaces of a crack are free of constraints) some healing
process is activated inside of a crack and ligaments between crack surfaces are built. The numerical calculations were performed for plane strain conditions and the elastic constants of the joint
materials (metal-polymer). The purpose of calculations is the analysis of the self-healing process
eﬃciency. The measure of the self-healing eﬃciency is the level of the stress intensity factor (SIF)
at the crack tips. The dependences of SIF versus the bridged zone length (the crack filling with
bonds) and versus the bonds stiﬀness are obtained. On the basis of these results the saturated
bridged zone size dependence versus bonds stiﬀness was obtained. The saturated bridged zone
size here is defined as the zone size above that the SIF is changed less than 5 percent.
This study was partially supported by Russian Foundation for Basic Research, research
project No. 17-08-01312.
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Computer simulation of small size neutron generators with magnetic
insulation
V.I. Rashchikov1,a) , A.E. Shikanov1,b)
1 National Research Nuclear University MEPhI (Moscow Engineering Physics
Institute)
Computer simulation of coaxial neutron tubes generators with small transverse dimension and comparison with experimental data were fulfilled. Plasma containing
deuterons is created at the anode by a focused laser beam. External high voltage
electric pulse accelerate deuterons from plasma to permanent magnet, which in our
case serve as the cathode and target. Model based on the code SUMA [1], [2] with
some additional improvement to describe lasers plasma boundary expansion.
Small size pulsed neutron generators on the basis of vacuum and gas-filled pulse diode are
widely used for neutron logging of oil-gas wells and ore holes, fast elemental analysis of the
composition of matter, and detection and identification of dangerous hidden substances [3].
Special methods for suppressing secondary electron emission from the cathode should be used
[4] to increase their lifetime and eﬃciency. For diode with high accelerating voltage, magnetic
insulation remains practically unique method. Permanent magnet for secondary electron current
suppression was used in our installation to reduce device transverse dimension. A schematic view
of the setup is shown in Fig. 1.

Fig. 1: Laser-plasma diode. 1 - the anode with a laser TiD target; 2 - the hollow cylindrical
cathode (NdFeB); 3- place target, forming neutrons (DD reaction); 4 - laser radiation; 5 - vacuum
electrical connector
Particle in cell (PIC) code SUMA was used as a base for further improvement. The main
problem is a correct simulation of deuterons emission from moving plasma surface. The code
is a time dependent model that describes self consistently the dynamics of charged particles
in rectangular, cylindrical, and polar systems of coordinates. The system of equations used in
mathematical model consists of the Maxwell equations, the equation of the medium, and the
equation of motion. At each step of the solution at running instant t, the charge and current
densities appearing in the Maxwell equations are calculated first. The charges and current are
distributed among the nodes of the spatial mesh and smoothed by weighing the areas of a particle
(cloud) and a mesh. The arrival of new particles at a simulation step ∆t to the region under
investigation is simulated by the mechanism of injection, emission or secondary emission with
corresponding laws of distribution. Then the Maxwell equations are solved numerically and the
resultant solution is corrected for matching to the Poisson equation. The correction is carried
a)
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out by solving the Poisson equation for the diﬀerence of charge density distribution obtained
from the divergence Maxwell equations and the actual distribution of charges.
Poisson equation is solved using the algorithm of fast Fourier transformation in one coordinate
and Thomas algorithm in the other coordinate. For a complex boundary as well as in the presence
of electrodes in the domain, the capacity matrix method is used, which relates the potential and
charge at the required nodes. Since the solutions of the Maxwell equations gives the fields at
the nodes of mesh, the fields at the intermediate points at which particles are located must be
calculated for numerical integration of the equations of motion. For this purpose, interpolation
and smoothing of mesh functions is used. Integrating the equations of motion, we determine the
distribution of particles in the phase space at the next instant t + ∆t, and so on. For integration,
the relativistic version of the method with overstep is employed using a time shift of the spatial
coordinate and momentum. The particles falling on the walls of the chamber or electrodes are
removed.
Field of permanent magnet is modeled by a set of coils, which allocated on real magnets
surface (Fig. 2). The values of coils currents are adjusted to obtain magnetic field distribution
close to experimental one.

Fig. 2: Magnetic field distribution in diode
Typical charge particles and field distributions in the diode during pulse duration shown
on Fig. 3. On upper part of each picture accelerating electric field potential distributions are
presented. Lower part correspond to charge particle distribution in diode. The deuterons (black)
and electrons (red points on the figure) are produced by plasma and secondary emission on the
target accordingly.

Fig. 3: Field potential (upper part) and charge particle (lower part of each picture) distributions
for diﬀerent time moment. Deuterons - black points, electrons -red points.
Comparison of the number of neutrons which were recorded with an all-wave detector with
a helium counter of thermal neutrons and computer simulation results shows a good agreement.
Some addition steps for magnetic field optimization should be taken to reduce electron current
from the target and, as a result, increase neutron generator lifetime and eﬃciency.
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Dispersion and anisotropy of elastic waves in fractured porous media
V.L. Savatorova1,2,a) , A.V. Talonov2,3,b) , E.L. Kossovich3
1 University of Nevada, Las Vegas
2 National Research Nuclear University "MEPhI"
3 National University of Science and Technology "MISiS"
In this work, we study plane wave propagation in pre-loaded elastic media with periodic structure weakened by cracks and pores. We assume cracks to be isolated
closed penny-shaped, randomly oriented. We take into account the Coulomb friction
between crack faces. For low-frequency and high-frequency cases we propose multiple scales approaches which allow us to replace real heterogeneous materials with
eﬀective media. As a result, we have got expressions for displacements and velocities
of waves in eﬀective media, and studied how these quantities can be influenced by
external stress, frequency and direction of wave propagation.
Studying of acoustic waves propagation in structurally inhomogeneous media weakened by
large amount of fractures nowadays is a current problem for characterization of Earth shell,
Earthquakes prognosis and mining.In this paper we consider plane wave propagation in preloaded media with periodic structure weakened by cracks and porous. We assume that the
cracks faces may react according to the Coulomb rule. The governing equations of the motion
are [1, 2]
ρ

∂
∂ 2 ui
=
σik .
2
∂t
∂xk

(1)

Here t is time, xk is a coordinate (k = 1, 2, 3), ui is a component of a displacement vector
(i = 1, 2, 3), ρ is the density of medium.
And for elastic material with cracks and porous the components of macroscopic strain tensor
can be expressed as
(2)

δεik = Sikjl δσjl + Aikjl δσjl .

In equation (2), Sikjl are components of the tensor S which defines elastic properties of homogeneous volume element V , Ajlpq are components of tensor A which defines nonlinear properties
due to cracks and pores (i, j, k, l = 1, 2, 3).
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Using the equations (1)-(2), we have investigated the low-frequency case where wave length
exceeds the characteristic size of heterogeneities and the high-frequency case where wave length
ρ0 ω02
∼
compare with the characteristic size of heterogeneities. In the low-frequency case when
E0
1
(xc ∼ L ∼ λ), where ω0 - frequency, ρ0 is density and E0 is the Young’s modulus, the
L2
two-scale homogenization technique [3] is used to obtain a macroscopic equation for plane wave
propagation in eﬀective elastic media. In terms of plane wave propagation through the eﬀective
media, we mostly have been interested in speeds of longitudinal and transversal waves.
When wavelength of a traveling wave becomes comparable with the characteristic size of het1
ρ0 ω02
∼ 2 (xc ∼ l ∼ λ), where l is the size of periodic structure, multiple reflections
erogeneities
E0
l
and refractions at the heterogeneities’ interfaces can lead to wave’s dispersion and attenuation.
Using the high-frequency homogenization approach for periodic media [4], we investigated the
dependence of wave speeds on the frequency.
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Mathematical modeling of water hammer with cavitation
S.I. Sumskoi2,a) , A.M. Sverchkov1,b) , M.V. Lisanov1,c)
1 CJSC Scientific technical center of industrial safety problem research
2 National Research Nuclear University MEPhI (Moscow Engineering Physics
Institute)
In the following research mathematical model, describing pipeline flows within boiled
liquid phase sections, is provided. The numerical method for calculating this model
is developed. By mathematical modeling it is demonstrated, that in case of boiled
liquid phase sections occurrence, ignoring them can lead to hundreds percent errors,
especially considering waves travel time. This allows us to conclude, that for adequate
water hammer description accounting boiling occurrence is obligatory for obtaining
correct and complete characteristic of the flow.
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The flow of the liquid in the pipeline can be accompanied by the circulation of compression
and rarefaction waves. In compression waves the liquid is loaded and the pressure increases,
in the rarefaction waves the pressure drops. The loading pressure can increase significantly,
but the decrease of the pressure will be limited. In particular, this is due to the fact that the
pressure of the liquid cannot be less than the pressure of its saturated vapors. Cavitation occurs,
and as a result the newly formed vapor does not allow the pressure to drop below a certain
level. Cavitation also reduces the propagation celerity of waves in the pipe. Thus, with the
pressure decrease in the pipe, cavitation phenomena can occur and long vapor-liquid flow zones
can form which can significantly change the flow pattern. Thus, the development of new methods
for solution of equations describing multiphase flows in pipelines is a very important problem,
for example for industrial safety. It is proposed to consider the equations of motion of weakly
compressible liquid in a pipe with a number of assumptions:
- initially constant pipe diameter;
- mechanical equilibrium of phases;
- negligible temperature changes;
- instantaneous equilibrium between phases during phase transitions.
Then the flow will be considered consisting of the two components: liquid phase with a
volume fraction of ϕl and vapor phase with a volume fraction ϕv . Assuming uniform mixing of
the liquid and vapor, the system can be characterized by the average density of this mixture
ρmix :
(1)

ρmix = ϕv ρv + ϕl ρl

here ρl - individual density of liquid, ρv –individual vapor density.
In addition to the volume fractions ϕv and ϕl , the mixture composition can be specified by
the mass fractions Yv and Yl :
(2)

Yl ρmix = ϕl ρl , Yv ρmix = ϕv ρv .

In this case the flow is described by the conservation equations of the total mass, momentum,
and vapor mass:
∂ (ρmix ) ∂ (ρmix · w)
+
= 0,
(3)
∂t
∂x
(
)
∂ (ρmix · w) ∂ ρmix · w2
∂p λ (Re)
+
=−
−
· ρmix · w · |w| − g · ρmix · β,
(4)
∂t
∂x
∂x
2·D
∂ (ρmix · ϕv ) ∂ (ρmix · w · ϕv )
+
= Sv ,
(5)
∂t
∂x
here x - distance along the pipe, t - time, w - velocity, p - pressure, λ - friction factor, D - the
internal diameter of the pipe, g - gravitational acceleration, β - sine of the angle of inclination
of the route, which is determined by the elevations points of the pipeline and Sv - rate of change
in vapor mass.
In case of an instantanious "vapor-liquid" phase transition equation (5) can be replaced by
expression:
ϕv =

(ρmix − ρl (psat ))
,
(ρv − ρl (psat ))

(6)

Where the saturated vapor pressure psat is calculated by equation:
)
(
1/Tboil − 1/T
,
psat = p0 exp ∆Hboil µ
R
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here ∆Hboil is the heat of boiling, Tboil is the boiling point at a pressure p0 .
To calculate the friction factor λ in this paper, the Lockhart-Mortinelli ratio is used.
To calculate the pressure in liquid, we use the equation for a slightly compressible liquid with
an eﬀective velocity of sound propagation in a tube (propagation celerity of the wave).
To calculate the pressure in vapor, the equation of state of an ideal gas is used.
For complete statement of the problem, it is also necessary to set the initial and boundary
conditions.
To solve the system of equations (1) - (7) Godunov type method is used. But in this work
the speed of sound in a two-phase medium is used to solve Riemann problem in the acoustic
approximation.
The cavitation has a significant eﬀect on the flow pattern, as can be seen in the following
example - a strong water hammer problem.
We consider a pipeline with a constant flow with certain input pressure and a free outflow
at the end. The friction can be ignored for a short pipeline. When the flow is cut oﬀ at the
end of the pipe (instantaneously and completely), compression-rarefaction waves start circulating
through the pipe. The results of mathematical modeling the described process without cavitation
and with cavitation are presented in Fig. 1. As one can see in this figure, the diﬀerence in the
evolution of pressure at the end of the pipe is very significant.
The results of pressure measurement obtained in the experiment are presented in Fig. 2. Аs
one can see in Fig. 1 and 2, the cavitation accounting model gives the best conformity with
the experimental data. Thus, it is shown that the proposed model and the numerical method
describe real physical processes quite well, in particular, the amplitudes and duration of waves
are described accurately.
This work is supported by the Russian Science Foundation under grant 16-19-00188

Fig. 2: Pressure versus time at the end
of the pipeline: calculation (with cavitation) and experiment.

Fig. 1: Pressure versus time at the end
of the pipeline (near the closed valve)
with and without cavitation.

169

Problems of Mathematical Physics and Mathematical Modelling (2017)

Cluster analysis of S.Cerevisiae nucleosome binding sites
Y.M. Suvorova1,a) , E.V. Korotkov1,2,b)
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It is well known that most of the eukaryotic genome is wrapped into nucleosomes and
it was shown that DNA sequence itself plays an important role in the nucleosome positioning process. In this work, we performed a cluster analysis of 67 517 nucleosome
binding sequences from the S. Cerevisiae genome using self-learning position-weight
matrices. We found 135 statistically significant classes that contain 43 225 sequences
from the original set.
In eukaryotic organisms, most of the DNA (about 80%) is wrapped around histone octamers
and formed nucleosomes that are the basic units of higher-order chromosome structure. It
was shown that besides packaging nucleosomes positioning has a regulatory function too. The
hypothesis that the nucleosomes positioning in the genome may be determined by the DNA
sequence, was first put forward by E.Trifonov in 1980 citetrif. Since then, there were a lot of
research devoted to the search of properties of sequences that would distinguish these areas,
as well as developing methods for nucleosomes positioning prediction citeteif In this work, we
performed a cluster analysis of the S. Cerevisiae nucleosome binding sites to investigate the
diversity of the corresponding DNA sequences.
We extract 67517 unique nucleosome binding sequences from the S. Cerevisiae genome using
coordinates of the experimental map citebrog. To bring all the sequences to the same length,
we cut all center-aligned nucleosome sequences up to 140 nucleotides. Within this dataset,
we performed all-against-all sequence comparison using blast and found only 3200 cases of
significant sequence similarity (e − value < 1e − 5).
For further analysis, we transform each DNA sequence into 16-letter dinucleotide alphabet
sequence (of length 70). The clusterization procedure was based on the self-learning 16 × 70
position-weight matrices and the Monte-Carlo simulation (see Figure 01).
Triplet periodicity is the property of coding sequences of any organism. Since nucleosome
sequences considered in our work occupied about 80% of the S. Cerevisiae genome triplet
periodicity may influence the result of our clusterization. To test if triplet periodicity has the
influence on the resulting clusterization we shuﬄed sequences on step three to save the triplet
structure of the sequences (in the DNA alphabet). In the result, we found 174 classes, that
include 39167 nucleosome sequences. That means that triplet periodicity has a minor impact on
the results.
Random sequence analysis of the same volume dataset showed that statistically significant group
size must exceed 80 sequences. Among the real data, we found 135 significant non-overlapping
clusters that together comprise 43225 sequences from the original dataset (the average class size
- 400 sequences). The results show that there is a hidden similarity between nucleosome binding
sequences. Found classes are used for prediction nucleosome binding regions in diﬀerent genomes.
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Fig. 1: Main algorithm.
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The Boundary Value Problem for Relativistic Schrodinger Equation
S.A. Vasilyev1,a) , I.S. Kolosova1,b)
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Infinite order diﬀerential operators with small parameter are investigated for solving the relativistic Schroedinger diﬀerence equation (singular perturbed diﬀerential
equation of infinite order) with the quasipotential. It is studying the boundary value
problems on the interval [0, r0 ], the boundary value problem with periodic and antiperiodic boundary conditions on the interval [0, r0 ] and the boundary value problem
on the positive half-line [0, +∞) for finding the eigenfunctions and eigenvalues.
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In the papers [1]-[4] it was investigated the relativistic Schroedinger diﬀerence equation with
the quasipotential (Logunov–Tavkhelidze–Kadyshevsky equation, LTK equation) in the relativistic configurational space for the radial wave functions of bound states for two identical elementary
particles without spin
√
[ rad
]
H0 + V (r) − 2c q 2 + m2 c2 ψ(r, l) = 0,
(
H0rad

2

= 2mc ch

(1)

)
(
)
iℏ
ℏ2 l(l + 1)
iℏ
D +
exp
D
iℏ
mc
mc
mr(r + mc
)

where m is the mass, q is the momentum, l is the angular momentum of each elementary particles
and V (r) is the quasipotential (a piecewise continuous function).
If in this equation we let the velocity of light to infinity (c → ∞) formaly it is possible to get
the nonrelativistic Schrodinger equation [4].
Asymptotic solutions of boundary value problems for LTK equation was presented in [1]. For
this equation were studied boundary value problems with the quasipotential on an interval and
on a positive half-line. Using asymptotic methods were obtained solutions in the form of regular and boundary layer parts, and investigated the question of the asymptotic behavior of the
solutions when a small parameter ε → 0. Also in [1] for LTK equation was made the transition
from equations of infinite order equation to finite order 2m. For this ”cutting” equation (Logunov–Tavkhelidze–Kadyshevsky cutting equation, LTKC equation) have also been formulated
boundary value problems on an interval and on a positive half-line, it is were built asymptotic
solution for these problems and studied their behavior when the order LTKC equation 2m → ∞.
If in the equation (1) we assume that ℏ = 1, m = 1, l = 0 (S-wave function),
√
1
ε = , λε,∞ = 2q 2 / 1 + ε2 q 2 + 1, v = V (r), q 2 = (1 + 0.25ε2 λε,∞ )λε,∞ ,
c
then the equation (1) has the form
e ε − λε,∞ ]ψε,∞ (r) = 0,
[L
∞
e ε = L2 + ε2 Lε =
L
∞
∞

∞
∑

(2)
ε2p−2 L̂2p + v(r),

L̂2p =

p=1

L2 = L̂2 + v(r) = −D + v(r),
2

Lε∞

=

∞
∑

ε

p=1

2p−2

2(−1)p 2p
D ,
(2p)!!

L̂2p+2

Dp = dp /drp ,

∞
∑
2(−1)p+1 2p−2 2p+2
ε
D
.
=
(2p + 2)!!
p=1

This diﬀerential equation of infinite order with a small parameter (ε << 1) belongs to the
class of singularly perturbed equations.
For this diﬀerential equation we can formulate the boundary value problem A∞
IBC,ε on the
∞
interval [0, r0 ], the boundary value problem BIP BC,ε with periodic boundary conditions on the
∞
interval [0, r0 ], the boundary value problem BIAP
BC,ε with antiperiodic boundary conditions on
∞
the interval [0, r0 ] and the boundary value problem CHLBC,ε
on the positive half-line [0, +∞) for
∞
finding the eigenfunctions [ψε,∞,γ ]γ=1 and eigenvalues [λε,∞,γ ]∞
γ=1
e ∞ − λε,∞ ]ψε,∞ (r) = 0,
[L
Di ψε,∞ (0) = Di ψε,∞ (r0 ) = 0,

(3)
i = 0, 1, . . . ,
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are the boundary conditions for the problem A∞
IBC,ε ,
Di ψε,∞ (0) = Di ψε,∞ (r0 ),

(5)

i = 0, 1, . . .

∞
are the boundary conditions for the problem BIP
BC,ε ,

Di ψε,∞ (0) = −Di ψε,∞ (r0 ),

i = 0, 1, . . .

(6)

∞
are the boundary conditions for the problem BIAP
BC,ε ,

Di ψε,∞ (0) = Di ψε,∞ (+∞) = 0,

i = 0, 1, . . .

(7)

∞
are the boundary conditions for the problem CHLBC,ε
.
If we assume that ε = 0 we can formulate degenerate problems for finding the eigenfunctions
∞
[ψ0,γ ]∞
γ=1 and eigenvalues [λ0,γ ]γ=1

[L2 − λ0 ]ψ0 (r) = 0,

(8)

ψ0 (0) = ψ0 (r0 ) = 0

(9)

are the boundary conditions for the problem AIBC,0 ,
Di ψ0 (0) = Di ψ0 (r0 ) i = 0, 1,

(10)

are the periodic boundary conditions for the problem BIP BC,0 ,
Di ψ0 (0) = −Di ψ0 (r0 ) i = 0, 1,

(11)

are the periodic boundary conditions for the problem BIAP BC,0 ,
(12)

ψ0 (0) = ψ0 (+∞) = 0

are the boundary conditions for the problem CHLBC,0 .
In this work infinite order diﬀerential operators with small parameter are investigated for
solving LTK and LTKC equations with the piecewise continuous quasipotential. It was studying
the boundary value problems on the interval [0, r0 ], the boundary value problem with periodic
and antiperiodic boundary conditions on the interval [0, r0 ] and the boundary value problem on
the positive half-line [0, +∞) for finding the eigenfunctions and eigenvalues.
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An approach to invistigate the regions of self-oscillations
T.R. Velieva1,a) , A.V. Korolkova1,b) , D.S. Kulybov1,c) , I.S. Zaryadov1
1 Peoples’ Friendship University of Russia (RUDN University)
In systems with control, there is such a negative phenomenon as global synchronization, which is expressed in the form of self-oscillations. To eliminate this phenomenon, it is necessary to investigate the eﬀect of system parameters on characteristics. As an implementation of the threshold control system, we investigate the
active traﬃc control module RED, and the cause of the self-oscillation is the type
of the reset function. In this paper we consider the application of the block-linear
approach to control theory and the application of harmonic linearization.
The work is partially supported by RFBR grants No’s 15-07-08795 and 16-0700556. Also the publication was financially supported by the Ministry of Education
and Science of the Russian Federation (the Agreement No 02.A03.21.0008).

1

Application of the method of harmonic linearization

To describe the RED algorithm we will use the following continuous model (see [1, 2, 3]) with
some simplifying assumptions: the model is written in the moments; the model describes only
the phase of congestion avoidance for TCP Reno protocol; in the model the drop is considered
only after reception of 3 consistent ACK confirmations.
The method of harmonic linearization is an approximate method. The harmonic linearization
diﬀers from the common method of linearization and allows to explore the basic properties of
nonlinear systems.
The method of harmonic linearization is used for systems of a certain structure. The system
consists of linear part Hl and the nonlinear part, which is set by function f (x). It is generally
considered a static nonlinear element.
In a block-linear approach to control theory the original nonlinear system is linearized and
divided into blocks. The blocks are characterized by a transfer function, which connects input
and output values. The linearization method is described in the article [2]. We obtain a linearized
system:

δLW
δLW
δLW
W
δ Ẇ (t) = δL


δW |f δW (t) + δWT |f δW (t − Tf ) + δQ |f δQ(t) + δp |f δp(t − Tf ) =

2


 = − N 2 (δW (t) + δW (t − Tf )) − C2NT2f δp(t − Tf );
CTf
(1)
δLQ
δLQ
N
1

δ
Q̇(t)
=
|
δW
(t)
+
|
δQ(t)
=
δW
(t)
−
δQ(t).

f
f
δW
δQ
Tf
Tf



δL
δL
˙
δ Q̂(t)
= Q̂ |f δ Q̂(t) + δQQ̂ |f δQ(t) = −wq Cδ Q̂(t) + wq CδQ(t).
δ Q̂

After we linearize the drop function. It will take the following form:
δp(s) = PRED

1
δQ(s).
1 + wqsC

(2)

The block representation of the linearized RED model (Fig. 1) is constructed.
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Fig. 1: Block representation of the linearized RED model
To determine the region of self-oscillations, we use the Routh-Hurwitz criterion, and to determine the self-oscillation parameters, use Mikhailov’s criterion. This criterion is an algebraic
criterion of stability.
The transfer function of the conservative system has the form
Hc (s) =

Pn (s)
Hl (s)
:=
.
1 + Hl (s)Hnl (s)
Pd (s)

(3)

The equation Pd (s) = 0 is the characteristic equation of the system. It can be present in the
polynomial form:
Pd (s) := a0 sn + a1 sn−1 + · · · + an .

(4)

From the coeﬃcients of the characteristic equation one can construct Hurwitz determinant ∆.
By the Hurwitz criterion, in order for the dynamical system to be stable, it is necessary and
suﬃcient that all n principal diagonal minors of the Hurwitz determinant be positive, provided
that a0 > 0. These minors are called Hurwitz determinants. The system is located on the
boundary of the oscillatory system, if Deltan−1 = 0. In this case, there are auto-oscillations.
Consider the criterion of Mikhailov.
Let us write the characteristic equation of the conservative system (3) with respect of s →
δt → iω:
(5)

Pd (iω) = 0.

In addition, if one explicitly allocates real and complex parts, then the equation (5) can be
written in the following form:
ℜPd (iω) = 0,

ℑPd (iω) = 0.

(6)

Thus, the parameters of self-oscillations can be determined from equation (6). Let us compute
the coeﬃcients of harmonic linearization κ(a) and κ ′ (a) (7)
(√
)
√
Q2min
4
pmax
Q2max
κ(A) =
1−
− 1−
;
(7)
Aπ Qmax − Qmin
A2
A2
pmax
Qmax − Qmin
4pmax
4
= 2 .
Aπ Qmax − Qmin
A
A π
Let’s write the balance equation between frequency and amplitude:
κ ′ (A) =

(8)

1
1
C 2 −IωTf
1
E
=
N
−IωTf ) Iω + 1 1 + Iω 2N
Iω + CT
2 (1 + E
T
w
C
q
f
f
(9)
√
√
Q2min
Aπ
1
Q2max
1 −1
=−
[
( 1−
− 1−
)+I ] .
4pmax Qmax − Qmin
A2
A2
A
In this paper, harmonic linearization was used to determine the region of origin of self-oscillations
and their parameters. The obtained values are verified using the simulation tool NS2.
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Application of thermal-hydraulic model of RBMK-type reactor fuel channel
for correction of experiment-calculated values of power and coolant flow
A.M. Zagrebaev1,a) , A.V. Trifonenkov1,b)
1 National Research Nuclear University MEPhI (Moscow Engineering Physics
Institute)
The eﬀectiveness and the security of RBMK-type reactor operation depends on the
accuracy of the control over reactor’s parameters and their limitations. The processing of operational parameters archive helps to adjust diﬀerent mathematical models
and significantly widen their field of use. Pressure diﬀerential between common pressure header and steam separator is the sum of calculated pressure diﬀerential and
friction loss on flow control valve. There is known mathematical software, which
allows to adapt such model for each fuel channel using the archive. In this research
it is suggested not to replace the regular mechanism with such approach, but to use
the adapted mathematical model to calculate corrected values of power and flow,
which were measured by regular means. Mathematical expressions and procedures
for such approach are given.
The eﬀectiveness and the security of RBMK-type reactor operation depends on the accuracy of the control over reactor’s parameters and their limitations. Two of the most important
parameters are the coolant flow through fuel channel and the energy emission, or power of the
channel. Currently used means of control and algorithms of information processing surely give a
reliable solution to the problem [1]. Nevertheless, research of new methods of accuracy increase
for control systems is always a problem of interest. At present, such methods may involve using
an archive of nuclear reactor operational parameters for a long period of time. In particular, the
processing of operational parameters archive helps to adjust diﬀerent mathematical models and
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significantly widen their field of use. In this research it is suggested to use thermal-hydraulic
mathematical model of the pressure diﬀerential in fuel channel to correct experiment-calculated
values of power and coolant flow, derived by regular methods.
The core of RBMK-type reactor contains 1661 fuel channels [1]. During operation, at temperature of 270o C and at pressure of approximately 7 MPa is delivered by main circulating pumps
into the common pressure header. Then through group distribution headers coolant flows to fuel
channels. After passing the reactor core steam-water mixture enters a steam separator, where is
separated into liquid and gaseous phases. Steam then proceeds to a turbine, while liquid water
returns back to the reactor. All channels are equipped with flow meters of coolant, which take
part in flow measurement process, and flow control valves, which help to change the flow.
Pressure diﬀerential between common pressure header and steam separator is the sum of
calculated pressure diﬀerential and friction loss on flow control valve: ∆Pv = ki G2i . Thus:
∆P = ∆PHDC (Gi , Wi ) + ki G2i = 0

(1)

Here ∆PHDC (G, W ) is hydrodynamic characteristic of RBMK-type fuel channel. It is derived as
a result of hydrodynamic calculation [2], based on mathematical model, expressed by thermalhydraulic equations for two-phased coolant flow: the continuity equation and equations for dynamics and energy. One important feature of an RBMK-type reactor is that fuel channels are
separated into large groups, each forming an isolated system, within which channels have the
same pressure header at the input and the same steam separator at the output. Thus, pressure
diﬀerential between pressure header and steam separator for each channel of a group is the same
and is measured by regular means of pressure control.
In [3, 4] mathematical procedure and software is given, which allows to find the coeﬃcient
ki for each fuel channel using the archive. (In what follows, there will be no i index, supposing
that some fixed channel is always being considered).
Thus, in the equation for pressure diﬀerential (1) ∆P and k are given. Then, one of the
parameters can be calculated using another, for example, with fuel channel power given, same
channel’s flow can be calculated, and vice versa. In such way the mathematical model became
adapted with the use of operational parameters archive.
It is suggested not to replace the regular mechanism with such approach, but to use the
adapted mathematical model to calculate corrected values of power and flow, which were measured by regular means.
Let Wrg and Grg be values of power and flow calculated by regular means. These values are
practically derived with given inaccuracy, which dispersions are DW and DG respectively.
Let the corrected values be calculated from the following conditions
]
[
(W − Wrg )2 (G − Grg )2
+
(2)
minW,G
DW
DG
∆P = ∆PHDC (G, W ) + kG2 = 0

(3)

Expression (2) means the following. As it can be seen from (3) the equality may be achieved by
adjusting both W and G.
But as both parameters are already approximately calculated, then they should be corrected
in such way to ramain within declared inaccuracy.
Expression (2) describes an ellipsis, and (3) describes some curve. Optimal solution lies in
tangency point (W t , Gt ) of ellipsis and curve.
The equation for tangent to the curve (3) in point (W t , Gt ) is
(
)
∂∆PHDC
∂∆P
HDC
(W t − W ) +
+ 2kG (Gt − G) = 0
(4)
∂W
∂G
(W t ,Gt )
(W t ,Gt )
177

Problems of Mathematical Physics and Mathematical Modelling (2017)

The equation for tangent to the ellipsis (2) in the same point is
2(W t − Wrg )
2(Gt − Grg ) t
(W t − W ) +
(G − G)
DW
DG

(5)

The condition of concurrence of tangents gives the system of equations:
∂∆PHDC
∂W
∂∆PHDC
∂G

(W t ,Gt )

(W t ,Gt )

=

2(W t − Wrg )
DW

+ 2kG =

(6)

2(Gt − Grg )
DG

(7)

Corrected values are calculated within iteration process.
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Section “Mathematical modelling”
About orthogonality of the single systems of special kind
A.N. Barmenkov1,a) , N.A. Barmenkov1,b)
1 National research nuclear university "MEPhI"
We present an algorithm for construction complete , orthogonal of the single systems
of spesial kind. This sequences depend on parameter and may be used in modelling
of physical processes.
The role of the classical trigonometric systemы and a single trigonometric systems is very
important for the resolving of variouse problems in the theory of diﬀerent equationce. In 1953
K. Shaidukov [1] proved by the method of theory of functions of real variable the completeness
in L2 [0; 2π] of sequence
}
{
cos(nt + bt); sin(nt + bt)

∞

n=0

,

(1)

when b ≤ 2/3 and start of a whole direction of research of such systems. In [2], [3] by the methods
of the monograph [4] it is shown that completeness and minimality in Lp [0; 2π] in a more general
system of functions
{
}∞
cos(nt + α(t)); sin(nt + α(t))
(2)
n=0

depends only on the diﬀerence of values of the α(t) at the endpoints of the segment [0; 2π],
α(t) ∈ Lipν [0; 2π] ∩ V ar[0; 2π], 0 < ν ≤ 1. So that the sequence (2) is complete in Lp [0; 2π],
1
p > 1, when α(2π)−α(0)
≤ 12 + 2p
. That is system K. Shaidukov (1) complete in L2 [0; 2π] for
2π
3
α(t) = bt when b ≤ 4 . Moreover if α(t) ̸= const, t ∈ [0; 2π] then system (2) is complete and
1
1
minimality in Lp [0; 2π], 1 < p < ∞, if and only if when 2p
< α(2π)−α(0)
≤ 21 + 2p
. In [5] is
2π
considered{ the properties
} of completeness and orthogonality of systems (2). In [6] used a single
sequence

sin(nt + bt)

∞

n=0

, for solving problems of diﬀerential equations of mixed type. In this

report we consider completeness and orthogonality in L2 [0; 2π] of single systems of the following
form:
{
}∞
sin(nt + α(t))
,
(3).
n=0

where α(t) is real function α(t) (α(t) ∈ Lipν [0; π] ∩ V ar[0; π], 0 < ν ≤ 1). Since all applications
use the complete and orthogonal sequences, we will describe a general view of a complete and
orthogonal the single systems of the form (3). By method developed in [2], [3] the conditions
of orthogonality( completeness and minimality) we reduce to the problem of solvability of some
series of boundary value problems theory of analytic functions. The main tool of investigations
of the properties of orthogonality (and completeness and minimality) of the sequence (3) is the
next challenge.
Task Carleman. Find an analytic function ϕ(z) in |z|<1| of Hardy class H2 , the angular
boundary values which satisfy the condition
ϕk (eit + e2iα(t) ϕk (e−it ) =
a)
b)

−i 2iα(t) ikt
(e
e + e−ikt ), t ∈ [0; ∈ π]
π
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−i −2iα(−t) ikt
(e
e + e−ikt ), t ∈ (−π; 0)
π
ϕk (0) = 0, k = 1, 2, ...

ϕk (eit + e−2iα(−t) ϕk (e−it ) =

.
Define class Hardy: f (z) ∈ Hp ⇔ if f (z) is analytic function in |z| < 1 and
∫π
sup −π |f (reit |p dt < ∞, (0 < r ≤ 1) for p: 1 < p < ∞.
The index of this boundary value problem is computed and depends only on the values of
the α(t) at the endpoints of the segment [0; π]. This allows to explicitly write the conditions of
orthogonality and completeness of the single system (3).
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On the controllability of transition processes in problems of reactor dynamics
A.V. Baskakov1,a) , N.P. Volkov1,b)
Research Nuclear University MEPhI

1 National

We consider a transition processes in nuclear reactors. The mathematical model
of the reactor dynamics excluding reverse thermal coupling is investigated. This
model is described by a system of integral-diﬀerential equations, consisting of a
non-stationary anisotropic multispeed kinetic transport equation and a equation of
balance delayed neutrons. The some problems of control was formulated. The controllability of the considered transition processes in this reactor is proved.
a)
b)
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The mathematical model of the reactor dynamics without the inverse temperature coupling
(see [1]) is investigated. This model is described by a system of nonstationary integro-diﬀerential
equations:
1) non-stationary multispeed anisotropic kinetic transport equation:
∂u
(x, v, t) + (v, ∇x )u(x, v, t) + Σ(x, v, t)u(x, v, t) =
∂t
∫
N
∑
=
J(x, v, v′ , t)u(x, v′ , t)dv′ +
zk Rk (x, v, t) + F (x, v, t), (1)
V

k=1

2) equation of balance delayed neutrons
∫
∂Rk
(x, v, t) = −zk Rk (x, v, t) +
Jk (x, v, v′ , t)u(x, v′ , t)dv′ ,
∂t
V

∀k = 1, N ,

(2)

(x, v, t) ∈ D = G × V × (0, T ).
In this model, the function u(x, v, t) is a function of the density distribution of neutrons
that pass through a point x ∈ G with velocity v ∈ V at the time t ∈ [0, T ]. Functions
Σ(x, v, t), J(x, v, v′ , t), F (x, v, t) characterize properties of a medium where a mass transfer.
Specifically, Σ(x, v, t) is an absorption coeﬃcient, J(x, v, v′ , t) is a scattering indicatrix, and
F (x, v, t) is a density of internal neutron sources. Here, G is a range of spatial coordinates,
which is assumed to be a strictly convex bounded domain, with boundary ∂G from the space C 1 ;
while V is the variation range of the particles velocities v, which is a bounded closed set contained in a spherical layer {0 < v0 ⩽ |v| ⩽ v1 < ∞}. Kernels Jk (x, v, v′ , t) of scattering integrals
characterize the densities distribution of secondary neutrons, and the functions Rk (x, v, t) are
the densities of the supports distribution of delay neutrons of the k -th group ∀k = 1, N . Suppose that the process under consideration occurs in the absence of external sources of particles;
i.e., for example, external radiation does not pass through the reactor walls. This assumption is
mathematically expressed by a boundary condition

u(x, v, t) = 0,

(x, v, t) ∈ γ− × [0, T ],

(3)

where γ− = {(x, v) ∈ ∂G × V : (v, nx < 0)}, and nx is an outward normal to a boundary ∂G of
G at a point x.
We will set the initial conditions for the functions u(x, v, t) and Rk (x, v, t):
u(x, v, 0) = φ(x, v),
Rk (x, v, 0) = Rk0 (x, v),

(x, v, t) ∈ G × V,
∀k = 1, N ,

(x, v, t) ∈ G × V.

(4)
(5)

The problem of control of the transition process for the reactor dynamics system is that it
is necessary to find some control action by means of which this reactor can be transferred from
a given state φ(x, v) to the state ψ(x, v) in a finite time t1 ∈ (0, T ] :
u(x, v, t1 ) = ψ(x, v),

(x, v, t) ∈ G × V,

(6)

Problem of control 1. Let us take as the distributed control action the stationary part
f (x, v) of the function of internal sources F (x, v, t) = f (x, v)g1 (x, v, t), where g1 (x, v, t) is the
given function (correction function).
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Suﬃcient conditions for generalized solvability of the control problem 1 are obtained, it
means that the controllability of the considered transition process in this reactor is proved. The
method for solving this problem is described in [2].
Problem of control 2. Is it possible to transfer said reactor from the initial state φ(x, v)
to the required state ψ(x, v) in time t1 using the distributed control action σ(x, v) only? In this
case, the control action σ(x, v) is a stationary part of the coeﬃcient Σ(x, v, t) = σ(x, v)g2 (x, v, t),
where g2 (x, v, t) is the given function (correction function).
Problem of control 3. Is it possible to transfer said reactor from the initial state φ(x, v)
to the required state ψ(x, v) in time t1 using the distributed control action j(x, v) only? In
this case, the control action j(x, v) is a stationary part of the coeﬃcient J(x, v, v′ , t) =
j(x, v)g3 (x, v, v′ , t), where g3 (x, v, v′ , t) is the given function (correction function).
A positive answer was received to the questions from the problems of control 2 and 3 with
the restriction of the form: diamG
< b, whereb is a constant, depending on the initial data of the
v0
task set.
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On the controllability of the transition processes in problems of reactor
dynamics
A.V. Baskakov,1,a) , N.P. Volkov1,b)
1 1National Research Nuclear University ’MEPhI’
We consider a transition processes in nuclear reactors. The mathematical model
of the reactor dynamics excluding reverse thermal coupling is investigated. This
model is described by a system of integral-diﬀerential equations, consisting of a nonstationary anisotropic multispeed kinetic transport equation and a delayed neutron
balance equation. The some problems of control was formulated. The controllability
of the considered transition processes in this reactor is proved.
The mathematical model of the reactor dynamics without the inverse temperature coupling
(see [1]) is investigated. This model is described by a system of nonstationary integro-diﬀerential
equations:
1) non-stationary multispeed anisotropic kinetic transport equation:
∂u
(x, v, t) + (v, ∇x )u(x, v, t) + Σ(x, v, t)u(x, v, t) =
∂t
∫
N
∑
=
J(x, v, v′ , t)u(x, v′ , t)dv′ +
zk Rk (x, v, t) + F (x, v, t), (1)
V
a)
b)

k=1
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2) delayed neutron balance equation
∫
∂Rk
(x, v, t) = −zk Rk (x, v, t) +
Jk (x, v, v′ , t)u(x, v′ , t)dv′ ,
∂t
V

∀k = 1, N ,

(2)

(x, v, t) ∈ D = G × V × (0, T ).
In this model, the function u(x, v, t) is a function of the density distribution of neutrons
that pass through a point x ∈ G with velocity v ∈ V at the time t ∈ [0, T ]. Functions
Σ(x, v, t), J(x, v, v′ , t), F (x, v, t) characterize properties of a medium where a mass transfer.
Specifically, Σ(x, v, t) is an absorption coeﬃcient, J(x, v, v′ , t) is a scattering indicatrix, and
F (x, v, t) is a density of internal neutron sources. Here, G is a range of spatial coordinates,
which is assumed to be a strictly convex bounded domain, with boundary ∂G from the space
C 1 ; while V is the variation range of the particles velocities v, which is a bounded closed set
contained in a spherical layer {0 < v0 ⩽ |v| ⩽ v1 < ∞}. Kernels Jk (x, v, v′ , t) of scattering integrals characterize the densities distribution of secondary neutrons, and the functions Rk (x, v, t)
are the densities of the supports distribution of delay neutrons of the k-th group ∀k = 1, N .
Suppose that the process under consideration occurs in the absence of external sources of
particles; i.e., for example, external radiation does not pass through the reactor walls. This
assumption is mathematically expressed by a boundary condition
u(x, v, t) = 0,

(x, v, t) ∈ γ− × [0, T ],

(3)

where γ− = {(x, v) ∈ ∂G × V : (v, nx < 0)}, and nx is an outward normal to a boundary ∂G of
G at a point x.
We will set the initial conditions for the functions u(x, v, t) and Rk (x, v, t):
u(x, v, 0) = φ(x, v),
Rk (x, v, 0) = Rk0 (x, v),

(x, v, t) ∈ G × V,
∀k = 1, N ,

(x, v, t) ∈ G × V.

(4)
(5)

The problem of control of the transition process for the reactor dynamics system is that it is
necessary to find some control action by means of which this reactor can be transferred from a
given state φ(x, v) to the state ψ(x, v) in a finite time t1 ∈ (0, T ] :
u(x, v, t1 ) = ψ(x, v),

(x, v, t) ∈ G × V,

(6)

Problem of control 1. Let us take as the distributed control action the stationary part
f (x, v) of the function of internal sources F (x, v, t) = f (x, v)g1 (x, v, t), where g1 (x, v, t) is the
given function (correction function).
Suﬃcient conditions for generalized solvability of the control problem 1 are obtained, it means
that the controllability of the considered transition process in this reactor is proved. The method
for solving this problem is described in [2].
Problem of control 2. Is it possible to transfer said reactor from the initial state φ(x, v)
to the required state ψ(x, v) in time t1 using the distributed control action σ(x, v) only? In this
case, the control action σ(x, v) is a stationary part of the coeﬃcient Σ(x, v, t) = σ(x, v)g2 (x, v, t),
where g2 (x, v, t) is the given function (correction function).
A positive answer was received to the question with the restriction of the form: diamG
< b,
v0
whereb is a constant, depending on the initial data of the task set.
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Resonance phenomena in the φ8 kinks scattering
E.G. Belendryasova1,a) , V.A. Gani1,2,b)
1 National Research Nuclear University MEPhI (Moscow Engineering Physics
Institute)
2 National Research Center Kurchatov Institute, Institute for Theoretical and Experimental Physics
We study kink-antikink scattering withing the (1+1)-dimensional φ8 model. In our
numerical experiments we observe non-trivial scenarios: kinks reflection without
collision, a bound state formation, and bounce oﬀ after the collision. We found two
critical values of the kinks’ initial velocity, which separate diﬀerent regimes of the
collision process. Besides that, we observe the so-called “escape windows” in the
kink-antikink collisions.
Field-theoretical models with polynomial potentials are widely used for describing various
physical systems in high energy physics, cosmology, condensed matter physics, and so on [1, 2].
Nonlinear field models with a real scalar field in (1+1) dimensions can have topologically
non-trivial solutions — kinks [2, 3]. In particular, if the potential is a polynomial of high degree
then kinks can have power-law asymptotics [4].
Consider the (1+1)-dimensional φ8 model, which has kinks with power-law asymptotics, see,
e.g., [4, 5, 6]. The dynamics of the field φ(x, t) is described by the Lagrangian
1
L=
2

(

∂φ
∂t

)2

1
−
2

(

∂φ
∂x

)2
− V (φ) with the potential V (φ) = φ4 (1 − φ2 )2 ,

(1)

which yields the following equation of motion:
∂ 2 φ ∂ 2 φ dV
−
+
= 0.
∂t2
∂x2
dφ

(2)

This model possesses kinks (and antikinks) with power-law asymptotics:
√
2
1+φ
2 2 x = − + ln
.
φ
1−φ

(3)

We study the scattering of kink φ(−1,0) and antikink φ(0,−1) in the case when they are turned
to each other by power-law tails. This means that the kink and antikink “feel” each other at
large distances — the situation is diﬀerent from those studied earlier, see [3, 7, 8, 9].
a)
b)
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We solve the equation of motion (2) using the standard explicit finite diﬀerence scheme with
the initial conditions in the form of far-separated kink and antikink, which are moving towards
each other with the initial velocity vi .
The kink-antikink scattering looks intriguing. There are two critical values of the initial
(1)
(2)
(1)
velocity, vcr = 0.08060 and vcr = 0.14792. On the one hand, at vi < vcr kinks approach to
each other, stop, and escape to infinities — they can not overcome mutual repulsion and do not
(2)
collide. On the other hand, at all vi > vcr we observe inelastic scattering — kink and antikink
collide and bounce back.
(1)
(2)
The most interesting situation is observed at vcr ≤ vi ≤ vcr . The collision leads to kinkantikink capture and formation of their bound state — a bion. At the same time, at some
particular values of the initial velocity we observe the kinks’ escape after two or more subsequent
(1)
(2)
collisions. Moreover, in the range vcr ≤ vi ≤ vcr we find the so-called “escape windows”, i.e.
intervals of the initial velocity where kinks escape instead of forming the bion. We emphasize
that within the escape windows the kinks escape to infinities after two or more collisions due
to resonant energy exchange between translational and vibrational modes of the kinks, see, e.g.,
[3, 8].
Although the kinks’ capture at some initial velocities, in our numerical experiments we observe
kink-antikink repulsion at least at large distances. We could propose a hypothesis that the
kink-antikink interaction withing the φ8 model has complicated form, and can be attractive or
repulsive in diﬀerent situations (or at diﬀerent distances).
The φ8 kinks’ scattering have new interesting features, and it’s detailed study is very important for numerous applications of the φ8 model.
Our work was performed using resources of NRNU MEPhI high-performance computing
center. This research was supported by the MEPhI Academic Excellence Project (contract
No. 02.a03.21.0005, 27.08.2013).
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Spontaneous evaporation of the acetone drop
S.Z. Dunin1,a) , O.V. Nagornov1,b)
1 National Research Nuclear University MEPhI
The problem of the evaporation of sessile drops on horizontal surface attracts researches for the last decades due to both scientific and applied aspects in various
topics [1]. The solution based on the analogy of the problem with electrostatic one
does not reflect the important property of drop [2]. A namely, inhomogeneous cooling
of the drop surface while the surface of conductor in electrostratics has constant potential. Several numerical approaches have been done to determine the temperature
distribution in the sessile drop [3].
We suggest the analytical approach to take into account an influence of the temperature
variations at the surface drop. The solution for temperature in liquid drop, solid substrate and
concentration of vapour can be written in toroidal coordinates α, θ in the following form:
1

TL (α, θ) − T∞ = {2(cosh α + cos θ)} 2 ·
∫ ∞
cosh τ θc cosh τ π cosh τ θ + kR sinh τ π sinh τ θ
dτ P− 1 +iτ (cosh α)As
,
·
2
cosh τ π cosh τ π cosh τ θc + kR sinh τ π sinh τ θc
0
1

Ts (α, θ) − T∞ = {2(cosh α + cos θ)} 2 ·
∫ ∞
cosh τ θc
cosh τ (π + θ)
·
dτ P− 1 +iτ (cosh α)As
,
2
cosh
τ
π
cosh
τ
π
cosh
τ θc + kR sinh τ π sinh τ θc
0
1

c(α, θ) − c∞ = {2(cosh α + cos θ)} 2 ·
∫ ∞
cosh τ θc cosh τ (π − θ)
·
dτ P− 1 +iτ (cosh α)BD
.
2
cosh τ π cosh τ (π − θc )
0
These functions obey to the Laplace equations, moreover, the temperatures are equal each other
at the liquid-solid interface, the heat flow at the solid surface is zero out of the drop. Nucleus in
equations, A and B, can be found out from the Claiperon-Clausius equation at the vapour-liquid
interface c(α, θc ) − cs∞ = c′sT [T (α, θc ) − T∞ ] → BD (τ ) − ∆c = c′sT As and the mass-heat balance
equation qL (α, θc ) = −kL ▽n TL (α, θc ) = −LD▽n c(α, θc ).
The solutions are derived in analytical form for parameter Γ = 0 (the diﬀusive approach)
BD (τ ) = ∆c; c(α, θc ) = cs∞ ; T (α, θ) = T∞ , and Γ = 1 (acetone; Γ = 1.026 ≈ 1):
√
2 sin 2θ
kR
2
c(α, θ) − c∞ = ∆c
]; θc ≤ θ ≤ π,
[1 − arctan √
1 + kR
π
cosh α + cos θ
√
2 sin 2θ
1 ∆c
2
√
TL (α, θ) − T∞ = −
arctan
]; 0 ≤ θ ≤ θc ,
[1
+
k
R
1 + kR c′sT
π
cosh α + cos θ
These solutions allow us to calculate the Marangoni forces FM (α, θc ) = −σT′′ ▽tg TL (α, θc ) and
convective flow inside drop.
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On the smoothing and consistеncy of data on pole figures
T.M. Ivanova1,a)
1 National Research Nuclear University MEPHI
In this paper we have obtained formulas that allow solving such supporting problems
of texture analysis as smoothing and matching data on pole figures.
In texture analysis, the pole density function describes the distribution of the normals of
crystalline planes in a polycrystalline material. The pole density is an integral projection of the
orientation distribution function and has a certain self-consistency. The experimentally obtained
pole figures are the values of the pole density measured on a discrete grid on S 2 . These data are
subject to experimental errors that cause inconsistency of t the pole density values. In addition,
to solve some problems of texture analysis, one must know the pole density values at intermediate
points. The task of smoothing the experimental data is also of interest.
In this paper we obtain the following relations
( )
2 )P
∫
⃗′ dy⃗′
(1
−
p
⃗h y
1
lim
P⃗h (⃗y ) =
(
)
)3/2 ,
4π p→1−0 s2 (
′
2
⃗
1 − 2p ⃗y , y + p
P⃗h (⃗y ) =

1
lim
4π p→1−0

∫
s2

(1 − p2 )Ph⃗′ (⃗y ) dh⃗′
(
(
)
)3/2 .
′
2
⃗
⃗
1 − 2p h, h + p

These relationships can be used to smoothing the experimental pole figures, to achieve consistency
and self-consistency pole figures, to interpolate the pole density from the available discrete set
of measurements.
The influence of the parameter p on the degree of smoothing is investigated. In particular, if
the pole density is described by the Lorentz distribution, the Lorentz distribution parameter is
multiplied by p. This causes a broadening of the peak and a decrease in its intensity.
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Simulation of complex magnesium alloy texture using
the axial component fit method with central normal distributions
T.M. Ivanova1,a) , V.N. Serebryany2,b)
1 National Research Nuclear University MEPHI
2 Institute of Metallurgy and Material Science, RAS
The possibility of simulating a complex magnesium alloy texture by the axial component fit method with central normal distributions is investigated.

The main problem of quantitation texture analysis (KTA) is simulation of an orientation distribution function in a policrystalline sample (ODF) based on experimental pole figures (PF) [1].To
solve the problem for Mg-4.5%Nd sample we use the component fit method [2]–[4].
The ODF of Mg-4.5%Nd sample is assumed to be a superposition of central normal distributions, whose can be of peak or axial type [3],[4]. Each texture component is characterized
by its weght, the position in the orientation space and by the scattering parameters. A peak
component has a maximum at some point of the orientation space, while an axial one reaches
a maximum on the circles. Usually the axial components describe the textures obtained as a
result of axisymmetric deformations. The magnesium alloy sample under investigation did not
undergo such type of deformations. Nevertheless, it turns out that the sample texture is best
described by superposition of seven overlapping axial components, while the eﬀorts to approximate this texture with a moderate number of peak components did not lead to success. Only a
large number of peak components allow us to describe the texture adequatly.
In Fig.1-2 the experimental and simulated pole figures {0004} and {10-12} of the magnesium
sample are represented. The simulated PFs describe all the characteristic features of the experimental ones. The accuracy of the model was estimated on the basis of the standart deviation
of simulated pole figures and by the estimation of RP-factor commonly used in texture analysis
[1].

Fig. 1: Stereographic projections of experimental and simulated pole figures {0004}

Fig. 2: Stereographic projections of experimental and simulated pole figures {10-12}

In Fig. 3 zero section for the orientation distribution function of Mg-4.5%Nd sample is represented.
a)
b)
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Conclusion: Complex Mg-4.5%Nd texture can be accurately described by seven central normal axial components with very small number of parameters. The parametrs are robust to the
errors of the experimental data and to the errors in definition of initial component positions in
the orientational space. The possibility of an adequate simulation of a complex texture with a
small number of axial component opens up new prospects for application of the component fit
method.
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On an inverse problem for degenerate higher order parabolic equation with
integral observation in time
V. Kamynin1,a) , T. Bukharova1,b)
1 National Research Nuclear University MEPHI
We study the unique solvability of the inverse problem of determination the source
term in degenerate higher order parabolic equation on a plane.
We investigate the existence and uniqueness of the generalized solution {u(t, x), p(x)} for
inverse problem in Q = [0, T ] × [0, l]

a)
b)

Dt u + (−1)m a(t, x)Dx2m u = p(x)g(t, x) + r(t, x),

(1)

u(0, x) = u0 (x),

(2)
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Fig. 3: Zero section for the ODF of the magnesium alloy sample under investigation
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Dxj u(t, 0) = Dxj u(t, l), j = 0, 1, ..., m − 1,

(3)

∫T
(4)

u(t, x)χ(t)dt = φ(x).
0

In present posing of the inverse problem the leading coeﬃcient a(t, x) of the equation (1) is
assumed only nonnegative so the equation may turn out to be degenerate.
The interest to inverse problems for degenerate parabolic equations is arised, for example, in
connection with the problems in modelling the price formation for options in financial markets.
Earlier the closed inverse problem was investigated by the authors for the case when the
additional condition is posed in the form of integral observation with respect to spatial variable
[1].
Theorem Let
0 ≤ a(t, x) ≤ a1 , ∥1/a∥Lq (Q) ≤ a2 , q > 1, aDt (1/a) ∈ L∞ (Q);

(A)

g(t, x), r(t, x) ∈ L1 (0, T ; L∞ ([0, l])), g 2 /a, r2 /a ∈ L1 (Q), χ(t) ∈ L∞ (0, T ),
∫T
Dt (χ/a) ∈ L1 (0, T ; L∞ (0, l)),

g(t, x)
χ(T )
χ(t)dt ≥ g0 > 0,
≤ a3 ,
a(t, x)
a(t, x)

0

∥g /a∥L1 (Q) ≤
2

Kg∗ ,

∥Dt (χ/a)∥L1 (0,T ;L∞ (0,l)) ≤ Ka,χ ;

0

0

m
u0 (x) ∈W m
2 (0, l), φ(x) ∈W ∞ (0, l).

Suppose that

(B)
(C)

√
1
(a3 + Ka,χ ) lm−1/2 Kg∗ < 1.
g0

Then there exists a generalized solution {u(t, x), p(x)} of the inverse problem (1)–(4), with
0

1,2m
u(t, x) ∈ L∞ (0, T ; W m
(Q), q ∗ = 2q/(q + 1), p(x) ∈ L∞ (0, l) and this solution
2 (0, l)) ∩ Wq ∗
is unique.

The work was supported by the Programm of Competitiveness Increase of the National Research Nuclear University MEPhI (Moscow Engineering Physics Institute); contract
No.02.a03.21.0005,27.08.2013.
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Ice-tongue vibrations modelled by a full 3-D depth-integrated elastic model
Y.V. Konovalov1,a)
1 Национальный
исследовательский ядерный
инженерно-физический институт) «МИФИ»

университет

(Московский

Ice tongue forced vibration modeling is performed using a full 3D depth-integrated
finite-diﬀerence elastic model, which also takes into account sub-ice seawater flow.
The ocean flow in the cavity is described by the wave equation, therefore ice tongue
flexures result from hydrostatic pressure perturbations in sub-ice seawater layer. Numerical experiments have been carried out for idealized rectangular and trapezoidal
ice-shelf geometries. The ice-plate vibrations are modeled for harmonic in-going pressure perturbations and for high-frequency wave spectra of ocean swell. The spectra
show distinct resonance peaks, which demonstrate the ability to model a resonant-like
motion in the suitable conditions of forcing. The spectra and ice tongue deformations
obtained by the full 3D depth-integrated model are compared with exact solutions
for an elastic thin plate with two fixed edges and two free edges (e.g., Landau and
Lifshitz (1986)) – the exact solutions imply the consideration of the thin plate without the water layer. The spectra and ice tongue deformations obtained by the full
3D depth-integrated model also are compared with the spectra and the deformations
modeled by the thin-plate Holdsworth and Glynn model (1978).
Ice tongue forced vibration modeling was performed using a full 3D depth-integrated finitediﬀerence elastic model, which also takes into account sub-ice seawater flow. The ocean flow in
the cavity is described by the wave equation, therefore ice tongue flexures result from hydrostatic
pressure perturbations in sub-ice seawater layer. Numerical experiments have been carried out for
idealized rectangular and trapezoidal ice-shelf geometries. The ice-plate vibrations are modeled
for harmonic in-going pressure perturbations and for high-frequency wave spectra of ocean swell.
The spectra show distinct resonance peaks, which demonstrate the ability to model a resonantlike motion in the suitable conditions of forcing. The spectra and ice tongue deformations
obtained by the full 3D depth-integrated model were compared with exact solutions for an
elastic thin plate with two fixed edges and two free edges (e.g., Landau and Lifshitz (1986))
– the exact solutions imply the consideration of the thin plate without the water layer. The
spectra and ice tongue deformations obtained by the full 3D depth-integrated model also were
compared with the spectra and the deformations modeled by the thin-plate Holdsworth and
Glynn model (1978). The numerical simulations has shown that the modelling of the ice-shelf
vibrations can be performed in the full depth-integrated elastic model, which links the depthintegrated momentum equations with the wave equation for non-viscous fluid, i.e. for sub-ice sea
water. Nevertheless, the numerical simulations reveal that the numerical stability requires the
application of an additional technique of the approximation at the lateral edges. In particular,
figures 1 and 2 show the results obtained in the test forced vibration problem. This problem
considers the ice plate with two fixed edges (at x=0 and y1=0) and two free edges (at x=L
and y2=b). The sub-ice water is not considered in this problem and the ice plate deformations
are caused by the periodical pressure, which is uniformly distributed across the ice plate base.
The experiments reveal that the modelled eigenvalues are in agreement with the known exact
eigenvalues (e.g. Landau, Lifshitz, 1986).
a)
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Figure 1. The amplitude spectrum, ice-plate maximal deflection versus the periodicity of the
forcing, obtained in the forced vibration problem for the ice plate with two fixed edges(at x=0
and y1=0) and two free edges (at x=L and y2=b). Ice plate length is equal to 2km; ice plate
width is equal to 1km; ice thickness is equal to 100m. Vertical blue lines correspond to the exact
eigen-periodicities.

Figure 2. Ice-plate deflections (normalized) obtained in the forced vibration problem. The
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forcing is uniformly distributed across the ice-plate base. Period of the forcing is equal to about
1.94s (corresponds to the third mode: m=3, n=1).

Calculation of functions of Rayleigh type for roots of the equation related to
the spectral problem
A.B. Kostin1,a) , V.B. Sherstyukov1,b)
1 National Research Nuclear University MEPhI (Moscow Engineering Physics
Institute)
Some special summation relations are proved for the roots of the equation arising
in the oblique derivative problem. The obtained new results are consistent with the
theory of Rayleigh sums, which are calculated on the base of zeros of the Bessel
functions.
In Ref. [1] we have studied some questions concerned with the roots location of the equation
µ cos α Jn′ (µ) + i n sin α Jn (µ) = 0

(1)

in the complex plane. Here n ∈ N, α ∈ [0, π/2] are the parameters, and Jn (µ) stands for the
Bessel function of the complex variable µ. The equation (1) can be found in the well-known
paper [2], which deals with the spectral problem for the Laplace operator in a circle with zero
condition for oblique derivative on the boundary of the circle. In the limiting cases α = 0 and
α = π/2 the roots of the corresponding equations are real and well-studied, see Ref. [3]. At
α ∈ (0, π/2) from the general theory of entire functions and the results of Ref. [1] it follows that
the equation (1) has an infinite countable set of roots. All these roots except µ = 0 are simple,
and located symmetrically with respect to the origin, not on the real axis. In this work we report
further results on properties of the roots of the equation (1).
We introduce the even entire function of the exponential type
L(µ) = L(n, α; µ) ≡

µ cos α Jn′ (µ) + i n sin α Jn (µ)
,
(µ/2)n

µ ∈ C,

with the roots {± µn,k (α)}k∈N . Here µn,k (α) are ordered by increasing absolute values, are
located in the first quadrant, and µn,k (α) → ∞ at k → ∞. It is obvious that at µ ̸= 0 the
equation (1) is equivalent to the equation L(µ) = 0. We obtain the explicit formulas for sums of
special structure on the base of representation of a logarithmic derivative of the function L(µ)
in the form of series of simple fractions. These formulas contain the roots of µn,k . Here we give
a typical result — the following relation holds:
∞
∑
k=1

1
n + 2 cos2 α
sin 2α
=
−i
,
2
4n(n + 1)
4n(n + 1)
µn,k (α)

n ∈ N,

α ∈ [0, π/2].

(2)

In particular at α = π/2 the formula (2) matches with the well-known expression for the Rayleigh
function (see, e.g., [4]):
∞
∑
1
1
σ2 (n) ≡
=
,
2
4(n + 1)
jn,k
k=1

a)
b)
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where jn,k are the positive roots of the Bessel function Jn (µ).
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A posteriori error estimates in voice source recovery
A.S. Leonov1,a) , V.N. Sorokin2,b)
Research Nuclear University ’MEPhI’
2 Institute for Information Transmission Problems, Russian Academy of Sciences
1 National

We present a new mathematical model of speech generation by parametrical vocal
sources. For this model, we propose a method of solving the inverse problem «from
speech signal to vocal source» with a quantitative a posteriori error estimates of
obtained solutions. Also, we demonstrate a computer processing more than 322,000
speech segments for signals from the database «CMU ARCTIC» and the database
of Russian numerals. In such a way, we prove the adequacy of the proposed model
and obtain numerical error estimates of source pulses for real speech.
The voice source excites acoustic oscillations in the vocal tract. It is proportional to the time
derivative from the volumetric rate of the air flow coming from the lungs into the mouth cavity.
Its characteristics are unique for each person. The individual features of voice source form give the
basis for an approach to automated speaker identification, as well as for pathologies diagnostics
of the larynx and other applications. So, the inverse problem of «finding the parameters of voice
source pulses from speech segments» is in demand.
Methods for solving this inverse problem have been developed for a long time in many mathematical statements. However, the question of estimating the error of the resulting pulse shape
remains poorly understood. The opinion about the plausibility of the obtained solution is mainly
based on an intuitive basis. Therefore, it is not known quantitatively to what extent the found
form of a particular source pulse can be considered reliable and whether it is possible to use
it, for example, to assess the pathology or to recognize the speaker. The errors in determining
the shapes of the voice source are estimated in the known literature only in model problems
by calculating the deviations of the obtained solutions from known sources in the synthesized
signals. No methods of theoretical or numerical error estimation without knowledge of the exact
solution itself are proposed.
The reason is that the inverse problem of determining the shape of the voice source pulse
from a segment of speech appears to be ill-posed and non-linear. Therefore, it is necessary to use
a)
b)
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for its solution special regularization methods [1]. At the same time, obtaining error estimates
for solutions of ill-posed problems is in itself a very complicated problem, that requires the use
of special a priori information about the desired solution.
In our report, we propose a method for solving the inverse problem «from speech signal to
vocal source» with a quantitative a posteriori error estimates of obtained solutions. First, we
present a new mathematical model of speech generation by parametrical vocal sources. The
model takes into account the experimental dependence of the vocal tract formants damping on
the frequency, the radiation of speech signal from the lips etc. As in most known approaches, it
is assumed that the resonant frequencies of the vocal tract are the same at the intervals of the
open and closed vocal slit. In processing, these frequencies are calculated from the segment of
the speech signal at the interval of the closed vocal slit.
For the adopted model, the inverse problem of determining shapes of the voice source pulse
from registered segments of speech is posed in a form of parametrical integral equations. We give
a technique for solving such an inverse problem with a numerical a posteriori error estimate of
the obtained pulse shape for each pitch period. The procedure of error estimate is based on the
work [2]. Further, we apply presented methods to the processing of practical speech signals for
two classes of parametrical voice sources, piecewise linear source and so-called A-source. In fact,
sources and processes in the vocal tract diﬀer from their description in the mathematical model.
In this regard, we demonstrate a computer study of the adequacy of the proposed model along
with a posteriori error estimates for both source classes and diﬀerent types of speech signals. In
particular, we adduce the results of the corresponding calculations for the speech signals from the
database «CMU ARCTIC» and the database of Russian numerals. In total, speech signals from
56 speakers were used in our experiments. The total number of analyzed impulses of the voice
source was more than 322,000. It was found that piecewise linear sources describe processes in
the vocal tract more adequately than A-sources. The average value of a posteriori error estimate
is about 5–8% for piecewise linear sources.
A posteriori estimate gives upper bound for possible errors in the solution to the inverse
problem for the selected segment of speech. If it turns out that this bound is «suﬃciently small»,
then the calculated form of the voice source preserves to a greater extent the individual properties
of the speaker. Such form can be used in a procedure of speaker identification. «Large» upper
bounds of the error serve as an indicator that the individual features of the speaker can be
significantly distorted in the found voice sources when solving the inverse problem. Such a pulse
form should be excluded from the recognition procedure. In general, knowledge of the upper
bound of errors makes it possible to more realistically assess the prospects for not only the
speaker identification by voice source, but also other applied problems using such a source.
This work was supported by the Russian Foundation for Basic Research (project no.17-0100159).
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Geometric Methods in the Theory of Structurally Inhomogeneous Bodies
S.A. Lychev1,a) , K.G. Koifman1,b)
1 A. Ishlinsky Institute for Problems in Mechanics RAS
Geometric methods and their applications in the theory of structurally inhomogeneous bodies are discussed. This methods are based on the representation of a body
and physical space in terms of diﬀerentiable manifolds which are endowed with specific Riemannian metrics and aﬃne connections, non-Euclidian in general. Aﬃne
connection on the physical manifold is defined a-priori by considerations which are
independent from the body, while connection on the material manifold is defined by
the intrinsic properties of the body.
It is known that the incompatibility of deformations may be caused by a variety of physical
phenomena; among them are: distributed dislocations and disclinations [1], point defects [2],
etc. Incompatible deformations results in such factors as residual stresses and distortion of geometrical shape. These factors are associated with critical parameters in modern high-precision
technologies, particularly, in additive manufacturing, and considered to be thereby essential constituents in corresponding mathematical models. By virtue of this, the development of methods
for determining residual stresses and distortion is the actual problem of modern solid mechanics.
The methods in question are based on the representation of a body and physical space in terms
of diﬀerentiable manifolds: correspondingly, material manifold B and physical manifold P [3].
These manifolds are endowed with specific Riemannian metrics and aﬃne connections, which are
non–Euclidian in general. Aﬃne connection on the physical manifold is defined a–priori by considerations which are independent from the properties of the body. Vice versa, aﬃne connection
on the material manifold is defined by the intrinsic properties of the body.
We consider only simple materials [4]: response functional depends only on deformation
gradient. For such a body there exists the field of local uniform configurations which define its
“assembly” of identical and uniform infinitesimal fragments. Uniformity means that the response
functional gives for them the same response on all admissible smooth deformations. As a result
of assembling, one obtains body, which cannot be immersed in undistorted state into Euclidian
physical manifold. For this reason, it is convenient to formalize the body and physical space as
smooth manifolds and to endow the body with non–Euclidean structure. Then the deformation
is formalized as embedding κ : B → P.
For simple materials the parallel translation is elegant mathematical formalization of the
concept of a materially uniform (in particular, with a stress-free) non-Euclidean reference form.
One can obtain aﬃne connection of material manifold by defining parallel transport rule as the
transformation of the tangent vector, in which its inverse image with respect to locally uniform
embeddings does not change. It leads to Weitzenbock space (the space of absolute parallelism,
or teleparallelism) and gives a clear interpretation of the material connection in terms of the
local non–degenerate linear transformations K = K αβ ∂α ⊗ dXβ which return an elementary
volume of simple material into uniform state [4]. The Weitzenbock connection is defined as
aﬃne connection ∇, for which ∇zα zβ = 0 where α, β = 1, . . . , dim B. Here (zα ) is the
frame on B, which is linked with coordinate frame (∂α ) by the expression zα = K βα ∂β . The
Weitzenbock connection coeﬃcients Γγαβ can be calculated by the formula Γγαβ = K γτ ∂α (K −1 )τ β ,
where [(K −1 )αβ ] = [K αβ ]−1 . The following figure illustrates the idea for correspondence between
initial infinitesimal fragments and field (zα ) of frames:
a)
b)
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Deformation, stress and power measures can be formalized by smooth mappings defined on
smooth manifolds which represent the body and physical space or vector bundles over them.
Tangent map T κ : T B → T P, which locally represents embedding κ : B → P of body into
physical space, plays role of deformation gradient. The measures of local deformation can be
introduced as pull–back of spatial metrics g, which leads to the right Cauchy–Green tensor C
and push–forward of the material metrics G, which leads to the left Cauchy–Green tensor B [5],
i.e.
C ♭b = κ ∗ g, C = Gαγ gij

∂κ l ∂κ k
∂κ i ∂κ j
β
♯p
♯b
αβ
α
∂ k ⊗ dX j ,
∂
⊗
dX
;
B
=
κ
(G
),
B
=
G
g
∗
X
lj
∂Xγ ∂Xβ
∂Xβ ∂Xα X

where κ : B → P is a configuration (smooth embedding), κ ∗ and κ∗ are pull–back and push–
forward, (·)♭ and (·)♯ are musical isomorphisms, indices b and p indicates, to which (body or
physical space) musical isomorphisms are relate. Tuples (Xα ) and (X k ) represent local coordinates on B and P respectively.
Forces are interpreted as covectors, i.e. as a linear functionals, which action on the velocity
vectors of material points and results power. Accordingly, the stress fields T are interpreted
as covector–valued exterior two–forms
scalar–valued three–forms i.e. as
∧3b as
∧2 ∗and body forces
∗
∗
(T P). Tensor fields of diﬀerent types
(T P), b : P →
smooth sections T : P → T P ⊗
are considered as elements of the uniformly graded structure over pair of the material manifold
and the physical one. The abstract theory of integration based on exterior forms formalism can
be adapted to the elements of this structure which allows one to formulate the power balance
equation on the material manifold (similarly to reference description in the classical mechanics of
compatible deformation) and on the physical one (similarly to the spatial description). Obtained
equations may be used for numerical procedures for calculating of force and deformation fields in
deformable solids, which do not have a uniform configuration in conventional (Euclidean) sense.
Using covector–valued stress form T one can formulate constitutive equation for a simple body
as follows: T = Tb(G, T κ, g). For example for incompressible material one can use expression
T = ∗2 (−pI ♭ + J1 B ♭ + J−1 (B −1 )♭ ), in which B is the left Cauchy-Green tensor, J1 and J−1 are
scalar response functions, ∗2 is the Hodge star “on second leg” [6], I = ∂Xα ⊗ dXα .
The balance equations in terms of Cartan’s exterior covariant derivative can be obtained
from the general principle of covariance. For example, the balance of momentum has the form:
dT + b ⊗ ρµ = v̇ ♭ ⊗ ρµ, where µ is the volume form on P, b is covector field, which is represent
the body force, v is spatial velicity field, ρ is density, T is covector–valued stress form and d
is Cartan’s exterior covariant derivative. In this case Levi–Civita connections on the body and
physical manifold were chosen.
the)considering equation has the form: ∂k tka +
( k In components
(
)
∂v
q
k
k
b
i
k
j
k
ta γqk − γak tb + ba = ρ gak
+ v ∂i v + v γij , where a = 1, 2, . . . dim P, gak = g(∂a , ∂k )
∂t
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k are Levi–Civita connection coeﬃcients in P.
and γij
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Structural Inhomogeneity in LbL Cylindrical Structures
S.A. Lychev1,a) , T.N. Lycheva1,b)
1 A. Ishlinsky Institute for Problems in Mechanics RAS
Mathematical modelling for stress-strain state of Layer-by-Layer (LbL) solids is the
subject of present communication. LbL solids are produced by synthesizing of multilayered thin film structures on deformable substrate [1]. Open-ended questions, both
in theory and in technology, are associated with ultra-thin and thick (multilayered)
coatings. Problems with thick and multilayered coatings are mainly characterized
by incompatible deformations and significant residual (internal) stresses, which lead
to the destruction of the whole structure.
Mathematical model considered in present paper represents a class of inhomogeneous solids.
We suppose that inhomogeneity is determined by two factors: 1) the physical inhomogeneity of
the material constituting the body; 2) the structural inhomogeneity that brings force by incompatible deformations which, in turn, arise during the process of layer attaching. Mathematically,
the structural inhomogeneity can be treated as distributed field of defects. The types of defects
are determined by physical processes on the interface (surface of the solid phase generation or
thin film attaching).
a)
b)
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We use the geometric methods of continuum mechanics [2, 3] that allow to find global reference configuration of the LbL structure in a non-Euclidean space with a special non-Euclidean
(material) connection. Curvature and torsion of this material connection completely characterize the incompatibility of finite deformation. It makes possible to describe LbL structure in the
most natural language of configurational (Eshelby) forces and principles of the gauge theory for
distributed defects [4].
Specifics of physical fields in LbL can be fully defined either by a given field defects or by a
given field of incompatibility or by a given material connection. This connection is not known
a priori, and must be determined from modelling of LbL accreting process. To that purpose
a family of initial-boundary valued problems is considered. All this leads to an evolutionary
problem with respect to material connection.
To illustrate the basic ideas of evolutionary problem, we consider the following finite set of
bodies. Let the elements of this set be the circular hollow cylinders of equal height h (in natural
configuration). The motion in LbL synthesizing process transform them to the hollow cylinders
of the same height, but of another radii. Such deformation can be realized, e.g. by expanding
the hollow cylinder which base lie on the smooth rigid slabs. We assume that the images of the
actual configuration of the cylinders are pairwise disjoint and their union is a connected set. The
final composite body can be treated as a result of discrete synthesizing because cylindrical parts
cannot deform independently after joining.
In order to describe stress-strain state (SSS) of LbL synthesized body it is necessary to
determine the SSS for a layer as its structural element. We use cylindrical coordinates (R, Θ, Z):
X 1 = R cos Θ, X 2 = R sin Θ, X 3 = Z. They define the local basis (eR , eΘ , eZ ) and reciprocal
basis (eR , eΘ , eZ ). Then the reference positions of material points can be written as X =
ReR +ZeZ . Taking into account the central symmetry, the independence with respect to vertical
coordinate Z, and the condition of incompressibility
√ |dx/dX| = 1 we arrive at the following family
of mapping (universal deformation) x(X) = eR (eR ·X)2 + a + eZ ⊗ eZ ·X. Here a represents
the change of the outer surface radius.
Suppose that the cylindrical body-fiber is produced from an incompressible material of
Mooney–Rivlin type. It can be shown [6] that Cauchy stress T can be determine by relations:
(
)
r2 − a
µ
a
rr
θθ
zz
rr
ln
(1)
T = T er ⊗ er + T eθ ⊗ eθ + T ez ⊗ ez , T =
− 2 + p0 ,
2
r2
r
(
)
T rr
µ
r2
r2 − a
r2 − (1 + β) a/2
zz
rr
−
,
(2)
T θθ = 2 + 2
,
T
=
T
+
µ
a
r
r
r2 − a
r2
r2 (r2 − a)
where p0 is the constant of integration and a is parameter of deformation, mentioned above.
Let N be the number of cylindrical parts. Assume that the following scenario of synthesizing
is realized. On the first step the joining of the 1-st and 2-d body-fibers is performed. A composite
body appears which we call the first assembly. Then the third body is joint to the composite
1 and the outer boundary r = r n of this composite bodies the
body, etc. On the internal r = ri,n
e,n
uniformly distributed pressures pi,n and pe,n are defined
T·er

1
r=ri,n

= pi,n er ,

T·er

n
r=re,n

= pe,n er .

(3)

Index n indicates the number of assembly. Suppose that the contact between body-fibers is ideal,
i.e. inner surface of k-th fiber and the outer surface of (k + 1)-th fiber in the actual configuration
are the same and stresses on them are in equilibrium:
T·er

k
r=re,n

= T·er

k+1
r=ri,n

,

k+1
k
re,n
= ri,n
, k = 1, 2, ...n − 1.
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Consider the LbL technological process with known shrinkage of layers in the moment of
accretion. In this case the reference radii of the body-fibers fibers are not known a priori, and
the equations (3,4) have to be supplemented by additional equations
n−1
Sn ,
Rin = re,n−1

where factor Sn determines shrinkage.
The deformation parameters akn and parameters pk0,n , k = 1, 2, . . . , n may be found from
equations [7]:
[
]
n−1
n−1
αn + νn xn ∏ αk + νk xn
(1 − γn ) (νn xn + αn − 1) ∑ (1 − γk ) (νk xn + αk − 1)
γn
= Wn exp
γk
+
,
βn + νn xn
βk + νk xn
(βn + νn xn )(αn + νn xn )
(βk + νk xn )(αk + νk xn )
αk = 1 +
Wn = e

2

k=1
Ak /(Rek )2 ,

pi,n−pe,n
µ

,

k=1

xn = a1n /(Re1 )2 ,
( k )2
k
∑
( p−1 2
Ri
p 2)
Ak =
(Re ) − (Ri ) , k = 2, 3, . . . , n, γk =
.
Rek

β k = γk +

A1 = 0,

Ak /(Rek )2 ,

νk =

(Re1 )2 /(Rek )2 ,

p=2

The values of γn , αn , βn , νn , can be defined recursively by relations:
Sn2 (αn−1 + xn−1 νn−1 )
αn−1 − Sn2 (αn−1 + xn−1 νn−1 )
νn−1
, αn = 1 +
, νn =
,
ζn−1
ζn−1
ζn−1
( √
)2
√
αn−1 − Sn2 (αn−1 + xn−1 νn−1 )
βn = γn +
, ζn−1 = Sn αn−1 + xn−1 νn−1 + ξn νn−1 ,
ζn−1
(
)2
(
)2
n
∆
Ri1
ξn =
, α1 = ν1 = 1, β1 = γ1 =
.
Ri1 + ∆1
Ri1 + ∆1
γn =

Consistent solution of systems of equations completes the solution of problem. The values for akn
determine piecewise constant function that can be approximate by continuous one. This approximation corresponds to Riemannian metrics that induces non-Euclidean (material) connection
on the LbL body.
This work was supported by RFBR under Grant 16-58-52033.
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Algorithm for Calculating the Elastic-Plastic Boundaries in the Thermal
Stresses Theory Frameworks
E. Murashkin1,2,a) , E. Dats3,b) , V. Klindukhov2
Institute for Problems in Mechanics of the Russian Academy of Sciences,
Vernadsky Ave 101 Bldg 1, Moscow, 119526, Russia;
2 National Research Nuclear University “MEPhI” (Moscow Engineering Physics
Institute), Kashirskoye shosse 31, Moscow, 115409, Russia
3 Vladivostok State University of Economics and Service, Gogolya str. 41, Vladivostok, 690014, Russia
1 Ishlinsky

The problem of the thermal stresses theory for a hollow elastic-plastic ball under
unsteady heating is solved. Throughout the paper the conventional elastic-plastic
Prandt-Reuss model is used with a yield criterion depending on temperature. A
numerical-analytical algorithm for calculating the elastic-plastic boundaries positions
and irreversible deformations is proposed. Residual stresses and displacements are
obtained and analyzed.
The aim of study is show the possibility of the residual stresses computation by given temperature field. However, in the most one-dimensional problems considering in the frameworks
of the thermal stresses theory [1] the calculation of the size and boundaries of the irreversible
deformation domain is not possible. In this paper we consider the problem of rapid heating of a
hollow elastic-plastic ball. A high accuracy method for calculating the irreversible deformations
and the residual stresses in materials under non-stationary temperature gradients.
Throughout the study we use the conventional Prandtle–Reuss elastic-plastic model [1, 2].
Consider thermoelastic-plastic hollow ball with inner and outer radia R0 and R1 respectively
under referential temperature T = T0 and under bounder conditions of thermal expansion
σrr (R0 ) = 0,

σrr (R1 ) = 0,

T,r (R0 ) = 0,

T (R1 ) = W (t).

(1)

Total deformations can be calculated by the radial displacement
err = ur,r ,

eϕϕ = eθθ =

ur
.
r

(2)

Then according to eq. (2) we obtain the relationship between components of the total strain
tensor
( ru )
r
err = ur,r =
= (reϕϕ ),r .
(3)
r ,r
The equilibrium equation in the spherical symmetry case is read by
σrr,r +

2 (σrr − σϕϕ )
= 0,
r

(4)

and the components of stress tensor are related by formulae
σϕϕ = σθθ =
a)
b)

1 ( 2 )
r σrr ,r .
2r

(5)
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The constitutive strain–stress equations in the spherical symmetry case are formulated by
err = α (T − T0 ) +

(λ + µ) σrr − λσϕϕ
,
µ (3λ + 2µ)

eϕϕ = α (T − T0 ) +

(λ + 2µ) σϕϕ − λσrr
.
2µ (3λ + 2µ)

Hereafter we chose the linear form of the yield stress k dependence [2]
(
)
T − T0
k = k0 1 −
.
Tm − T0

(6)

(7)

wherein k0 is the yield stress under referential temperature T0 , Tm denotes the melting temperature of material.
The stress state corresponds to the edge of the Tresca prism under certain outer temperature.
Then the size of plastic flow domain are given by inequalities a(t) < r < R1 , where a(t) is the
elastic-plastic boundary. Plastic deformations in this domain are furnished by
8αk 6α ∫r 2
2D(t)
prr = −2pϕϕ = 2αT −
− 3 T ρ dρ −
,
ν
r
r3
a
(
)
3 R
∫a
∫1 k
3αa3
2 dρ + 4R0
)
D=( 3
T
ρ
dρ ,
ν a ρ
a − R03 R0

(8)

The slowdown of plastic deformations increasing (8) is coupled with the levelling of the
temperature gradient. At some point on the surface r = R1 the following condition ṗrr = 0 will
fulfilled meaning the termination of the yield criterion. Thus the unloading domain b(t) < r < R1
is enlarged, where b(t) denotes the unloading boundary. Then for the time dependent function
D(t) (8) the following equation can be obtained
))
(
( 3
)
3 ∫b
′
R
R1
b k
1
∫
∫
∫
2α
R
−
b
p
2α
2α ∫a
2α
1
rr
dρ −
dρ
, (9)
T ρ2 dρ + 3 T ρ2 dρ −
D=J
T ρ2 dρ +
ν
ρ
ρ
R03 R0
R1 b
R13 b3
a
a
b
3a3 b3 R13 R03
(
)) .
2 a3 b3 R13 − R03 a3 b3 + R13 (b3 − a3 )
the following nonlinear equations system can be solved to obtain the elastic-plastic boundaries
positions and the function of irreversible deformation p′rr


prr (a, t) = 0,
(10)
p′rr (b) = prr (b, t),


ṗrr (b, t) = 0.
where J(a, b) =

(

Then one can approximate the integrals of deformation function p′rr . Assume that the function
of irreversible deformation p′rr (r) is smooth inside unloading domain. Then for a small time
interval ∆t = t1 − tu the unloading domain is enlarged according to ∆b = b1 − R1 . The integrand
p′rr (r)
is similar to straight line in the interval ∆b. This straight line passes through 2 points
r
(
)
(
)
R1
∫ p′rr
p′rr (b1 )
p′rr (R1 , tu )
with coordinates b1 ,
and R1 ,
. Integral
dρ is the case can be
b1
R1
b1 ρ
transformed by
∫R1

1
p′rr
dρ = I(b1 ) = (b1 − R1 )
ρ
2

(

p′rr (b1 ) prr (R1 , tu )
+
b1
R1

b1
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Substituting this expression into equations (10), and using the method of successive approximations, we find the values p′rr (b1 ), b(∆t + tu ) = b1 ,a(∆t + tu ) = a1 . At the i–th time step i∆t + tu
integral can be rewritten as
∫R1

p′rr
1
dρ = I(bi ) = (bi − bi−1 )
ρ
2

(

p′rr (bi ) p′rr (bi−1 )
+
bi
bi−1

)
+ I(bi−1 )

(11)

bi

Consistently calculating the values ai , bi , p′rr (bi ), at each time step, we find the elastoplastic
boundaries positions and the irreversible deformation inside the unloading area. The condition a(tk ) = B(tk ) is fulfilled during the calculation at some time meaning the ending of the
irreversible deformation process.
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Reliability of the past surface temperature reconstruction methods
O.V. Nagornov1,a) , S.A. Tyuflin1,b) , V.P. Trifonenkov1,c)
1 National Research Nuclear University MEPhI
The analysis of the SVD method for the past surface temperature reconstruction
based on the measured borehole temperatures is presented. This method has got wide
application in geophysics for interpretation of the wide-world temperature profile
data set. We show examples where reconstructions are not satisfactory.
The proxy climate indicators are used to get information on the past climate. The most
reliable data for the past surface temperature reconstructions are the borehole temperatures
connected directly with the surface temperature changes while the other data result from empirical correlations and calibrations. The past surface temperature changes penetrate in the
Earth depth and disturb the steady-state temperature field. At the great depth the temperature
distribution is linear function of depth due to the Earth heat flow.
The temperature changes can be described by the one-dimensional thermal diﬀusivity equation with initial and boundary conditions [1]:

2

0 < t < tf , 0 < z < ∞,
Tt = a Tzz ,
(1)
T (0, t) = µ(t),
0 < t ≤ tf ,


T (z, 0) = 0,
0 < z < ∞,
a)
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where a2 is the thermal diﬀusivity, and µ(t) is the ground surface temperature. The time tf
corresponds to the present time.
If the past variations of ground surface temperature µ(t) are modeled as a series of K step
changes in temperature, the solution of this problem can be found out analytically:

T (z) =

K
∑

z
z
Mk [erfc( √
) − erfc( √
)],
2t
2
2
a
2
a
t
k−1
k
k=1

(2)

where Mk is the ground surface temperature at the time interval (tk , tk−1 ), and erfc is the
complementary error function.
The inverse problem for the surface temperature reconstruction involves equations (1) and
the re-determination condition T (z, 0) = θ(z), where θ(z) is the measured temperature-depth
profile. Then the inverse problem solution can be reduced the solution of the linear system of
equations:
(3)

Θj = Ajk Mk ,

where Θj is the temperature perturbation at depth zj , Mk is the average temperature on the
time interval (tk , tk−1 ), and Ajk is a matrix:
zj
zj
) − erfc( √
).
Ajk = erfc( √
2
2 a2 tk−1
2 a tk

(4)

This system is over-determined and can be solved by the singular value decomposition (SVD)
[2]. Such approach is used in many surface temperature reconstructions based on the borehole
temperatures [2, 3, 4]. Our analysis shows that the reconstructions are satisfactory in cases of
two types of behavior of the past surface temperatures: for monotonous surface temperatures or
for temperatures with one minimum/maximum. Thus, the reconstruction method can be reliable
in limited cases of the surface temperature dependencies.
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[4] Stevens, M.B., González-Rouco, J.F. and Beltrami, H.: North American climate of the
last millennium: Underground temperatures and model comparison, J. Geophys. Res., 113,
F01008 (2008)

204

Problems of Mathematical Physics and Mathematical Modelling (2017)

Study of the noise eﬀect on texture characteristics of blood cells using
mathematical model of microscopic images of nucleus of leukocytes.
V.G. Nikitaev1,a) , O.V. Nagornov1,b) , A.N. Pronichev1,c) , E.V. Polyakov1,d) , V.V.
Dmitrieva1,e)
1 National Research Nuclear University MEPhI (Moscow Engineering Physics
Institute), 31 Kashirskoe shosse, 115409 Moscow, Russia
The article is devoted to the study of the influence of noise on the textural characteristics of images of blood cells in the system of computer microscopy. These
results are important for automatic classification of cells during microscopic analysis
of blood smears in the diagnosis of acute leukemia. The levels of influence of noise on
the absolute values of the characteristics and classification error of diﬀerent types of
blood cells are showed. It is necessary to provide appropriate noise of image record
devices in the system of computer microscopy with diﬀerent cameras for obtaining
reproducible results of the classification of blood cells.
The study of blood under a microscope is the first step in the diagnosis of leukemia. The
cells type percentage distribution may have a substantial impact on the subsequent diagnostic
search. Visual analysis of blood smears under a microscope is tedious and subjective. Methods
of computer-aided microscopy and pattern recognition can be applied to automate this process.
Usually in these systems the image is obtained by digital camera mounted on a microscope
equipped with motorized stage. The stage management from computer provides automatic shooting of a specimen and obtaining the necessary representative sample of images of blood cells for
the subsequent phases of analysis. Note that specialized slide scanners begin to be applied in
the present, but they have not yet found wide application due to the high cost of these devices.
The structure of the chromatin of the nuclei of the leukocytes is significant informative sign
that provides identification of pathological cells in blood smears in comparison with the cells of a
norm. Texture features can be eﬀectively used to describe image structures of chromatin In the
process of automatic classification of cells and determining of pathological cells [1, 2, 3, 4, 5, 6].
It should be noted that the digital image along with the desired signal contain additive noise.
The actual problem is the experimental evaluation of the impact of this noise on the results of
the classification cells. This problem determines the purpose of the present work.
For experimental research it was used a mathematical model proposed in [7].
The methodology of the experiment included the following phases.
1. Creation of image models with diﬀerent chromatin structure of the cell nuclei.
2. Generation of diﬀerent levels of additive Gaussian noise added to simulated images of
diﬀerent types of cells.
3. The calculation of the textural characteristics of the simulated images with added noise.
4. The analysis of the received dependences and development of practical recommendations.
The experimental research results allowed to identify the requirements for the development
of image processing system of blood cells for the diagnosis of acute leukemias.
The reported study was funded by RFBR according to the research project № 17-07-01496.
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Inverse problem for the equation with n-times integrated semigroup
D. Orlovsky1,a)
1 НИЯУ МИФИ
Some inverse problem for determining the parameter of the absract diﬀerential equation in the Banach space with operator which is a generator of n-times integrated
semigroup is considered. The theorem of existence and uniqueness of the solution is
proved.

Inverse problem for the equation with n-times integrated semigroup
Let us consider the abstract Cauchy problem for diﬀerential equation in a Banach space X
 ′
 u (t) = Au(t) + p, 0 ⩽ t ⩽ T,
u(0) = x,
(1)

u(T ) = y.
We will assume that the operator A is a generator of a nondegenerate n-times integrated
semigroup V (t) [1], x, y, p ∈ X.
The inverse problem has a special property which is that the element p entering into the right
side of the diﬀerential equation is also unknown. The inverse problem consists in the fact that
in addition to the solution u(t) we need to find the unknown element p also. We will consider
the problem (1) in the class
a)
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u ∈ C 1 ([0, T ], X) ∩ C([0, T ], D(A)).
A similar problem was considered before in work [2] in the case n = 1. Here we generalize
the result for arbitrary values of n.
First we consider some properties of the direct problem
{ ′
u (t) = Au(t) + f (t), 0 ⩽ t ⩽ T,
(2)
u(0) = x.
Lemma. Let the function f ∈ C n+1 ([0, T ]; X) and there exist a sequence
x0 , x1 , ..., xn
for which
x0 = x, xk+1 = Axk + f k (0), (k = 0, 1, ..., n − 1).
Then the solution of the problem (2) is given by the formula

u(t) = V (t)xn +

n−1
∑ tk
k=0

k!

∫t
V (t − s)f (n) (s)ds.

xk +

(3)

0

Theorem. Let x ∈ D(An+1 ), y ∈ D(An ) and the operator
V (T )An−1 +

n−1
∑
k=0

T k k−1
A
k!

is invertible. Then the solution of the inverse problem (1) exists and is unique.
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On Representation of Riesz-space-valued Functions by Fourier Series on
Multiplicative Systems
S.V. Petrov1 , V.M. Prostokishin1,2,a)
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Institute), 31, Kashirskoe shosse, 115409 Moscow, Russia
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The result that was established in [1] for Walsh series with coeﬃcients belonging to
a Riesz-space is generalized for multiplicative systems.
In this work the result that was established in [1] for Walsh series [3] with coeﬃcients belonging to a Riesz-space [2] is generalized for multiplicative systems. These systems are on a way to
be very popular for solving applied tasks novadays and in close future [5],[6]. In particular, we
consider conditions, for which such series are certain generalized Fourier series, where in order
to write down Fourier’s formulae we use the Henstock-Kurzweil’s type integral [4]. This integral
(k)
is defined with respect to the basis BP generated by intervals {δr } of the special form [3]:
)
[
r r+1
(k)
,
, k = 0, 1, 2, . . . , 0 ⩽ r ⩽ mk − 1.
δr =
mk mk
Now we recall the definition of the multiplicative systems using the P - adic expansion for the
rational numbers; by definition, put
m0 = 1,

mj =

j
∏

ps ,

s=1

where ps is a member of a sequence of the set of natural numbers
P = {p1 , p2 , . . . , pj , . . . },

pj ⩾ 2, j ⩾ 1,

and any integer n ⩾ 0 has the form
n=

k
∑

αj mj−1 ,

0 ⩽ αj ⩽ pj , j = 1, 2, ..., k.

i=1
∞
∑

Take the point x ∈ [0, 1) and consider the series x =

j=1

xj
mj ,

where 0 ⩽ xj ⩽ pj−1 , j ⩾ 1.

Here for P - adic rational x we use only the finite expansions. The point x is called the P - adic
K
∑
xj
rational point if there exists a finite representation x =
mj , K ∈ N. Using the introduced
j=1

notations, by definition, put

χn (x) = exp 2πi

k
∑
αj xj
j=1

pj


.

With pointwise (o) - converges (order converges) we use (u) - converges on a set (see [1]),
according to the definition:
a)
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Let Λ be any nonempty set, R be Dedekind complete Riesz space and D = N Λ . The sequence
of R - valued functions (Sn : Λ → R)n (u) - converges to the function S : Λ → R (with respect
to order convergence) if there exists an (o) - net (aν )ν∈D such that for any ν ∈ D the following
condition holds:
sup{|Sn (x) − S(x)| : x ∈ Λ, n ⩽ ν(x)} ⩽ aν .
∑n−1
Let Sn = j=0 aj χj be the partial sum of a series in the multiplicative system {χj }j , where
coeﬃcients aj belong to a Riesz-space R.
Our main result is as follows.
Theorem 1. If R is a regular Riesz-space and the series
∞
∑

aj χj ,

aj ∈ R

(*)

j

(u) - converges to a function f on a set [0, 1] \ E, where E is a countable subset of the interval
[0, 1], then f is HB - integrable on [0, 1], and the series (*) is the Fourier series of f in the sense
of the HB - integral.
∫
(k)
(k)
For proving this theorem the function ψ(δi ) = δ(k) Smk of the intervals δi is used, where
i

Smk is the partial sum of the series (*). This function is additive with respect to the measure
(k)
algebra, generated by the intervals {δr }. It follows from the equality
(r+1)pk+1 −1
(k+1)

(k+1)

(k+1)
ψ(δr(k) ) = ψ(δrp
) + ψ(δrpk+1 +1 ) + · · · + ψ(δrpk+1 +pk+1 −1 ) =
k+1

∑

ψ(δs(k+1) ),

s=rpk+1
(k)

where δr

=

∪(r+1)pk+1 −1
s=rpk+1

(k+1)

δs

.

Theorem 1 follows as a result of applying the statement (see [2]) to the function ψ.
Theorem 2. Let R be a regular Riesz-space, B a fixed basis, f : [a, b] → R and let τ be the
R - value B - interval function, such that for some countable set Q ∈ [a, b] the function f is the
(u) - derivative of τ with respect to the basis B on the set [a, b] \ Q and τ is (o) - continuous with
respect to the basis B on Q. Then f is HB - integrable over [a, b], and
∫
(HB )

b

f = τ ([a, b]).
a

Note. The basis B is the basis BP consisting of all pairs (I, x), where x ∈ I =
and k ∈ N ∪ {0}, and i = 0, 1, . . . , mk−1 .

(

i i+1
mk , mk

)
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On the Analog of the Bary–Stechkin Theorem of the Conjugate Functions
for the Dyadic Group
A.I. Rubinstein1,a)
1 National Research Nuclear University MEPhI (Moscow Engineering Physics
Institute)
We cosider the problem on the modulus of continuity of conjugate functions in the
case of functions defined on the binary group. It is shown that for this case no
analogue of a famous Bari-Stechkin theorem.
Let G = {x = (x1 , x2 , . . . ), xk =0; 1} be the Abelian group with an operation defined by
x ∔ y = (x1 , x2 , . . . ) ∔ (y1 , y2 , . . . ) = z = (z1 , z2 , . . . ),
where zk = xk + yk ( mod 2), while f (x) : G → R.
A topology of G defined of the system of subgroups
{
}
Uk−1 = x = ( 0, . . . , 0, xk , . . . ) , k = 1, 2, . . .
| {z }
k−1

is a basic system of neighbourhoods of x = 0.
It is estabished in [1, 5] that the operator
∫
(
)
(Kf )(x) = − lim
f (x ∔ t) − f (x) K(t)dµ(t),
m→∞ G\U
m

where for t ̸= 0
K(t) = 2k ,

t ∈ Uk−1 \ Uk ,

k = 1, 2, . . .

and µ(t) — a normalised Haar measure on G.
It is obvious that the operator (Kf )(x) apears a certain analogue of the conjugate operator
f → f˜, f ∈ L(T ). The criterion of the modulus of continuity ω(δ, f )C(T ) that ω(δ, f˜) ∼ ω(δ, f )
is established in [2]. (It is established by I.I. Privalov that f˜ ∈ Lip α, if f ∈ Lip α, 0 < α < 1).
It is established the criterion of the modulus of continuity
{
}
(∫
) 1/p
(p)
p
ω(δ, f )Lp (G) = ωn (f ) = sup
|f (x ∔ t) − f (t)| dµ(t)
, 1≤p≤∞
h∈Un

a)

G
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in [3], and for L2 (T ) by O.V. Besov and S.B. Stechkin.
It is established in [4], that if
∑ 2 ∑−1

∫

n+1

f (x) ∼ c0 +

n≥0

ck wk (x),

ck = ck (f ) =

f (t)wn (t) dµ(t),
G

k=2n

when {wn (x)} is a system Walsh–Paly (some system of Pontryagin characters G), than
∑

|ck (f )|2 ≤

k≥2n

1( 2 )
ω (f ) .
2 n

(1)

And it is established in [1] that
(Kf )(x) ∼

∑

(n + 2)

n≥0

2n+1
∑−1

ck (f )wk (x).

k=2n

It is clear that there is not exist anology of Bary–Stechkin theorem for (Kf )(x). But there exists
a connection between results about ω(Kf )L2 (G) and ω(f )L2 (G) .
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One method of calculating special sums composed by zeros of entire function
V.B. Sherstyukov1,a) , E.V. Sumin1,b)
1 National Research Nuclear University MEPhI (Moscow Engineering Physics
Institute)
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For an entire function with simple zeros a method of finding exact values of special
sums composed by the zeros of this function is discussed. The approach is based
on involvement of general results concerned with Krein’s expansion of the value
reciprocal to an entire function. As an application sums of series of a certain structure
containing the powers of zeros of the Bessel functions are calculated.
Let L(z) is an entire function with the set of simple zeros of Z(L) = {zk }k∈N ordered by
increasing modules. In the report we consider a question about the calculation of the infinite
sums of form
∞
∑
k=1

1

m ∈ N.

,
L′ (zk ) zkm

The method is based on the results of the work [1] devoted to expansion of function F (z) ≡ 1/L(z)
in a special series of simple fractions (Krein’s series). We have the following general statement.
Let L(z) is an entire function of exponential type with set simple zeros Z(L) = {zk }k∈N located
in some strip of the complex plane and that has a non-negative indicator
hL (θ) ≡ lim

r→+∞

ln |L(reiθ )|
,
r

θ ∈ [0, 2π].

We make assumption that 0 ∈
/ Z(L) and for any p ∈ Z+ the series converges
∞
∑

1

k=1

|L′ (zk )| |zk |p+1

.

Then summation relationships are valid
∞
∑
k=1

1
F (m−1) (0)
=
−
,
L′ (zk ) zkm
(m − 1)!

m ∈ N,

m ⩾ p + 1.

(1)

Universal formula (1) allows to calculate the exact values of infinite sums containing the powers
of the zeros of the Bessel functions. For example for the Bessel functions of the first kind Jν (z)
with index ν > −1 and positive zeros {γν,k }k∈N from (1) derive formula (see [2])
∞
∑
k=1

aν,2m
1
2m−ν+1 = 2 (2m)! ,
Jν+1 (γν,k ) γν,k

m = p, p + 1, . . . ,

(2)

where
(
aν,2m =

zν
Jν (z)

)(2m)

[

(0),

]
2ν + 1
p=
+ 1.
4

Results similar to (2) is obtained by the same method for the modified Bessel functions of the
first kind (Infeld’s function).
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Information-situational maps: mathematical models and application in
modern training complexes
A.N. Snezhin2,a) , I.Y. Vaskan2 , V.M. Prostokishin1,2
1 National Research Nuclear University MEPhI (Moscow Engineering Physics
Institute), 31, Kashirskoe shosse, 115409 Moscow, Russia
2 Gazprom VNIIGAZ LLC, Razvilka village, 115583 Moscow region, Russia
Modern training complexes for training dispatching service specialists are based on
two main parts: physical and mathematical simulation of technological processes
and mathematical modelling of the behaviour of ergotic objects in a changing manmachine environment. The report describes the models and approaches used to
create an intelligent training system for specialists of the dispatching services of the
gas-transport systems.
Training complexes for the training of dispatching service specialists are based on two main
parts: physical and mathematical simulation of technological processes and mathematical modelling of the behaviour of ergonomic objects in a changing man-machine environment. The first
part is based on the modelling of the turbulent flow of a multicomponent natural gas at high
pressures over long industrial pipes under conditions of varying external influences. The turbulent gas flux in a long industrial pipe is described by the non-stationary gas dynamic system of
1-D diﬀerential equations along the pipe axis. The model operates the averaged variables of the
pipe’s cross section area:
∂ρ ∂(ρu)
+
= 0,
∂t
∂x

∂(ρu) ∂(ρu)u
∂p
∂Z
λ
+
=−
− ρg
−
(ρu) | ρu |,
∂t
∂x
∂x
∂x
2Din ρ

∂(ρE + Cw ρw T ) ∂(ρE)u
∂pu
∂Z
4α
+
=−
− ρug
−
(T − Tenv ),
∂t
∂x
∂x
∂x
D
where E = ϵ+u2 /2 is specific total energy, ρ, u, p, T, ϵ - are density, velocity, pressure, temperature
and specific internal energy of moving gas, respectively; Di n, Cw , ρw are the parameters of the
pipe: the internal diameter, the eﬀective specific heat capacity of the pipe wall, the density
of the material of the pipe wall; g - is acceleration of gravity, t, x - are time and the space
coordinate along the pipe axis, g - is acceleration of gravity, λ, α - are the turbulent coeﬃcients
of hydraulic resistance and heat transfer; Z = Z(x) - is the profile of the terrain along the
pipe. We have to use p = p(ρ, T ) and ϵ = ϵ(ρ, T ) - equations of state of natural gas of a given
composition. The numerical code for solving this system of equations is based on the "flux
corrected transport" (FCT) method. The formulation of the problem requires a high degree
of localization in space and in time and and this necessitated the optimization of the code: to
perform real-time calculations, we used parallelization of computational processes on a Tesla
graphic accelerator with 2496 computational cores.
The second part - the modelling of the behaviour of ergotic objects in a changing manmachine environment is based on a new approach: Information-Situational Maps (ISM) - a set
of methods and tools for the simulation of human factors in technological and business processes
with considering of any factors in the development of regular and/or abnormal situations of the
technological processes. For example, the holistic behavior of participants in the technological
process when the main pipe is broken at a given linear section of the pipeline. The situation has
a)
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a moment of its beginning and develops in parallel ways: technologically and in the environment
of interacting specialists, and there are information flows also.
ISM implements a model of practical implementation of a person delegated to him the production function, its part or several delegated functions. The production activity of a person can
be described with the help of a set of ISM or one large ISM. ISM consists of functional patterns
and connections, connected together in the form of a branched block algorithm of a logically
possible sequence of execution of the delegated macro function, quantized into micro functions
and micro solutions - functional patterns. The functional ISM pattern is a formalized description
of one kind of micro function, micro selection or micro solution, containing properties, initialization and termination conditions, influencing factors and the conditions for their influence, and
methods for performing the pattern.
The passivity coeﬃcient and the time of execution of micro functions and micro-selections
in the design are given as base values at the discretion of the ISM developer. But after the
application, an accumulation database of execution is automatically created, where the data of
the value relative to the particular participant is stored. In the future, the analysis is performed
and the average is calculated. With respect to the average, the system will be able to perform a
comparative evaluation of the participant’s performance and thus can monitor the dynamics of
skill changes and/or make personnel certification. To simulate ISM, along with a human, it is
also possible to use intelligent agents - a model software projection of a person in the composition
of an intelligent interacting or competing multiagent environment, depending on the features and
objectives of the simulation.
In modeling ICS, we are started from their global functions:
1. The function of determining the priority (determines in which ISM and what action should
be performed next).
2. The function of the investigation of the ISM (examines the existing (necessary or not)
and new possible solutions, including recommendations for changing the environment (technical
means, number and distribution of agents’ actions, etc.)).
3. The function of the evolution of the ISM (changes the internal structure of the ISM,
excluding not working elements of the constructions).
4. The function of coordination and delegation of actions with other intellectual objects.
(Coordination and delegation of agent’s actions with other agents, including in conditions of
non-deterministic problem areas).
Each ISM consists of a certain set of quanta having two states - executed and not executed,
as well as a certain set of properties and methods. The main parameter of the ICM quanta is the
execution time, and the additional - the cost. The run-time parameter is calculated depending on
the set of influencing parameters. To manage the ISM, the agent has global methods (functions)
described earlier and with the help of them is able to change the design and knowledge of the
implementation of the ISM - to evolve, subject to the rules of ISM implementation.
ISM can be represented as a pre-installed interactive plan for the performance of tasks of an
intelligent agent. Therefore, each ISM has a goal, the achievement of which is the main condition
for its deactivation. In some cases, the deactivation of ISM can be made when special conditions
are met when it is performed.
When the agent executes several ISM, after each active quanta of its execution, the priority
of the next quantum is calculated, this is the only function of the pattern of the solution. When
calculating priorities, the agent is guided by the following rules (objective functions), ranked in
the order in which they are performed:
1. Minimization of the likelihood of human trauma and death.
2. Minimization of the probability of equipment failure (accident or incidents) and consequences from it (ecological, economic, human).
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3. Minimization of the time costs of achievement the goal of ISM.
4.Minimization of the economic costs of achieving the goal of ISM.
Each ISM consists of a certain set of quanta having two states - executed and not executed,
as well as a certain set of properties and methods. The main parameter of the ICS quanta is
the execution time. The run-time parameter is calculated depending on the set of influencing
parameters.
The mathematical and algorithmic realization of a logically bounded set of ISMs is accomplished by matching each pattern from the ISM to the operator acting in the space of possible
states of the ergonomic and technological objects. States and transitions between them are knots
and edges/arcs of the weighted graph. The group of sequentially or parallelly executed patterns
corresponds to the product or sum of the operators.
Mathematically, the problem is formulated to find at each instant of time a minimum of the
values of the objective functions, taking into account their priorities and under conditions of
probabilistic change of external parameters and factors.

On solvability for inverse problems of compact support source determination
for heat equation
V.V. Soloviev1,a) , D.S. Tkachenko1,b)
1 NRNU MEPhI
This paper considers the inverse problem of determining the source for the heat equation. As additional information about the solution of the direct problem (overdetermination) a trace of the solution of the direct problem is considered on a fixed
interval within the field. The suﬃcient conditions for the validity of the alternatives
of the Fredholm and unique solvability of the inverse problem. These problems are
studied in classes of functions that satisfy the conditions Holder.
Let T > 0, 0 < α < 1 are fixed constants, on the plane with Cartesian coordinates x =
(x1 , x2 ) bounded domain Ω with smooth boundary of class C 2, α is given. In the cylinder
ΩT = Ω × (0, T ] consider the first initial-boundary value problem for the heat equation:
(Lu)(x, t) = ut (x, t) − ∆u(x, t) = f (x1 )h(x, t) + g(x, t)
u(x, 0) = φ(x),

x ∈ Ω,

(x, t) ∈ ΩT ,

u(x, t) = µ(x, t) (x, t) ∈ ΓT = ∂Ω × [0, T ].

(1)
(2)

Here in (1)–(2), functions g, h, φ, µ are specified functions. About the function f : R → R
we assume that it has compact support, more precisely that there exists such a segment [a, b]
that f (x1 ) can be nonzero only on this segment. Furthermore, suggest that there is a number c,
that the segment ω = [a, b] × c ⊂ Ω.
For the formulation of the inverse problem for the equation (1) we assume that not only for
the function u is unknown in equation (1), but the function f (x1 ) as well. Also assume that for
the solution of equation (1) is known additional information (overdetermination) of the following
kind:
u(x1 , c, T ) = χ(x1 ),
a)
b)

x1 ∈ [a, b].

(3)
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For further definitions, we introduce the sets:
ΩT = Ω × (0, T ], P = [a, b] × R, PT = P × (0, T ],

P T = P × [0, T ].

The solution u of equation (1) will be sought in the class:
)
)
)
( )
( )
α(
α(
1, 0 (
U ΩT = C ΩT ∩ C 2+α, 1+ 2 P T ∩ ΩT ∩ C 2+α, 1+ 2 ΩT \ P T ∩ Cx,
t ΩT .
Thus, under the inverse problem
( ) for αthe equation (1) we mean the problem of determining
the pair of functions (u, f ) ∈ U ΩT × C [a, b] from conditions (1)–(3). As will be seen further,
the solvability of the inverse problem (1)–(3) closely linked to the solvability of the corresponding
homogeneous reverse tasks. A corresponding homogeneous inverse problem we call the problem
(1)–(3) with χ = 0, φ = 0, g = 0, µ = 0. The relationship between these tasks establishes the
following theorem.
Theorem 1 (Fredholm
alternative).
Let the function h(x1 , x2 , t) satisfies conditions
)
α(
h, ht , hx2 ∈ C α, 2 ΩT , h(x, 0) = 0, x ∈ ∂Ω, h(a, x2 , 0) = h(b, x2 , 0) = 0, (a, x2 ) ∈
Ω, (b, x2 ) ∈ Ω, h(x1 , c, T ) ≥ hT > 0. Then there exists a number ν0 > 0 depending only
on h and the domain Ω, then while b − a < ν0 one of the following prepositions on the inverse
problem (1)–(3) will be true (alternative):
1) Homogeneous problem (1)–(3) has a finite number of linearly independent solutions (i.e., homogeneous problem has a nontrivial
solution).
( )
( )
2) For any functions φ ∈ C Ω , µ ∈ C ΓT satisfying fitting conditionsl φ(x) = µ(x, 0), x ∈ ∂Ω
)
α(
and any functions g ∈ C α, 2 ΩT , χ ∈ C 2, α [a, b] the inverse problem has a solution and it is
unique.
For the inverse problem (1)–(3) can be proved, using theorem 1, the following existence and
uniqueness of the solution teorem.
)
α(
Theorem 2. Let the function h(x1 , x2 , t) satisfies conditions h, ht , hx2 ∈ C α, 2 ΩT ,
h(x, 0) = 0, x ∈ ∂Ω, h(a, x2 , 0) = h(b, x2 , 0) = 0, (a, x2 ) ∈ Ω, (b, x2 ) ∈ Ω, h(x1 , c, T ) ≥
that (b −)a < ν0 , the inverse problem
hT > 0. Then, for any segment ω = [a, b] × c ⊂ Ω( such
)
(1)–(3) has the only solution for any function χ ∈ C Ω , µ ∈ C ΓT , satisfying fitting conditions
)
α(
φ(x) = µ(x, 0), x ∈ ∂Ω and any functions g ∈ C α, 2 ΩT , χ ∈ C 2, α [a, b].
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On the Localization Principle for Laplace Operator with Piecewise Constant
Coeﬃcient in Domains without Discontinuity Points
M.V. Suchkov1,a) , V.P. Trifonenkov1,b)
1 National Research Nuclear University MEPhI (Moscow Engineering Physics
Institute)
Some properties of spectral expansions that correspond to eigenfunction system of
Laplace operator with discontinuous coeﬃcient are studied. The authors prove that
for the case of arbitrary domains of dimension N = 2 or N = 3, localization principle
in domains without discontinuity points is preserved despite the discontinuity of the
coeﬃcient. If N ≥ 5, then localization principle is violated in points located "far"
from the surface of discontinuity of the coeﬃcient, even in case of infinite smoothness
of expanded function.
This article deals with Laplace operator with discontinuous coeﬃcient. Laplace operator with
piecewise constant coeﬃcient in n-dimensional domain g with bound Γ is considered.
Let us suppose that C is closed smooth surface of discontinuity of Laplace operator coeﬃcient
is inside domain g. Thus domain g is divided by surface C into pair of subdomains: g1 closed by
C and g2 .
Than eigenfunction problem in (g + Γ) is considered:
k1 ∆u + λu = 0; x ∈ g1
k2 ∆u + λu = 0; x ∈ g2
u|C−0 = u|C+0 ;
∂u
∂u
= k2
;
k1
∂n C−0
∂n C+0
u|Γ = 0

(1)

where k1 and k2 - positive constants; C, Γ ∈ C 2,α (α > 0).
So, function u(x) as non-zero solution of problem (1) where
u(x) ∈ C 1 (g1 + C) ∧ C 2 (g1 );
u(x) ∈ C 1 (g2 + C + Γ) ∧ C 2 (g2 );
u(x) ∈ C(g + Γ)
is known as a classical eigenfunction of the problem.
As well known [1], there is a complete system of quasiclassical eigenfunctions of this selfadjoint problem, the system is orthonormal in L2 (g) and, at the same time, it is a system of
generalized eigenfunctions of this problem (i.e. eigenfunctions satisfy a certain integral identity).
Then properties of spectral expansions that correspond to Laplace operator with discontinuous coeﬃcient are studied. As proved in the article, for the case of arbitrary domains of
dimension N = 2 or N = 3, localization principle [2] in domains without discontinuity points
is preserved despite the discontinuity of the coeﬃcient. If N ≥ 5, then localization principle is
violated in points located "far" from the surface of discontinuity of the coeﬃcient, even in case
of infinite smoothness of expanded function and it’s finiteness relatively to domain g.
The proof of the result is relied upon V.A. Il’in technique of investigation of general fundamental systems of Laplace operator and Lions theorem about a spaces interpolation.
a)
b)
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A suﬃcient condition for subharmonicity of the function of two variables
D.S. Telyakovskii1,a)
1 National Research Nuclear University MEPhI (Moscow Engineering Physics
Institute)
Certain analog of a diﬀerence Laplace equation should hold in all points of the domain, and in addition it was assumed that in G the function u(z) is locally summable,
with respect to the planar Lebesgue measure and satisfies a certain condition of continuity in every point of the domain G. In this paper we give a similar suﬃcient
condition for the subharmonicity.
We consider function of two variables u(z) = u(x, y), that are defined in the domain G ⊂ R2 .
The author in [1] have obtained a suﬃcient condition for harmonicity of such functions. Certain
analog of a diﬀerence Laplace equation should hold in all points of the domain, and in addition
it was assumed that in G the function u(z) is locally summable, with respect to the planar
Lebesgue measure and satisfies a certain condition of continuity in every point of the domain G.
In this paper we give a similar suﬃcient condition for the subharmonicity.
In our work we consider the diﬀerence Laplace operator and the continuity condition that
are defined below.
Let z0 ∈ G and intervals (z1 , z2 ) and (z3 , z4 ) belong to the domain G. The intervals are
orthogonal to each other and they intersect at point z0 . Denote as rj := |zj − z0 | and uj := u(zj )
for j = 1, 2, 3, 4. Let
∆(∗) u(z0 ; z1 , z2 , z3 , z4 ) := 2

u1 r2 − u0 (r1 +r2 ) + u2 r1
u3 r4 − u0 (r3 +r4 ) + u4 r3
+2
.
r1 r2 (r1 +r2 )
r3 r4 (r3 +r4 )

In lemmas 1 and 2 [1], it was shown that if the function u(z) has the second partial deriva∂2u
∂2u
and
at the point z0 and the nodes zj , j = 1, 2, 3, 4 in the expression for
tives
∂x2
∂y 2
a)
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∆(∗) u(z0 ; z1 , z2 , z3 , z4 ) contract to z0 along the coordinate axes, then ∆(∗) u(z0 ;z1 ,z2 ,z3 ,z4 ) →
∆u(z0 ). Thus ∆(∗) u(z0 ; z1 , z2 , z3 , z4 ) is a version of diﬀerence Laplace operator.
As a cross Tζ with center ζ we call the union of two mutually perpendicular segments, that
intersect in their internal point ζ.
Let h(t), t ≥ 0 be a function of modulus of continuity type. We say that the function u(z) is
h-regular at point ζ with respect to some cross Tζ , if for some value Lζ > 0 at every point z ∈ Tζ
the inequality |u(z)−u(ζ)| ≤ Lζ h(|z−ζ|) holds. As a continuity condition for the points ζ ∈ G
we consider the condition of h-regularity with respect to some cross Tζ ⊂ G.
As usual we denote as a− := − min{a, 0}.
Let function u(z) be locally summable in the domain G, h-regular at each point of G and
in the arbitrary neighborhood of each point z0 ∈ G there exists a set of points {z1 , z2 , z3 , z4 }
(
)−
for which the quantity ∆(∗) u(z0 ; z1 , z2 , z3 , z4 )
is arbitrary small. Then the function u(z) is
subharmonic in the domain G.
At the same time we do not assume any connection between the position of nodes
{z1 , z2 , z3 , z4 } in diﬀerent sets for the individual point and between sets of nodes for the diﬀerent
points of the domain. Orientation and the size of the crosses, along which the function u(z)
satisfies the h-regularity condition for the diﬀerent points of the domain, are also not connected
to each other.
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Theorems about suﬃcient conditions for the basicity for second order ordinary differencial operator are prooved
Suﬃcient conditions for the basicity in Lp and equiconvergence with the trigonometric series
of spectral decompositions for the second order ordinary diﬀerential operator
′′

Lu = −u + q(x)u,

(1)

where q(x) is a complex-valued function, q(x) ∈ Lloc
r (G), r > 1 .
Suppose that the potential q(x) admits the existence of a closed system and a minimal system
{un (x)}∞
n=1 of eigenfunctions and associated functions of the operator (1) in Lp (G).
a)
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The system {un (x)}∞
n=1 , where un (x) ∈ Lp (G), 1 ≤ p < ∞ is called closed in Lp (G) if an
arbitrary function f (x) ∈ Lp (G) can be approximated arbitrarily accurately in the metric Lp (G)
by a finite linear combination of the elements of the system {un (x)}∞
n=1 .
The system {un (x)}∞
,
where
u
(x)
∈
L
(G),
1
≤
p
<
∞,
is
called
complete in Lp (G) where
n
p
n=1
p−1 + q −1 = 1, if any function f (x) ∈ Lq (G) orthogonal to all elements un (x) is a zero element
only. The closure of the system {un (x)}∞
n=1 in Lp (G) is equivalent to its completeness in Lq (G).
Since the system {un (x)}∞
is
closed
in Lq (G) and minimal, there exists a unique system
n=1
∞
−1
−1
{vn (x)}n=1 , vn (x) √
∈ Lq (G), p + q = 1, biorthogonally conjugate to {un (x)}∞
n=1 .
Let us set µn = λn = ρn + νn , where ρn ≥ 0, and for ρn = 0, νn ≥ 0, and let us we require
that condition
∑

1 ≤ C = const, ∀t ≥ 0

(2)

t≤ρn ≤t+1

In this case, there are no restrictions on the numbers νn .
We enumerate the eigenvalues λn in the nondecreasing order ρn and consider the partial sum
of its spectral decomposition for an arbitrary function f (x) ∈ Lp (G):
σµ (x, f ) =

∑

(f, vn )un (x), µ ≥ 1.

(3)

ρn <µ

Definition 1. The system {un (x)}∞
n=1 forms a basis in Lp on any compact set if ∀f (x) ∈ Lp (G)
and ∀K ∈ G is true limµ→∞ ∥ σµ (x, f ) − f (x) ∥Lp (K) = 0
Theorem 1. Let 1 < p < ∞ and {un (x)}∞
n=1 - is an arbitrary closed system in Lp (G) and
a minimal system of eigenfunctions and associated functions of the operator (1). Then if three
conditions are satisfied:
1) q(x) ∈ Lloc
r (G), r > 1 ;
2) the numbers ρn satisfy the requirement (2);
3) for any compact K ∈ G there exists a constant C(K) such that
∥ un ∥Lp (K) · ∥ vn ∥Lq (G) ≤ C(K)

(4)

p
and n = 1, 2, . . .
for q = p−1
then the system {un (x)}∞
n=1 forms a basis in Lp on any compact set.

Suppose now that {un (x)}∞
n=1 is closed and minimal in Lp (G), 1 ≤ p < ∞.
Let an arbitrary compact K in the interval G is fixed and a positive number R that does
not exceed the distance of the compact K from the boundaries of the interval G, and along with
decomposition (3) we consider the modified partial sum of the trigonometric Fourier series of
an arbitrary function f (x) ∈ Lp (G):

Sµ (x, f ) =

1
π

∫
|x−y|≤R

sin(x − y)
f (y) dy,
x−y

(5)

where x ∈ K, y ∈ G, µ ≤ 1.
Definition 2. If for µ → ∞ the diﬀerence σµ (x, f ) − Sµ (x, f ) tends to zero uniformly with
respect to x ∈ K ⊂ G, then we say that the expansion of the function f (x) in the biorthogonal
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series in the {un (x)}∞
n=1 system and the expansion in the trigonometric Fourier series equiconvergence uniformly on any compact K of the interval G.
Theorem 2. Let 1 < p < ∞ and {un (x)}∞
n=1 be an arbitrary closed in Lp (G) and minimal
system of eigenfunctions and associated functions of the operator (1), and suppose that the three
conditions of Theorem 1 are satisfied. Then the expansions of an arbitrary function f (x) ∈ Lp (G)
in the system {un (x)}∞
n=1 and in the trigonometric Fourier series equiconvergence uniformly on
any compact K of the interval G.
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